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ã�rXä@ª4©
v)©
z_ª §Q¦�å ��� R æ �	ÁÉ���,�,¼ç�&�,fh�������ukLè~�,�$�����,¼éÁEkQê l → r ∈ R ë�ì (l → r) g�,� æ �����u��������iEk��í��ÁEk"Á�½^½Ql����&Á#����iEk�î,��iE¼ PosX (l) �ukm�ei Q ë



��YZC
l → r ∈ R

MOQSR
σ
û�Y²M

(l → r)
G}ñ,A:ûSñ	C,<âC,A:C,<?;=Q¸7º5üYÉR:YZQS;=C	Y²ûBí

lσ
C,@SYÉC	YZX,N ;Oõ

T (F ,Q)
R:Y � QSY�R M=ñ�õ`;=ðâð?;lò�ñ
¬

ï Pos(lσ) = Pos(l)
D

ï õ�;=X�YEM=>	@
p ∈ Pos(l)

D:<Ìõ
p ∈ PosX (l)

C,@SYZQ
lσ(p) = σ(l(p))

D�;=C,@SYZX,ò�<?ñ	Y
lσ(p) = l(p)

7
P4<âNý<âð�MOX,ðâí\D.òmYÊR:YZQS;=C	Y-û4í

rσ
C,@SY-C	YZX,N ;Oõ

T (F ,Q)
R:Y � QSY�R û4í_¬

ï Pos(rσ) = Pos(r)
D

ï õ�;=XÉYEM=>	@
p ∈ Pos(r)

Dd<Ìõ
p /∈ PosX (r)

C,@SYZQ
rσ(p) = r(p)

MOQSR
rσ(p) = σ(l(p′));=C,@SYZX,ò�<?ñ�YqDSò�@SYZX	Y

p′ = minPosr(p)(l)
��î�;qñ,<âC,<?;=QSñ'MOX	Y-ð?Yjôb<?>�;=ïqX�MOî:@:<?>EMOðâðâí ;=X	R:YZX	Y�Rm�j7

ð¾³ºt!´"�@sur §ñå �����X���&iEk!����êX�,� l = f(g(x), h(x, f(y, y))) ÁEkQê r = f(h(x, y), h(y, x))�&��½Q�&���¿��km����ê æ �6�uò��hî�i#l
l7iEfh�ukLèd���&�&���­ój��l7�,¼­�,kQ�u�]Á�î����,�]�uò��\�&iE¼Å¼6Á­ÁE�&���uò��»½�i9�,�u����iEk����uk��uò�����,�,¼0ô l �
���&��½Q�&���¿��km����ê�i#kË�uò��\l±�uî��»ÁEkQê r iEk��uò��\�,�Ãè9ò���õ#ö
f, ε

g, 1 h, 2

x, 1.1 x, 2.1 f, 2.2

y, 2.2.1 y, 2.2.2

f, ε

h, 1 h, 2

x, 1.1 y, 1.2 y, 2.1 x, 2.2

÷ �Lk_�¿����i#kQÁEl2½�i9��������iEk��¢i�î l ÁE��� 1.1 ÁEkQê 2.1 î¿iE� x ø Á#kQê 2.2.1 ÁEkQê 2.2.2 î¿iE� y ë å ���
σ(1.1) = q1 ø σ(2.1) = q2 ø σ(2.2.1) = q3

ÁEk_ê σ(2.2.2) = q4
ô σ �í�ùÁ (l → r) g���� æ �,������������iEkÁEk_ê

lσ = f(g(q1), h(q2, f(q3, q4)))�
�ù�uò������,�,¼úi æ �eÁE�
kW��êÆî,��iE¼ l æ ����� æ �,�����������
kLè0�uò�� c ÁE����Á æ l±���uk�½�i9��������iEk p æ � σ(p) ëmû iEf	f»���ü,½QlÃÁ#�
k�ò�iEfÉ�eid�&iE¼¾½Q����� rσ ë�ý ò���¼0�uk!�u¼6ÁElE½�i9�,�u����iEk�f@ò������ x þ �&���e½ ë yÿ i
�&�¿�L���]�
k l �í� 1.1
þ ���,�e½ ë 2.2.1ÿ
ë�ý òX�L� rσ �í�0i æ �eÁE�uk_��ê\î���iE¼ r æ �¢��� æ �,�����������ukLè�Á#l
l x � ���uk r æ � σ(1.1) = q1ÁEk_ê�ÁElul y � � æ � σ(2.2.1) = q3 ë�ý òL�X�

rσ = f(h(q1, q3), h(q3, q1)).

= ñmNÉYZQBC,<?;=QSY�Rh<âQ¢P�Y�>ZC,<?;=Q��b7��bD\C,@SYW>�;=Nýî:ð?YZC,<?;=Qhî:X	;�>�Y�RbA:X	YJR:;4Y�ñmQS;=CÀòÁ;=X,[ýõ`;=XÁMOðâð�C,X	Y�Y
MOA:C	;=N²MOC�MÉMOQSR� ���P�ñE7� )@.MOC�<?ñ)ò�@BíhòmYÎ<âQ4C,X	;4RbAS>�YÊC,@SYÎQS;=C,<?;=Q ;Oõ�>�;=Nýî.MOC,<âû:<âðâ<âCÆíhû�YZC}òÁY�YZQ
� Q:<âC	Y�C,X	Y�YjGÆMOA:C	;=N²MOC�MUMOQSR

(l → r)
G}ñ	A:ûSñ,C,<âC,A:C,<?;=QSñE72�J;=C,<?>�YÉC,@.MOC�C,@SY²>�;=QSRb<âC,<?;=Q X	Y�úBA:<âX	Y�R

