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In this talk

We investigate the (un)decidability of dynamical properties of three
models of reversible computation.

We consider the behavior of the models starting from arbitrary initial
configurations.

Immortality is the property of having at least one non-halting orbit.

Periodicity is the property of always eventually returning back to the
starting configuration.
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Models of reversible [elelgg]elli¢=iilely

Counter Machines (CM)

Turing Machines (TM)

Cellular Automata (CA)

A machine is deterministic if
there exists at most one transition
from each configuration.

A machine is reversible if there
exists another machine that can
inverse each step of computation.
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Discrete Dynamical Systems

A DDS S is a pair (X, F) where X is a topological space and
F : X — Xis a partial and continuous map.

In the case of TM and CA, X is the compact and metrizable product
of the discrete topology.

NN \/ A~

The orbit of x € X is the sequence (F"(x)) obtained by iterating F.
A model M is a recursive family of DDS.
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The immortality problem (IP)

A configuration on which F is undefined is halting.
A configuration is mortal if its orbit is eventually halting.

Halting Problem Given S € M, is xo € X mortal for S?

S is mortal if all its configurations are mortal.

S is uniformly mortal if a uniform bound n exists such that F" is
halting for all configuration.

Immortality Problem Given S € M, is S immortal?

When X is compact and the set of halting configurations is open,
uniform mortality is the same as mortality.
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The periodicity problem (PP)

S is complete if F is total.
A configuration x is n-periodic if F"(x) = x.
S is periodic if all its configurations are periodic.

S is uniformly periodic if a uniform bound n exists such that F” is
the identity map.

Periodicity Problem Given S € M, is S periodic?
When X is compact and the set of n-periodic configurations is open,

uniform periodicity is the same as periodicity.
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Results

HP IP PP
RCA [KLOg] Thm 12
RTM | [Lecerf63] @ — Thms
RCM [Morita96] =———> Thm 1 =——> Thm 3

—> denotes many-one reductions.
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1. Reversible Counter Machines

A k-CM is a triple (S,k,T) where S is a finite set of states and
TC S x{0,+} x Z x {—,0,+} x Sis aset of instructions.

(s, u,i, @, t) € T: “in state s with counter values u,
apply ¢ to counter i and enter to state t.”

DDS (S x N¥,G) where G(¢) is the unique ¢’ such that ¢ I ¢’



pooe
[X)

Immortality .

[Minsky67] Every recursive function is computed by a 2-DCM and
thus HP is undecidable for 2-DCM.
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Immortality .

[Minsky67] Every recursive function is computed by a 2-DCM and
thus HP is undecidable for 2-DCM.

[Hooper66] IP is undecidable for 2-DCM.
Idea for new proof Enforce infinite orbits to go through unbounded initial
segments of an orbit from x to reduce HP. O

[Morita96] Every k-DCM is simulated by a 2-RCM.
Idea Encode a stack with two counters to keep an history of simulated
instructions. O

Theorem 1 IP is undecidable for 2-RCM.
Idea Morita’s simulation preserves immortality. O
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Periodicity .

Theorem 3 PP is undecidable for 2-RCM.

Idea Reduce IP to PP:

(1) IP is still undecidable for 2-RCM with mortal reverse
(add a constantly incremented counter to the k-DCM)
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(1) IP is still undecidable for 2-RCM with mortal reverse
(add a constantly incremented counter to the k-DCM)

(@) Let M = (S,2,T) be a 2-RCM with mortal reverse.
M admits no periodic orbit.
Let M’ be the 2-RCM with set of states S x {+, —}
simulating M on 4 and M ™! on — and inversing polarity on
halting states.

(3) M’ is periodic iff M is mortal. O
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2. Reversible Turing Machines

A TM is a triple (S, 3, T) where S is a finite set of states, X a finite
alphabetand T C (S X {«, =} x S) U (S x X x S x X) is a set
of instructions.

(s, 0, t) : “in state s move according to  and enter state t.”
(s, a,t, b) : “in state s, reading letter a, write letter b and enter state t.”

DDS (S x Y%, G) where G(c) is the unique ¢ such that ¢ - ¢'.



Immortality: a first attempt T

“(To) To find an effective method, which for every Turing-machine M
decides whether or not, for all tapes / (finite and infinite) and all states B,
M will eventually halt if started in state B on tape I” (Biichi, 1962)
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Immortality: a first attempt T

“(To) To find an effective method, which for every Turing-machine M
decides whether or not, for all tapes / (finite and infinite) and all states B,
M will eventually halt if started in state B on tape I” (Biichi, 1962)

[Hooper66] IP is undecidable for DTM.
Idea TM with recursive calls! (we will discuss this) O

[Lecerf63] Every DTM is simulated by a RTM.
Idea Keep history on a stack encoded on the tape. O

Problem The simulation does not preserve immortality due to
unbounded searches. We need to rewrite Hooper’s proof for
reversible machines.
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Immortality: simulating RCM B

Theorem 7 IP is undecidable for RTM.

