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! >��1�#" ITO�� M��BWUM�O8CªM�Y5WFCFGUMD�TCF�BPDO ZHI�W���M�?B�TEH?BW��y?�M��BWJW M�O}C�M��=O5WF�9?BI�KHGJPDb%GUM�XwX�ITEHG�WJIf��PDO5��ITO}CFGJITG
EHOH�B�8E5ITX�ITO}C�WFEHG�?BI�WN��PDO8CFGUM��=O}CJI�W�X�P8ZHRT?=�BW M�O}CfWUPDO KHGJPDYH?B`TX�I%:%$fO5IL��PDO}CFGUM��=O}CJI¤I�WFC�EHO5IVGJI��
?�M�CF�BPDO ITO}CFGJI ZHI�W��DM�GF��M�YH?BI�W�Z;E�KHGJPDYH?B`TX�I%:"�"PDEHG�?BI�Ww>��1�&�$��I�W��DM�GF��M�YH?BI�W�KHGJITOHO5ITO8C�?BITEHGJW
�%M�?BITEHGJW�Z5M�O5W¬ZHI�W¬ZHPDX¬M��=O5I�Ww�5OH�BW�:�£�IQO5PDX-YHGJIQZ [\PDEHCF�=?BW¦MD��MDZHRTXw�B�}E5I�W{ITC¬��PDXwX�ITGJ�T��M�E2C
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YHEHGFCF�5I(@ CF�5IEYL>�_��«KHGJPT@FI��TC�� �%�%�%�5"�� �J) � �LKHMON # %'&�()&�* ! �8�B��WFCFE5WF� �%�%�%]5"oK�PDEHG�O5I��T�=CJITG
�8E�[\ITE2CH�@I�WFC¬EHO5I~KHGJITEH�yI~�=O5Z;�BWU�TEHCUM�YH?BI�ZHI~? [ �=O}CJRTG8PTC WFE5WJ�T�=CJR~K9M�G{��IQK9M�GUMDZ;�=b%X�IkZHI~KHGJP��
b%GUM�XwX¬M�CF�BPDO�: � ?BW�WJPDO8CLEHCF�=?=�BWJR�W-M��yI��wWJE5����`�WLK�PDEHG�?BI�W�KHGJPDYH?B`TX�I�W�Z [\PDGJZHPDOHO9M�O5��ITX�ITO}C��"ZHI
KH?�M�OH� �9��M�CF�BPDOQ��ZHI�byI�WFCF�BPDO~ZHILGJI�WUWJPDEHGJ��I�W��HZHIV��PDO;�5b%EHGUM�CF�BPDOQ�$:�:�:
� ?oIKC;�BWFCJI¤KH?=E5WF�BITEHGJWLX�RTCF�5P1ZHI�WVZHI¤GJI��J�5ITGJ�U�5I¬KSPDEHGLCFGUM��=CJITG-ZHI¤CJIT?BW�KHGJPDYH?B`TX�I�W�:$�"M�GFXw�

IT?=?BI�W���?�M{GJR�Z;E5�TCF�BPDO ZHI¤ZHPDX¬M��=O5I¤K9M�G�ZHI�W�O5PDCF�BPDO5WLZHI¤��PDO5WF�BWFCUM�O5��I¤W�[\I�WJCfGJRT�yRT?BR�I¤CFGJ`�W�KSITGR�
��PDGFX¬M�O}CJILKSPDEHGª?BI�W�KHGJPDYH?B`TX�I�WNZHI�b%GUM�O5ZHI�CUM��=?=?BI%:;£o[ �BZHR�ILI�WFC�ZHI�WFEHKHKHGF�=X�ITG�K�ITE Z�KSITE ZHI�W