û�YZð?;Eò <?ñÁòmYEMO[\YZX'C,@.MOQhC,@SY->�;=QSRb<âC,<?;=QSñ�<âQ��7�
D$�}7��ù;=X	Y�;Eö\YZXED:<âC)<?ñÁNÉ;=X	YÎï\YZQSYZX�MOð�MOQSRó>EMOQóûoY
MOî:î:ðâ<?Y�R C	;ÉM�ð�MOX,ï\YZXW>Zð�M=ñ	ñ�;OõÏMOî:î:ðâ<?>EMOC,<?;=QSñE7

ã�rXä@ª4©
v)©
z_ª ¥�¦�å ��� A æ �ÅÁ���k!�u�������&�&�ÅÁE���eiE¼6Á#�eiEk ë�� ����Á#�­�uò�Á#�ÆÁ (l → r) g���� æ �,������������iEk
σ �í� A gj�&iE¼¾½�Á^��� æ l±��� î4î¿iE����ÁX�,ò x ∈ Var(l) ø

⋂

p∈Pos{x}(l)

L(A, σ(p)) 6= ∅.



ð¾³ºt!´"�@sur ¥yå ��� Aexe = ({q0, qf},∆exe, {qf})
fh�u�uòÌ�uò��Ë�¿�¿�­i�î�����ÁEk!��������iEk!� ∆exe =

{A → q0, A → qf ,f(qf , q0) → qf , h(q0, q0) → q0} ë å �¿� Rexe = {f(x, h(x, y)) →
h(A, x)} ë]ý ò��6Á#���eiE¼6Á#�ei#k Aexe

�&���&i&èEkm���$���­�uò��0�
���ùi�îÅ���&�&���Å�����,òË�uò�Á#�¾� c �����0½�Á^�uò�î,��iE¼
�uò��\��i
i#�Æ�ei�Á­l±��Á�î\�í�\i�î\�uò��Jî¿iE�,¼ f∗h∗A ë å ���»�X�\�&i#k�����êX�,�0�uò������ æ �,������������iEk σexe

êX���JkW��ê
æ � σexe(1) = qf ø σexe(2.1) = q0

ÁEk_ê σexe(2.2) = q0 ë�ý ò��������&� t = A → qf æ �,l7iEkLèE��ei L(A, σexe(1)) ë ÷ ���,�uò�����¼6iE�&� t = A → q0 ø ��i t ∈ L(A, σexe(2.2)) ë�ý ò��,�&�uî¿iE�&� σexe
�
�

A gj�&iE¼¾½�Á^��� æ l±� ë
� 	�
�
mç\è�
Ïì��Ì¡oæ\ìvèdå����3è¸ç¼åÏè�å��������Ææ��'ì}å��!¡�ç����! "�
÷ÆQ%C,@:<?ñ2ñ	Y�>ZC,<?;=Q

R
R:YZQS;=C	Y�ñ M � ô:Y�RÊC	YZX,N
X	YZò�X,<âC,<âQ:ï-ñ,íbñ,C	YZN
MOQSR

Q
MOQ�<âQ � Q:<âC	YÁñ	YZC2;Oõ.ñ,C�MOC	Y�ñE7

5üY � X	ñ	CÏ<âQBC,X	;�RbAS>�Y�C,@SY�QS;=C,<?;=Qh;OõoQS;=X,N²MOðâ<âþlMOC,<?;=Q M=ñ	ñ	;�>Z<�MOC	Y�Rýò�<âC,@
(l → r)

G}ñ,A:ûSñ,C,<âC,A:C,<?;=QSñE7
P�Y�>�;=QSRbðâí\DOòmYmïq<âö\YÏC,@SYmN²MO<âQ�X	Y�ñ,A:ðâC�[->�;=QSñ	Y�úBASYZQS>�Y);Oõ:C,@SYÁ>�;=Nýî:ð?YZC,<?;=Q�C,@SY�;=X	YZNy[-MOðâð?;lò�<âQ:ï
ASñ�C	;²;Eö\YZX3GÆMOî:î:X	;�ôb<âN²MOC	Y�C,@SYÊR:Y�ñ	>�YZQSRSMOQBC	ñJ;Oõ�X	YZïqA:ð�MOX'ñ	YZC	ñE7

áº¦u§ ¨ zm|E´"t!s�©�#^t�v)©uzQª�«
 )@SY8QS;=C,<?;=Qü;OõÁQS;=X,N²MOðâ<âþlMOC,<?;=Qÿ<?ñ->�;=NýNÉ;=Q¸7� )@SYýR:Y � Q:<âC,<?;=QSñÊû�YZð?;Eò*MOX	Yýñ	<âNýî:ðâíùM=RSMOî:C	Y�R
C	;É;=A:X�QS;=C,<?;=Qù;Oõ

(l → r)
G}ñ,A:ûSñ,C,<âC,A:C,<?;=QSñE7

ã�rXä@ª4©
v)©
z_ª áº¦�å ��� A æ �\Á$�Jk!�����������+�\ÁE���eiE¼6Á#�eiEk ëmì k�Á�½^½_��i
ü#�
¼6Á#����iEk]î,�LkQ�
����iEk	ó�î¿iE� A õ�
�0Á�î,�Lk_�¿����i#kÇf@òX����òËÁ9�+�¿i
����Á#�����d�ei���Á^�,ò����
½_l7� (l → r, σ, q) ø f@ò��,�&� l → r ∈ R ø σ �
�0ÁEk
A gj�&iE¼¾½�Á^��� æ l±� (l → r) ge��� æ �����u��������i#kÇÁ#kQê q Á6�,�eÁ^����i�î A ø Áùî���kQ�¿����iEk0î���iE¼ Pos(r) �ei Q ë
ð¾³ºt!´"�@sur á&% i#k�����êX�,�\�uò���Á#���eiE¼6Á#�ei#k Aexe ø �uò������,�,¼ �&�,fh�������ukLè­���9�,���,¼ Rexe