Reduction reduce HP for 2-RCM (s, @1"x2"y)

2. Reversible Turing Machines 12/20



Immortality: simulating RCM B

Theorem 7 IP is undecidable for RTM.

Reduction reduce HP for 2-RCM (s, @1"x2"y)

Problem unbounded searches produce immortal configurations.
Idea by compacity, extract infinite failure sequence

2. Reversible Turing Machines 12/20



Immortality: simulating RCM T

Theorem 7 IP is undecidable for RTM.

Reduction reduce HP for 2-RCM (s, @1"x2"y)

Problem unbounded searches produce immortal configurations.
Idea by compacity, extract infinite failure sequence

Hooper’s trick use bounded searches with recursive calls to initial

segments of the simulation of increasing sizes:

@111111111113131x2222y search x —
S
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Theorem 7 IP is undecidable for RTM.

Reduction reduce HP for 2-RCM (s, @1"x2"y)

Problem unbounded searches produce immortal configurations.
Idea by compacity, extract infinite failure sequence

Hooper’s trick use bounded searches with recursive calls to initial
segments of the simulation of increasing sizes:

@@;11111x22222yx2222y ultimately in case of collision...
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Theorem 7 IP is undecidable for RTM.

Reduction reduce HP for 2-RCM (s, @1"x2"y)

Problem unbounded searches produce immortal configurations.
Idea by compacity, extract infinite failure sequence

Hooper’s trick use bounded searches with recursive calls to initial

segments of the simulation of increasing sizes:

@@,xy1111111111x2222y ...revert to clean
Sb
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Immortality: simulating RCM A

Theorem 7 IP is undecidable for RTM.

Reduction reduce HP for 2-RCM (s, @1"x2"y)

Problem unbounded searches produce immortal configurations.
Idea by compacity, extract infinite failure sequence

Hooper’s trick use bounded searches with recursive calls to initial

segments of the simulation of increasing sizes:
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Immortality: simulating RCM A

Theorem 7 IP is undecidable for RTM.

Reduction reduce HP for 2-RCM (s, @1"x2"y)

Problem unbounded searches produce immortal configurations.
Idea by compacity, extract infinite failure sequence

Hooper’s trick use bounded searches with recursive calls to initial
segments of the simulation of increasing sizes:

@111@,xy1111111x2222y recursive call
So
The RTM is immortal iff the 2-RCM is mortal on (s, (0,0)).
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Programming tips and tricks (1/2) TR

We designed a TM programming language called Gnirut:
http://www.lif.univ-mrs.fr/~nollinge/rec/gnirut/

First ingredient use macros to avoid repetitions:

(x\x N Waﬂb.AcHd( N XH

Se—— 5o el o ot
1[2 bla 2|1
[s|search|a) (d|searchlt|
1 def [s|search]t) : o [s|search|a)
: S.xFxu ;7 a. —,b
s U —,r s b.abkb,c|blka,c

« rlF2ulxkExt s c «—,d
o (d|searchlt]

5
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Programming tips and tricks (2/2) B

Second ingredient use recursive calls:

( o1 1
a.—>#‘@2 Sl = 7 N = ST &
11[ [10
T
1|@ @41
“ lsfincrlt) !
i fun [s|incr|t) : s call [a|incr|b) from # < call 2

2 S. —,r

s roFL1b|1F1c

« call [c|incr|d) from 1 <= call 1
s d.1h0b

6 b. «—,t
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Immortality: skeleton T

[s|check;|t) satisfies s.@,17x - @,1"x,t or s.@,1¥ T orhalt.
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RCM ingredients:

testing counters [s|testr|z, p) and [s|test2|z, p)
increment counter [s|linc1lt, co) and [s|inc2|t, co)
decrement counter [s|dectlt, co) and [s|decz]t, co)

Simulator [s|RCM,,|co1, cos, . . .) initialize then compute

[s|check,|t) = [s|RCM|co1,c09,...) + (co1,cog, ... RCM,|s]
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Program

o def [s|searchy [to,t1,t2) :
2 5.0, @,

s LU
4 uxkxty
s |xFign

o |1xFllxty
7 |11 k211,
s call [c|check|p) from 1
s p.l11F 111,/

n def [s|searchs|to, ty, ta)
v osxbxl

w o L

u uykyt

15 |2y 2y,t,

w6 |22y k22t

1 | 222+ 222,¢

w  call [c|checks|p) from 2
W p.222+ 2220

21 def [s|testi|z,p) :
2 s.@uxF @ux,z
= |elbealp

25 def [s|endtestz|z,p) :
w sxybxyz
o [x2bx2p

def [s|test2(z,p) :