�%M�?BITEHGJWN�8EH��O5I��yRTGF� �9ITO8CNK9MDW�?BI�WªGJIT?�M�CF�BPDO5W�KSP%WJR�I�WªK9M�Gª?BI�WN��PDO}CFGUM��=O8CJI�W�:)>�ITKSITO5Z5M�O}C��5��ITCFCJI
X�RTCF�5P1ZHIwKSITGFX�ITCVWJPDEH�yITO}C-ZHI¤O�[\PDYHCJITOH�=G��}E�[ EHO5I�M�KHKHGJP C1�=X¬M�CF�BPDO«ZHI�WVWJPD?=EHCF�BPDO5W�:I��?=?BIwI�WJC
M�?BPDGJW�XSPT?BR�I Z¤ZHI�W�X�RTCF�5P8ZHI�WaZ [\RTO}EHX�RTGUM�CF�BPDO Y9MDWJR�I�W�KHGF�=O5�T�=K9M�?BITX�ITO}C�WFEHGNZHI�W�CJI��U�HOH�B�}E5I�W
ZHI Y9MD�U�8CFGUMD�U��:o£mI WJPD?=�yITEHG�KSITEHCwM�?BPDGJWw�3PDEHGFOH�=G�ZHI�Ww�=O5WJCUM�O5�T��M�CF�BPDO5W ! � :\I%:�EHO5I �%M�?BITEHGwK9M�G
�%M�GF��M�YH?BIF"�WUM�CF�BW�� M��BWUM�O}CªCJPDEHCJI�W�?BI�W���PDO8CFGUM��=O}CJI�WfZ;E¦KHGJPDYH?B`TX�I%:9£�I�X¬M��=O}CF�BITO~ZHI���PDO5WF�BWFCUM�O5��I
�8EH�HXSPT?BI�GJR�Z;E5�TCF�BPDO¬ZHINZHPDX¬M��=O5IaITCoRTO}EHX�RTGUM�CF�BPDOQ�1I�WFC�EHO5I�ZHI�W�X�RTCF�5P1ZHI�Wo?BI�W�KH?=E5WoI��¬��MD��I
ITOQbyRTO5RTGUM�? :'��?=?BIVI�WFC�EHCF�=?=�BWJR�I-Z5M�O5WN?�M�KH?=EHK9M�GFCfZHI�WaWJPD?=�yITEHGJW�:
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?BI�O5PDX�ZHI�@�E5WFCF� �9��M�CF�BPDOQ�5ZHI�O5PDbyP1P1ZT�HZ [\ITO5WJITX-YH?BI���PDO2?5�=CaPDEQZ [\IKC1KH?=�B��M�CF�BPDO ZHIL��PDO}CFGUMDZ;�B���
CF�BPDO�:�£ [ �BZHR�I�I�WFCVZHIw��PDO5WJITGF�yITG-ZHI�WV�=O;�3PDGFX¬M�CF�BPDO5W-K�ITO5Z5M�O8CV?�M¦GJR�WJPD?=EHCF�BPDO�Z [ EHO KHGJPDYH?B`TX�I
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@FI��TCF� �aZ [\IKC1KH?=�B�8E5ITG�?BI¬GJITCFGUM��=C¤ZHI��%M�?BITEHGJW¤PDE�? [\PDYHCJITO}CF�BPDOgZ [\R��U�5I�� ! � :\I%:�K9MDW¤ZHI¬WJPD?=EHCF�BPDOL"�:
£�ITEHG$KHGF�=O5�T�=K9M�?BIoEHCF�=?=�BWUM�CF�BPDO���PDO5��ITGFO5Io?�MªGJIT?�MAC5M�CF�BPDO�ZHI ��PDO}CFGUM��=O}CJI ���%[\I�WFCR�0ZI� Z;�=GJI��}E9M�O5ZVEHO5I