ÁEkQê��uò��
�,� æ �����u��������iEk σexe

êX���JkW��ê��
k('Jü^ÁE¼¾½Ql±��) ë ÷ iE� σexe ø ÁEk¢Á�½^½Q��i
üE�u¼6Á#����i#k¾î,�Lk_�¿����i#k γexe
¼dÁ#�

æ �ÅêL���Jk_��ê æ �

γexe(l → r, σexe, q0) : {ε 7→ q1, 1 7→ q2, 2 7→ qf}

ý i\�ei^�eÁEl
l���êX�*�Jk_� γexe ø �uò���i#�uò��,�+��ó+�Jk!�����,ln�\¼dÁ#k!�,õ Aexe
gj�&i#¼ù½�Á#��� æ l7�ù�,� æ �����u��������iEk����+ò�iE�Ll7ê

æ �Å�+iEk�����êX�,�&��ê¢�ei
i ë
 )@SYWQS;=C,<?;=Qó;Oõ¸QS;=X,N²MOðâ<âþlMOC,<?;=Qhû�YZð?;EòË<?ñÁ>Zð�M=ñ	ñ,<?>EMOðv7� )@SYWR:Y � Q:<âC,<?;=QhC�MO[\Y�ñ);=A:XÀQS;=C,<?;=Qó;Oõ

(l → r)
G}ñ,A:ûSñ,C,<âC,A:C,<?;=QSñ�<âQ4C	;²M=>�>�;=A:QBCJ;=Q:ðâí\7

ã�rXä@ª4©
v)©
z_ª-, ¦�å ��� A = (Q0,∆, F0) æ �"Á���k!�u���T���&�&�"Á#���eiE¼6Á#�ei#k ø γ ÁEkÀÁ�½X½Q��i)üE�
¼6ÁEg
����iEk¢î���kQ�¿����iEk¢î¿iE� A ø l → r ∈ R ø σ ÁEk A g��&iE¼¾½�Á#��� æ l±� (l → r) ge��� æ �����u��������i#k ø ÁEkQê q Á
���eÁ#���6i�î A ë.� �6êX��kQi#��� æ � Normγ(l → r, σ, q) �uò��Æî¿iEl
l7iEfh�ukLè��
���¾i�îÅ����ÁEk���������iEk�� ø �&ÁElul±��êQS;=X,N²MOðâ<âþlMOC,<?;=Q i�î (l → r, σ, q) ö

{f(q1, . . . , qk) → q′ |p ∈ PosF (r), t(p) = f,

q′ = q � î p = ε i#�uò�����fh�
�¿� q′ = γ(l → r, σ, q)(p)

qi = γ(l → r, σ, q)(p.i) � î p.i /∈ PosX (r),

qi = σ(min{p′ ∈ PosX (l) | l(p′) = r(p.i)}) i#�uò��,�,fh�í�
� }



ý ò�� min �
�\�&iE¼¾½Q������ê�î¿iE���uò��\l±��üE���&ÁEl4i#��êX��� ë
�J;=C,<?>�Y-C,@.MOC�C,@SYÊñ�YZC

{p′ ∈ PosX (l) | l(p′) = r(p.i)}
ASñ	Y�R <âQ C,@SYÊMOûo;lö\YÊR:Y � Q:<âC,<?;=Q <?ñ

QS;=C�YZNýî:CÆí\7.÷ÆQSR:Y�Y�R¿Db<âQ M�C	YZX,N X	YZò�X,<âC,<âQ:ï�ñ,íbñ,C	YZN�ö=MOX,<�MOû:ð?Y�ñ';4>�>ZA:X,X,<âQ:ïÉ<âQ C,@SYÎX,<âïq@4C3Gv@.MOQSR
ñ,<?R:YÊN%ASñ,CED:û4íhR:Y � Q:<âC,<?;=Q¸D�;4>�>ZA:X'<âQ C,@SY-ð?Yjõ�C3Gv@.MOQSR ñ,<?R:YÎC	;4;:7
ð¾³ºt!´"�@sur/,Y÷ iElulÃiEfh�ukLè�'hü^Á#¼ù½_l7�10 ø ε �í�ù�uò��ù��k!�32����@î���kQ�¿����iEkQÁEl#½�i9��������iEk�i�î r = h(x, y) ë% iEk!�¿�42��!�,km��l�� ø f»�"�¿��� q′ i�î"�uò��~êL���Jk!������i#k��ei æ � �42���ÁEl0�ei qf ë�ý òX�X� Normγexe

(l →
r, σexe, qf ) �í��i�î��uò���î¿iE�,¼ {A → q?, h(q?, q??) → qf} ë65 �
k_�+�\î�iE� r ø �uò��d½�iE��������iEk 1�
�]Áùî,�LkQ�
����iEk_ÁEl�½�i9�,�u����iEkËÁ#kQê 2 �í���
k PosX (r) ø f»�]�L�¿�\�uò���lÃÁ9���Jl��
kW�\i�î]�uò���êX����k!�u����iEkË�ei�&i#¼ù½_����� q?? ÁEkQê q? �í�¾êX�*�Jk_��ê æ �Å�uò���Á�½^½_��i
ü#�
¼6Á#����iEk]î,�LkQ�
����iEk γexe ë ÷ �ukQÁEluln��f»��i æ �eÁE�uk_ö

Normγexe
(l → r, σexe, qf ) = {r(1) → γexe(1), r(ε)(γexe(1), σexe(1)) → q0}

= {A → q0, h(q0, qf ) → qf}.