@ [s|searchy [ty tr,ts)
s [tolendtestz|zo, py)
w  [ti|endtest2|z1,p,)
@ [t|endtest2|zz, py)
w (20,21, 22]searchy|2]
w (po,p1,palsearchy p]

def [s|mark; [t,co) :
s s.yllb 2yt
©  |yxFyxeo

2. Reversible Turing Machines

def [slendinc |t,co) :
s|searchs|ro, r1,r2)
[ro|mark; [to, cog)
[r|mark, |t coy)
ra|mark; |tz, cos)
(t2,t0, t1 |searchs|t]
(con, co1, cossearchsco]

def [s|inc2, |t,co) :
[s[searchy |ro,ri,ra
rolendinc, Jto, cog
ri|endinc, [t1,coq
r2|endinc; [t2, coo,
(to, t1, tz|search, |]
{coy, o1, cop|search |co]

def [s|dec2y|t) :
(s, colincz,|f]

def [s|marko|t,co) :
s.y2k 2yt
| yx - yx,co

def [slendincs t, co) :
s|searchs|ro,r1,72)
[ro|mark:|to, cog)
[ry|markalt;,coq)
[r2|marks|ta, coz)
(t2,t0, t1|searchy|f]
(coy, o1, coz|search co]

def [s|inc2a|t, co)
[slsearchy |ro, 1,72
[rolendincs to, cop,
r1|endines |t coy
rzlendinc, |tz coy
(to, t1, ta[search, |t]
(c0p, 001, cos|search, |co]

)
)
)
)

def [s|dec2s]t) :
(s, colinc2lt]

=

-

B

%

def [s|pushinc, |t,co
s.x2kixc
| xy1F 1xy,pt
| xyx - 1yx, pco
[c|endinc, |pt0, pco0)
pto. —,t0
1.2 2,pt
pt. —,t
pco0. x F 2,pco
peo. «—,zco
2c0. 1+ x,c0

def [s|incry |t,co) :
[s[searchy|ro,r1,r2)
[ro|pushinc, [to, cop)
[r1 |pushine, [t1,co1)
[ra|pushine, [t2,co2)
{t2,t0,t1|search [{]
{c00, coy, co|search; [co]

def [s|decr; |t) :
(s, colincryt

def [s|pushinc,|t,co
s.x2Fixc
| xy2 = 1xy, pt
| xyy = 1yy,pco
[c|endincs|pto, pcoo)
ptO. —, 0
0.2+ 2,pt
pt. ot
pco0. x F 2,pco
pco. —,zco
2c0. 1+ x,c0

jef [s|incrzlt,co) :
[s|searchy|ro, 1, r2)
[ro|pushinc, [to, cop)
[ [pushinc, |11, oy )
[r2|pushinc, |t2, coz)
{t2,to, t1[searchy |f]

{cog, coy, cos|search |co]

def [s|decralt) :
(s, colinc1z]t]

def [s|inity|r) :
s.—u
u. 11k xye
e 1

def [s[RCM; |coy,coy) :
[slinit: [so)
[soltestt]st., n)
[s1lincry sz, con)
[s2]inc2y[s3, coz)
[sstestr|n’,s1,)
(12,510 testrls]

def [sfinits|r) :

def [slRCMz|co,cos) :
Isinits]so)
[soltestz]sz, n)
[s1]incrz[sz, cor)
[s2linc2o[s3,coz)
[saltestr|n’,s1,)
(s12,1p|testrls1]

fun [s|checky ) :
[SIRCM, Jeos, cos, ..)
(co1,c0s,.. [RCM, f]

fun [s|checkslt) :

[sSIRCMa|c01,c0s, ..}
(co1,c0a,...[RCMa ]
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Periodicity TRNCECT

Theorem 8 PP is undecidable for RTM.

Idea Reduce IP to PP:
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3. Reversible Cellular Automata

A CAis a triple (S,r, f) where S is a finite set of states, r the radius
and f : S¥*! — S the local rule.

DDS (S%,G) where Vz € Z, G(c)(z) = flc(z—r),...,c(z+r))



Periodicity ==

Theorem 12 PP is undecidable for RCA.

Idea Reduce PP for RTM to PP for RCA:
(1) PP is still undecidable for complete RTM.
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Open Problems with conjectures

Conjecture 1 It is undecidable whether a given complete 2-RCM
admits a periodic configuration. (proven if you remove complete or
replace 2 by 3)

Conjecture 2 There exists a complete RTM without a periodic con-
figuration. (known for DTM [BCNO2])

Conjecture 3 It is undecidable whether a given complete RTM admits
a periodic configuration. (known for DTM [BCNO0Z2))
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