��PDO8CFGUM��=O}CJI�ZHPD�=C PTCFGJI�GJITCF�=GJR�I ! �8E5I���INWJPD�=C�EHO5I���PDO8CFGUM��=O}CJI�Z;E�KHGJPDYH?B`TX�INPDE�EHO5IN��PDO8CFGUM��=O}CJI
KSP%WJR�I�K9M�GN? [\RTO8EHX�RTGUM�CF�BPDOL"�:

>�IT?�M�ZHPDOHO5Iª?=�BITE¤KHGF�=O5�T�=K9M�?BITX�ITO8C�ZfCFGJPD�BWoM�KHKH?=�B��M�CF�BPDO5W�:y�¤[^M�YSPDGJZT�/?BPDGJW�Z [ EHO5IªGJI��U�5ITGJ�J�5I
W =;WFCJRTX¬M�CF�B�8E5I �5�=?�I�WFC�M�?BPDGJWfKSP%WJWF�=YH?BI-Z [\RT�1�=CJITGfZHI�CJI�WFCJITG�ZHI�Wa�=O5WFCUM�O5�T��M�CF�BPDO5W�K9M�GFCF�BIT?=?BI�W��8EH�
PDO8C�ZHR�@LZ¦X�ITO5R Z EHO R��J�5I��%: ��O5WFEH�=CJI �S� MD��I¬M�E2CkKHGJPDYH?B`TX�I�W�WJEHGR� ��PDO}CFGUM��=O}CJW ! � :\I%: ?BI�W-KHGJP��
YH?B`TX�I�WªKSPDEHG@?BI�WU�}E5IT?BW��=?�O�[\IKC1�BWFCJIfK9MDWªZHIfWUPD?=EHCF�BPDOL"��1IT?=?BI�WªP� SGJITO}C�EHO �J�5PD� C ZHIf��PDO8CFGUM��=O}CJI�W
Z�GJITCF�=GJITGoZ;E¤KHGJPDYH?B`TX�I�KSPDEHG�?BIT�yITG�?�M���PDO}CFGUMDZ;�B�TCF�BPDO�:)�oO;�5OQ�%?BI�W�IKC1KH?=�B��M�CF�BPDO5W WJPDO}C�EHCF�=?=�BWJR�I�W
KSPDEHGNbyRTGJITGN?BI�WaKHGJPDYH?B`TX�I�WaZ2=1O9M�Xw�B�}E5I�W ! � :\I%:5?BI�W�KHGJPDYH?B`TX�I�WfK�PDEHG�?BI�WU�}E5IT?BWa? [\ITO5WJITX-YH?BI�ZHI
��PDO8CFGUM��=O}CJI�W��DM�GF�BIVM�E���PDEHGJWNZ;EQCJITXwK5W "�:

$fO5I ?�MD�TEHO5I ZHI ?�M KHGJPDb%GUM�XwX¬M�CF�BPDO K9M�G���PDO}CFGUM��=O}CJI«��PDO5��ITGFO5I ?BIkX¬M�O5�8E5I Z [\PDEHCF�=?BW
Z [^M��BZHI Z�?�MwXw�BWJIVM�EQKSPD�=O}C�:)>�IT?=?BI�� �T�m��PDXwKHGJITO5Z�ZHITE2C MDWJK�I��TCJW��;?�M�Xw�BWUIVM�EQK�PD�=O8CaZHI�KSITGR�
��PDGFX¬M�O5��I-�8EH�$M¤KSPDEHGNYHEHCaZ [^M�X�RT?=�BPDGJITG�?BI�W�KSITG��3PDGFX¬M�O5��I�W�ZHIL?�M¤GJR�WJPD?=EHCF�BPDO ITCN?�M¤Xw�BWJI�M�E
KSPD�=O}C ZHIa��PDGFGJI��TCF�BPDO¬KSPDEHGo��PDGFGF�=byITGo?BI�WoRT�yITO}CFE5IT?=?BI�W�ITGFGJITEHGJW Z;E¬KHGJPDb%GUM�XwX�I%:}£mM�KHGF�=O5�T�=K9M�?BI