��rL´;´;t §m¦�å ��� A = (Q0,∆, F0) æ �"Á���k!�u���T���&�&�ÇÁE���eiE¼6Á#�eiEk ø γ ÁEkÀÁ�½^½Q��i
üE�u¼6Á#����iEk
î,�Lk_�¿����i#k ø l → r ∈ R ø σ Á#k A gj�&i#¼ù½�Á#��� æ l7� (l → r) g���� æ �,������������iEk ø ÁEkQê q Á��,�eÁ^����i�î A ë87 î
lσ →∗

A0
q �uò��,k

rσ →∗
Normγ(l→r,σ,q) q.

FÏX	;4;Oõ¿<?ñÀ;=û4ö4<?;=ASñl7^ )@SY�C,X�MOQSñ,<âC,<?;=QSñÀ<âQ
Normγ

MOX	Y�î:X	Y�>Z<?ñ�YZðâíýM=R:R:Y�R²C	;-X	Y�RbAS>�Y
rσ

C	;
q
7

áº¦±¥ 9 zQ´"�@sur^v)©uzQª�«
 )@:<?ñ�ñ	Y�>ZC,<?;=Q <?ñÉR:Y�Rb<?>EMOC	Y�R C	;¼C,@SY î:X	;4;Oõ-;OõJC,@SYóN²MO<âQ X	Y�ñ,A:ðâC
¬ @S;EòPC	; û:A:<âð?R MùX	YZïqA:ð�MOX
;lö\YZX3GÆMOî:î:X	;�ôb<âN²MOC,<?;=Q ;Oõ

R∗(A) :  )@SY MOû�;Eö\Y ð?YZNýN²Müñ,@S;lò�ñÉ@S;EòPC	;ü;Eö\YZX3GÆMOî:î:X	;Eô�<âN²MOC	Y
;=QSY-X	YZò�X,<âC,<âQ:ïhñ,C	YZî¸7

��rL´;´;t ¥W¦�å ��� A0 = (Q0,∆0, F0) æ � Á;��k!�u���»���&�&��ÁE���eiE¼6Á#�eiEk­Á#kQê γ ÁEk6Á�½^½Q��i
üE�u¼6Á#����iEkî,�Lk_�¿����i#k�î¿iE� A0 ë�ý ò���Á#���eiE¼6Á#�ei#k Cγ(A0) = (Q1,∆1, F1)
�
�\êX���JkW��ê æ �Xö

∆1 =
⋃

Normγ(l → r, σ, q)

f@ò��������uò��6�Lkm��iEk��uk c iEl c ���­ÁElul@����l7�,� l → r ∈ R ø ÁEl
l4���eÁ#����� q ∈ Q0 ø ÁElul A0
g��&iE¼¾½�Á#��� æ l±�

(l → r) ge��� æ �����u��������i#k�� σ �,���,ò��uò�Á^� lσ →∗
A0

q ÁEkQê rσ 6→∗
A0

q ø
F1 = F0

ÁEkQê Q1 = Q0 ∪Q1,

f@ò������ Q1
êL�,kQi#�����]�uò��¾�
���Ji�î¾�,�eÁ#���,��i
�&�¿�L�,���ukLè­�
k�l±�uî��JiE�����7è9òL��g�ò�ÁEkQêd����êX����i�î¾����ÁEk���������iEk��

i�î ∆1 ë=< k_��ò�ÁE�
L(A0) ∪R(L(A0)) ⊆ L(Cγ(A0)).

> ��i
i�î ë �¸YZC t ∈ L(A0)∪R(L(A0))
7E9ÁíWR:Y � Q:<âC,<?;=Q�;Oõ

Cγ(A0)
;=QSY @.M=ñ

L(A0) ⊆ L(Cγ(A0))
7

HÁ;=QSñ	Y�ú4ASYZQBC,ðâí\Do<Ìõ
t ∈ L(A0)

Do;=QSYÊ@.M=ñ
t ∈ L(Cγ(A0))

7Q )@4ASñWòÁY%N²MEí QS;EòøM=ñ	ñ,A:NÉY%C,@.MOC



t ∈ R(L(A0))
7Q )@4ASñ'C,@SYZX	Y�Yjô�<?ñ	C	ñJMÉX,A:ð?Y

l → r ∈ R
MýC	YZX,N

t0
<âQ

L(A0)
DoMÉîo;qñ,<âC,<?;=Q

p;Oõ
t0
MOQSR MÉñ,A:ûSñ,C,<âC,A:C,<?;=Q

µ
<âQ

Σ(X , T (F))
ñ,AS>�@ C,@.MOC

t0|p = lµ and t = t0[rµ]p.
���)�

t[] = t0[]

lµ

t0 : t[] = t0[]

rµ

t :

P4<âQS>�Y
t0 ∈ L(A0)