��M�E5WJI¤Z;EkX¬M�O5�8E5I�Z [\PDEHCF�=?BWLI�WJC�?�M{ZHR��T?�M�GUM�CF�=�1�=CJRwZHI�?�M{KHGJPDb%GUM�XwX¬M�CF�BPDO K9M�GL��PDO8CFGUM��=O}CJI�W�:
��OkI�  ITC��9KSPDEHGf?BI�Wf?�M�OHb}M�byI�WLM�?=byPDGF�=CF�HXw�B�}E5I�WF�)?�M¬Xw�BWJI¤M�E~KSPD�=O}CLWJIV��M��=C�WJPDEH�yITO}C�K9M�G�EHO5I
M�O9M�? =;WJI�ZHI�W���M�?B�TEH?BW':��"PDEHG�?�M�KHGJPDb%GUM�XwX¬M�CF�BPDO K9M�GL��PDO8CFGUM��=O}CJI �S?BI�WJPD?=�yITEHGLI�WFCfEHO5I�YSP��BCJI
O5PD�=GJI%:%�¤[ EHO5I�K9M�GFC�?BI�W"��M�?B�TEH?BW\=�WJPDO}C���MD�J�5R�WF�/? [ EHCF�=?=�BW M�CJITEHG�O�[^MaK9MDW"YSI�WJPD�=OwZHI ?BI�W���PDOHO9M��BCFGJI
ITCaZ [^M�EHCFGJI-K9M�GFCa�=?BWNWUPDO}CfWUPDEH�yITO}CaCFGJ`�Wa��PDXwKH?BIKC;I�W�:S>�ITCFCJI-��PDXwKH?BIKC;�=CJRVGJITO5Z �=XwKSP%WJWF�=YH?BIV?�M
ZHR���PDXwKSP%WF�=CF�BPDO Z;E¬KHGJPDb%GUM�XwX�I�ITC@ZHPDO5�aZHIa��PDO5WF�BZHRTGJITG@EHO¬�(GUM�b%X�ITO8C�ZHINKHGJPDb%GUM�XwX�I�W M�O5W
KHGJITO5Z;GJI�ITO ��PDXwKHCJIf?BIfGJI�WFCJI�Z;E¦��M�?B�TEH? :;��IfKH?=E5W��}�=?SI�WFC�CFGJ`�WªZ;���¬�T�=?BIfKSPDEHG�? [ EHCF�=?=�BWUM�CJITEHG�ZHI
ZHR��T�BZHITG�WF� EHOQRTCUM�CaZHI�? [\RKCHR��TEHCF�BPDO�I�WFCN��PDGFGJI��TC�PDE O5PDO�:

£mI�WoPDEHCF�=?BW�KHGJPDK�P%WUR�W6@ E5WJ�8E5I@? Z6��I�WUWJITO}CF�BIT?=?BITX�ITO8C KSPDEHG"? [^MDWJK�I��TC�KSITG��3PDGFX¬M�O5��I �DGJITKSP%WJITO}C
KHGF�=O5�T�=K9M�?BITX�ITO8CoWFEHGmEHO5IªM�KHKHGJP8�U�5I �1�BWFE5IT?=?BI%:A� ?BW$CJITO}CJITO8C�ZHIo�3PDEHGFOH�=G�ZHI�W$�8E5I�W$ZHI�W$ZHPDX¬M��=O5I�W
PDE ZHIN? [^M�GFYHGJI�ZHINGJI��U�5ITGJ�J�5I ! KSPDEHG ? [\RTO}EHX�RTGUM�CF�BPDOL"�:�� ?BW@K�ITGFX�ITCFCJITO8CªM��=O5WF�SZHIaZHR���PDEH�1GF�=GªP��
?BI�WJPD?=�yITEHG�K�ITGJZ�Z;E�CJITXwK5W�ITCf��PDXwX�ITO8CLEHO5I�M�EHCFGJI�WFCFGUM�CJRTb%�BI�K�PDEHGFGUM��=CDPTCFGJI�EHCF�=?=�BWJR�I-KH?=E5W