DbC,@SYZX	Y�Yjô�<?ñ,C	ñ�M8ñ	C�MOC	Y
q ∈ Q0

MOQSR M8ñ,C�MOC	Y
qf ∈ F0

ñ,AS>�@ C,@.MOC

lµ →∗
A0

q and t0[q]p →∗
A0

qf .
���^�

P4<âQS>�Y
lµ →∗

A0
q
C,@SYZX	YJYjô�<?ñ,C	ñ)MOQ

(l → r)
G}ñ,A:ûSñ	C,<âC,A:C,<?;=Q

σ
ñ,AS>	@hC,@.MOC

lµ →A0
lσ
7��:A:X,C,@SYZX3G

NÉ;=X	YqDbõ�;=X�YEM=>	@
x ∈ Var(l)

D

µ(x) ∈
⋂

p∈Pos{x}(l)

L(A, σ(p)),

C,@4ASñ�C,@SY
(l → r)

G}ñ	A:ûSñ,C,<âC,A:C,<?;=Q
σ
<?ñ

A0
>�;=Nýî.MOC,<âû:ð?Yq7@ )@SYZX	Yjõ�;=X	YqD�ASñ	<âQ:ïT�¸YZNýN²M	�qD�;=QSY

@.M=ñ

rσ →∗
Cγ(A0) q.

��<^�
�.;=X�YEM=>	@ öqMOX,<�MOû:ð?Y

x
;4>�>ZA:X,X,<âQ:ï²<âQ

l
MOQSR MOðâð�î�;qñ,<âC,<?;=QSñ

p
;Oõ

x
<âQ

l
;=QSYÎ@.M=ñ

µ(x) →∗
A0

σ(p)
7¸÷ÆQ î.MOX,C,<?>ZA:ð�MOXED¿õ�;=XÊYEM=>	@üöqMOX,<�MOû:ð?Y

x
;4>�>ZA:X,X,<âQ:ï <âQ

l
D
µ(x) →∗

A0
σ(p′)

D�ò�@SYZX	Y
p′
<?ñ

C,@SYJNý<âQ:<âN²MOð¸î�;qñ,<âC,<?;=Qóò�@SYZX	Y
x
;4>�>ZA:X	ñ)<âQ

l
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A0

rσ.
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5üY�MOX	Y-QS;Eò/MOû:ð?YÊC	;ý>�;=QS>ZðâASR:Yq7

t = t0[rµ]
ASñ,<âQ:ïT���)�

→∗
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t0[rσ]
ASñ,<âQ:ïT�uZL�
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Cγ(A0) t0[q]

ASñ,<âQ:ïT��<^�
→∗

A0
qf

ASñ,<âQ:ïË���^�
 )@4ASñ

t ∈ L(Cγ(A0))
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An+1 = Cγn(An).
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÷ÆQ²C,@:<?ñÁñ	Y�>ZC,<?;=QhòmYJYjô�î:ð�MO<âQ�@S;Eò ;=A:X)MOî:î:X	;\M=>�@óòm;=X,[bñm;=Q M-C	;líÉYjô:MONýî:ð?Y�7^5üYWR:;%QS;=C
ïq<âö\YýC,@SY²R:YZC�MO<âð?ñ%;Oõ�Mhî:X	;=C	;4>�;=ðÀñ	C,ASRbíùñ,<âQS>�YÉ<âQBö\;=ðâö�<âQ:ï C	YZX,N X	YZò�X,<âC,<âQ:ïUñ	í�ñ,C	YZNÉñÊMOX	YÉC	;4;
@4A:ï\YÊC	;8û�YÎX	YEM=RSMOû:ð?Yq7

5üY%>�;=QSñ,<?R:YZX�C	YZX,NÉñ'R:Y � QSY�R ûBí
ï F0 = {0}

D
ï F1 = {Inv, s}

D
ï F2 = {+}

MOQSR
ï Fk≥3 = ∅

7

÷ÆQ C,@:<?ñ²õ�;=X,N²MOðâ<?ñ,N DÏC,@SYùñ,í�N%û�;=ð
s
R:YZQS;=C	Y�ñ�C,@SYUñ,AS>�>�Y�ñ	ñ	;=X²õ�A:QS>ZC,<?;=Q¸7��S;=X�<âQSñ,C�MOQS>�YqD

s(s(s(0)))
<?ñ²C,@SY ñ,AS>�>�Y�ñ	ñ�;=X²;Oõ-C,@SY ñ,AS>�>�Y�ñ	ñ	;=X�;OõÎC,@SY ñ,AS>�>�Y�ñ	ñ	;=X²;Oõ

0
MOQSR R:YZQS;=C	Y�ñ�C,@SY

<âQ4C	YZï\YZX
3
7� )@SYù;=îoYZX�MOC	;=X

Inv
R:YZQS;=C	Y�ñóC,@SYU<âQBö\YZX	ñ�Y~��õ�;=XhC,@SYùM=R:Rb<âC,<?;=QQ�j7��S;=XóYjôSMONýî:ð?YqD

Inv(s(0))
<?ñ�C,@SYÊ<âQBö\YZX	ñ	YÊ;Oõ�C,@SYÊñ,AS>�>�Y�ñ�ñ	;=X�;Oõ

0
MOQSR R:YZQS;=C,Y�ñ'C,@SY-<âQBC	YZï\YZX

−1
7

5üY�ASñ	Y-C,@SY%õ�;=ðâð?;Eò�<âQ:ïhC	YZX,N X	YZò�X,<âC,<âQ:ïóñ,íbñ,C	YZNPC	;�YZQS>�;4R:Y�M=R:Rb<âC,<?;=Q¼MOQSRùñ,A:û:C,X�M=>ZC,<?;=Q
;lö\YZX

Z
7� �;�ñ,<âNýî:ðâ<Ìõ�íhQS;=C�MOC,<?;=QSñED:òÁY-ò�X,<âC	Y

(x + y)
;=X

x + y
õ�;=X

+(x, y)
7

R = {Inv(Inv(x)) → x
��8^�

x → Inv(Inv(x))
��D^�

x + Inv(x) → 0
�e?#�

x + y → y + x
��Ê^�

x + (y + z) → (x + y) + z
��>^�

x + 0 → x
���
�^�

x + s(0) → s(x)
���#�)�

s(x) → x + s(0)
���
�^�

Inv(s(x)) → Inv(s(s(x))) + s(0)}
���
<^�

�J;=C,<?>�Y-C,@.MOC�C,@:<?ñ�C	YZX,N X	YZò�X,<âC,<âQ:ï�ñ,íbñ,C	YZN <?ñ�QS;=C�ð?Yjõ`C3Gvðâ<âQSYEMOX0���'A:ð?Y6�e?#���j7
5üYÉMOX	Y�<âQ4C	YZX	Y�ñ,C	Y�R <âQ¼C,@SY�õ`;=ðâð?;lò�<âQ:ï î:X	;=û:ð?YZN�¬¿ïq<âö\YZQ C,@:X	Y�Y�<âQBC	YZï\YZX	ñ

a
D
b
MOQSR

c
D¸MOX	Y

C,@SYZX	Y-<âQ4C	YZï\YZX	ñ
λ
MOQSR

µ
ñ,AS>�@ C,@.MOC

λa + µb = c?

= û.M=ñ	<?>ÊQBA:N�ûoYZX-C,@SY�;=X,í X	Y�ñ,A:ðâCJñ	C�MOC	Y�ñ'C,@.MOCÎC,@SY8MOQSñ,òmYZXÎC,@SY�î:X	YZö4<?;=ASñÎú4ASY�ñ,C,<?;=QU<?ñWí\Y�ñW<Ìõ
MOQSR ;=Q:ðâíh<Ìõ

c
<?ñWM�N%A:ðâC,<âî:ð?Y%;Oõ�C,@SY-ïqX	YEMOC	Y�ñ,CW>�;=NýNÉ;=Q Rb<âö4<?ñ�;=X';Oõ

a
MOQSR

b
7

�.;=X'<âQSñ,C�MOQS>�YqD.<âC'<?ñ�î�;qñ	ñ,<âû:ð?YJõ�;=X
a = 7

D
b = 3

MOQSR
c = 15

�`ñ	<âQS>�Y
gcd(a, b) = 1

�j7!5üY
N²MEíùî:X	;lö\Yý<âC-ASñ,<âQ:ï C,@SYÉMOû�;Eö\YýC	YZX,N�X	YZò�X,<âC,<âQ:ïùñ,íbñ,C	YZN 7�÷}QSR:Y�Y�R¿D�õ`X	;=N

s7(0)
MOQSR

s3(0);=QSYÊ>EMOQ X	YEM=>	@
s15(0)

ASñ,<âQ:ï
+
D
Inv

MOQSRóX	YZò�X,<âC,<âQ:ï²X,A:ð?Y�ñE7m�S;=X'YjôSMONýî:ð?Y#¬

s3(0) →12 s2(0) + s(0) →12 (s(0) + s(0)) + s(0)



HÁ;=QSñ�Y�úBASYZQ4C,ðâí

s3(0) + s3(0) →∗
12 ((s(0) + s(0)) + s(0)) + s3(0) →∗

12,9 s6(0)
����ZL�

P4<âNý<âð�MOX,ðâí ;=QSYÎ@.M=ñ

(((s7(0) + s7(0)) + s7(0)) →12,9 s21(0)
���
8^�

�ù;=X	Y�;Eö\YZXEDSõ�X	;=N ����ZL�Á;=QSY-@.M=ñ

Inv(s3(0) + s3(0)) →∗
12,9 Inv(s6(0)) →∗

9,8 Inv(s21(0)) + s15(0) )@SYZX	Yjõ�;=X	YqDSû4í����
8^�jD.;=QSY-@.M=ñ

(((s7(0)+s7(0))+s7(0))+Inv(s3(0)+s3(0)) →∗
8,12,9 (s21(0)+Inv(s21(0)))+s15(0) →7,10 s15(0).

�J;EòPòmYóî:X	;Eö\Y C,@.MOCÉC,@SYóî:X	;=û:ð?YZN5@.M=ñýQS; ñ	;=ðâA:C,<?;=Q�õ�;=X
a = 2

D
b = 4

MOQSR
c = 5��C,@:<?ñ8<?ñ�N²MOC,@SYZN²MOC,<?>EMOðâðâí�C,X,<âö4<�MOðvD2C,@SYhï\;\MOð)<?ñ¾�IASñ,C�C	;ù<âðâðâASñ,C,X�MOC	YhC,@.MOCý<âC�>EMOQ�û�Yhî:X	;Eö\Y�R

MOA:C	;=N²MOC,<?>EMOðâðâí û4íó;=A:XW;Eö\YZX3GÆMOî:î:X	;�ôb<âN²MOC,<?;=QüMOî:î:X	;\M=>	@Q�j7
5üY�>�;=QSñ	<?R:YZX�õ`;=X�<âQ:<âC,<�MOð:C	YZX,NÉñ�C,@SY)ð�MOQ:ïqA.MOï\Y�M=>�>�YZî:C	Y�Rýû4í%C,@SYÁõ�;=ðâð?;Eò�<âQ:ï-C,X	Y�Y�MOA:C	;=N²MzG

C	;=Q
A
¬

ï P4C�MOC	Y�ñJMOX	Y
q0
D
q1
D
q2
D
q3
D
q4
D
q−2 q−4

MOQSR
qf

D
ï �2<âQ.MOð�ñ	C�MOC	Y�ñ'MOX	Y

q2
D
q−2

D
q−4

D
q4
D.MOQSR

qf

D
ï  �X�MOQSñ,<âC,<?;=QSñÎMOX	Y

• 0 → q0
D
s(q0) → q1

D
s(q1) → q2

D
s(q2) → q3

D
s(q3) → q4

�`YZQS>�;�R:Y�ñÎC,@.MOC
s2(0)MOQSR

s4(0)
MOX	YÎ<âQ:<âC,<�MOðâðâíó[�QS;Eò�QQ�jD

• Inv(q4) → q−4
�`YZQS>�;�R:Y�ñ�C,@.MOC';=QSYÊ>EMOQU>�;=Nýî:A:C	Y-C,@SY-<âQBö\YZX	ñ�YÊ;Oõ

4
�jD

• Inv(q2) → q−2
�`YZQS>�;�R:Y�ñ�C,@.MOC';=QSYÊ>EMOQU>�;=Nýî:A:C	Y-C,@SY-<âQBö\YZX	ñ�YÊ;Oõ

2
�jD

• qf1
+qf2

→ qf

õ`;=X�MOðâð � Q.MOðbñ,C�MOC	Y�ñ
qf1

, qf2

D��`YZQS>�;4R:Y�ñdC,@.MOC�;=QSYm>EMOQ8R:;'C,@SY)M=R:Rb<âC,<?;=Q
;Oõ2CÆòm;²>�;=Nýî:A:C	Y�R <âQBC	YZï\YZX	ñWC	YZX,NÉñ��j7

5üYÊòÁMOQBCWC	;8î:X	;Eö\Y%C,@.MOC
s5(0) /∈ R∗(L(A))

7
5üYÊïq<âö\YÊñ	;=NÉY-R:YZC�MO<âð?ñ';=Q C,@SY � X	ñ,C'>�;=Nýî:ð?YZC,<?;=QUñ	C	YZî¸7

��A:ð?Y6��8^�¢ )@:<?ñ%X,A:ð?YýR:;4Y�ñ	Q ® CÊî:X	;Eö�<?R:YýQSYZò C,X�MOQSñ,<âC,<?;=Q¸7�÷}QSR:Y�Y�R¿D¿C,@SYZX	YÉ<?ñ-QS; ñ,C�MOC	Y
q
<âQ

A
ñ,AS>�@

C,@.MOC
Inv(Inv(q))

>EMOQ ûoYÊR:YZX,<âöqMOC	Y�R <âQ
A
C	;ÉMýñ,C�MOC	Yq7

��A:ð?Y6��D^�¢�.;=XÀYEM=>	@²ñ	C�MOC	Y
q
;=QSY)@.M=ñ C	;ÊM=R:R8C,@SY�QS;=X,N²MOðâ<?ñxMOC,<?;=Q²;OõoC,@SY)C,X�MOQSñ	<âC,<?;=Q

Inv(Inv(q)) →
q
7 = ñ	ñ,A:NÉYÎC,@.MOC

γ(Rule(6), {ε 7→ q1}, q1)(1) = q3

7) )@SYZQ%RbA:X,<âQ:ï�C,@SYÏ>�;=Nýî:ð?YZC,<?;=Q�ñ,C	YZî¸DZC,@SY QS;=X,N²MOðâ<?ñ�MOC,<?;=Q�;Oõ
Inv(Inv(q1)) → q1

YZQSñ,A:X	Y�ñ
C,@.MOC�òÁY�M=R:R�C,@SYÁC,X�MOQSñ,<âC,<?;=QSñ

Inv(q1) → q3
MOQSR

Inv(q3) → q1
7)5Ë<âC,@ýñ,<âNý<âð�MOXÏM=ñ	ñ,A:NýîbG

C,<?;=QSñÁ;=Q
γ
;=QSY'M=R:R:ñÁRbA:X,<âQ:ï%C,@SY � X	ñ	CÀ>�;=Nýî:ð?YZC,<?;=Qhñ	C	YZî

Inv(q0) → q0
D
Inv(q−4 → q4)MOQSR

Inv(q−2) → q2
7



��A:ð?Y6�e?#��P4<âQS>�Y
q4 + Inv(q4) →

∗
A qf

DS;=QSYÎ@.M=ñ�C	;²M=R:R C,@SYÎC,X�MOQSñ	<âC,<?;=Q
0 → qf

7
��A:ð?Y6��Ê^�¢ )@:<?ñ'X,A:ð?YÊR:;�Y�ñ,Q ® C�î:X	;Eö�<?R:Y-QSYZò C,X�MOQSñ,<âC,<?;=Q¸7
��A:ð?Y6��>^�¢ )@:<?ñ'X,A:ð?YÊR:;�Y�ñ,Q ® C�î:X	;Eö�<?R:Y-QSYZò C,X�MOQSñ,<âC,<?;=Q¸7
��A:ð?Y6���
�^�¢ )@:<?ñ'X,A:ð?YÊR:;�Y�ñ,Q ® C�î:X	;Eö�<?R:Y-QSYZò C,X�MOQSñ,<âC,<?;=Q¸7
��A:ð?Y6���#�)�¢ )@:<?ñ'X,A:ð?YÊR:;�Y�ñ,Q ® C�î:X	;Eö�<?R:Y-QSYZò C,X�MOQSñ,<âC,<?;=Q¸7
��A:ð?Y6���
�^��P4<âQS>�Y

s(q0) →A q1
MOQSR

q0 + s(0) 6→∗
A q1

Db;=QSYJ@.M=ñ�C	;ýM=R:RóC,@SYJõ`;=ðâð?;lò�<âQ:ïýC,X�MOQSñ,<âC,<?;=QSñ
��ò�<âC,@ >�;=X,X	Y�>ZC�M=ñ	ñ,A:Nýî:C,<?;=QSñ�;=Q

γ
�

0 → q0
D
s(q0) → q1

��C,@SY�ñ	YýCÆòm; C,X�MOQSñ	<âC,<?;=QSñ�MOX	Y
MOðâX	YEM=Rbí8<âQ

A
��MOQSR

q0+q1 → q1
7#P4<âNý<âð�MOX,ðâí\DB;=QSY)@.M=ñ C	;ÊM=R:R8C,X�MOQSñ,<âC,<?;=QSñ

q0+q2 → q2
D

q0 + q3 → q3
D
q0 + q4 → q4

7
��A:ð?Y6���
�^��P4<âQS>�Y

Inv(s(q1)) →∗
A q−2

MOQSR
Inv(s(s(q1)) + s(0)) 6→∗

A q−2
D¿;=QSYý@.M=ñ-C	; M=R:R C,@SY

C,X�MOQSñ	<âC,<?;=QSñ���ò�<âC,@ü>�;=X,X	Y�>ZC�M=ñ	ñ	A:Nýî:C,<?;=Qü;=Q
γ
�jD

s(0) → q1
D
s(q1) → q2

D
s(q2) → q3

D

Inv(q3) → q1
D
q1 + q1 → q2

MOQSR
Inv(q2) → q−2

7

P4<âNý<âð�MOXJ>�;=Nýî:ð?YZC,<?;=QUñ,C	YZîSñ�ð?YEM=R C	;8C,@SYÎõ`;=ðâð?;lò�<âQ:ïÉC,X	Y�Y%MOA:C	;=N²MOC	;=Q
B
¬

ï P4C�MOC	Y�ñW;Oõ
B
MOX	Y

q−4, q−2, q1, q2, q3, q4
MOQSR

qf

7
ï �2<âQ.MOð�ñ	C�MOC	Y�ñ'MOX	Y

q2, q4, q−2, q−4
MOQSR

qf

7
ï  �X�MOQSñ,<âC,<?;=QSñJ;=Q >�;=QSñ,C�MOQBC	ñJMOX	Y

0 → q0
MOQSR

0 → qf

7
ï  �X�MOQSñ,<âC,<?;=QSñWò�<âC,@ ñ,í�N%û�;=ð

s
MOX	Y-ïq<âö\YZQ û4í�C,@SY-õ`;=ðâð?;lò�<âQ:ï²C�MOû:ð?Y#¬

q0 q1 q2 q3 q4

s q1 q2 q3 q4 q1

�.;=X�<âQSñ,C�MOQS>�YqD
s(q−2) → q3

<?ñ'MýC,X�MOQSñ,<âC,<?;=Q¸7
ï  �X�MOQSñ,<âC,<?;=QSñWò�<âC,@ ñ,í�N%û�;=ð

Inv
MOX	Y-ïq<âö\YZQ ûBíóC,@SYJõ`;=ðâð?;lò�<âQ:ï²C�MOû:ð?Y#¬

q−4 q−2 q0 q1 q2 q3 q4 qf

Inv q4 q2 q0 q3 q−2 q1 q−4 qf

ï  �X�MOQSñ,<âC,<?;=QSñWò�<âC,@ ñ,í�N%û�;=ð
+
MOX	Y-ïq<âö\YZQ ûBíhC,@SYÎõ�;=ðâð?;Eò�<âQ:ï�C�MOû:ð?Y#¬

+ q−4 q−2 q0 q1 q2 q3 q4 qf

q−4 q−4, qf q−2, qf q−4 q1 q2, qf q3 q0, q4, qf qf

q−2 q−2, qf q0, qf q−2, qf q3 q0, q4, qf q1 q2, qf qf

q0 q−4, qf q−2, qf q0 q1 q2, qf q3 q4, qf ∅
q1 q1 q3 q1 q2, qf q3 q4, q0, qf qf ∅
q2 q2, qf q0, q4, qf q2, qf q3 q4, qf , q0 q1 q2, qf qf

q3 q3 q1 q3 q4, q0, qf q1 q2, qf q3 ∅
q4 q0, q4, qf q2, qf q4, q0, qf q1 q2, qf q3 q4, qf , q0 qf

qf qf qf ∅ ∅ qf ∅ qf qf

 )@SY MOA:C	;=N²MOC	;=Q
B
<?ñ8ñ,C�MOû:ð?Yhû4íÿC,@SY

Cγ
>�;=Nýî:ð?YZC,<?;=Q¸7mHÁ;=QSñ	Y�ú4ASYZQBC,ðâí\D�<âCÉM=>�>�YZî:C	ñÉMOQ

;lö\YZX3GÆMOî:î:X	;�ôb<âN²MOC,<?;=Q ;Oõ�X	YEM=>	@.MOû:ð?YhC	YZX,NÉñ8;Oõ
A
ûBí

R
7hP4<âQS>�Y

s5(0) /∈ L(B)
D�<âC	ñ�î:X	;Eö\Y�R

C,@.MOC�òÁY-N²M�íóQS;=C�@.MEö\Y
λ.2 + µ.4 = 5

ò�<âC,@
λ, µ ∈ Z

7
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