I��¬��MD��ITX�ITO8C�:�>�I�W{PDEHCF�=?BW¬WJPDO8C¬K9M�G¬��PDO8CFGJI~KSITE�I��¬��MD��I�W¬K�PDEHG�? [^MDWJK�I��TC¦��PDGFGJI��TCF�BPDO �8EH�
GJI�WFCJI-EHO~KHGJPDYH?B`TX�I�PDEH�yITGFC�:9�"PDEHG�ZHRTYSPDb%E5ITG�EHO~KHGJPDYH?B`TX�I¤M��yI��-��PDO8CFGUM��=O}CJI�W��=?m��M�EHC�ZHPDO5�
GJI�WFCJITG��1CUM�O8Cª�8E5IfK�P%WJWJ�=YH?BI �>Z-EHO{OH�=�yI�M�E ZHR��T?�M�GUM�CF� �$KH?=E5Wª��PDXwKHGJRT�5ITO5WF�=YH?BI�KSPDEHG�EHO¦EHCF�=?=�BW MI�
CJITEHG�:I� ?�WJITGUM��=CLZHI�CJPDEHCJI�� M���PDOk�=O5��PD�5RTGJITO}C-ZHI¤?=EH��ZHITX¬M�O5ZHITG-ZHI¤��PDXwKHGJITO5Z;GJIw?BI�WL��M�?B�TEH?BW
KSPDEHGoZHRTY�PDb%E5ITG�M�?BPDGJW��}E�[ �=?HO�[\ITO¬M�K9MDWoITE¤YSI�WJPD�=OwKSPDEHG�KHGJPDb%GUM�XwX�ITG�:}£�I�W�CFGUMD��I�WoZ;E���M�?B�TEH?
WJPDO8C�KSITE�IKC;KH?BPD�=CUM�YH?BI�W��$KHGF�=O5�T�=K9M�?BITX�ITO}C Z~��M�E5WJI¬ZHI{?BITEHG-CUM��=?=?BI �"WFEHGFCJPDEHC¤WF� ? [ EHCF�=?=�BWUM�CJITEHG
O�[^M¦M�E5�TEHO5I-�BZHR�I�WFEHGa? [\ITXwKH?�MD��ITX�ITO8CVZHI-? [\ITGFGJITEHG�:6� ?�� M�EHCfZHPDO5��RTb}M�?BITX�ITO}C�GJI�WFCFGJIT�=O5Z;GJI�?BI
KH?=E5WaK�P%WJWJ�=YH?BI�? [ �=O;�3PDGFX¬M�CF�BPDO[Z�CFGUM��=CJITG�:

>�ITCFCJI�CF�5`�WJI~KHGJPDK�P%WJIQKHGF�=O5�T�=K9M�?BITX�ITO}C CFGJPD�BW¦��PDO}CFGF�=YHEHCF�BPDO5W M�E ZHPDX¬M��=O5I ZHIQ?�M KHGJP��
b%GUM�XwX¬M�CF�BPDO K9M�G���PDO}CFGUM��=O8CJI�W��9EHO5I-�3PDGFX¬M�?=�BW M�CF�BPDO ZHI�?�M�GJR�Z;E5�TCF�BPDO ZHI�ZHPDX¬M��=O5I���PDXwX�I
M�KHKH?=�B��M�CF�BPDO ZHIw?�M CF�5R�PDGF�BI{ZHIwKSPD�=O}CV��CHI � EHO5I�ZHR��5OH�=CF�BPDO Z [\IKC;KH?=�B��M�CF�BPDO«WJPDE5WVEHO5Iw��PDGFX�I
M�GFYSPDGJI�WJ��ITO}CJI-ITCNITO;�5O ? [ EHCF�=?=�BWUM�CF�BPDO~ZHIL��I�WNIKC;KH?=�B��M�CF�BPDO5W�KSPDEHG�?BILZ;��M�b%O5P%WFCF�B�LZHR��T?�M�GUM�CF� �oZHI
GJRTKSPDO5WJILX¬M�O5�8E9M�O}CJI%:

£$M¬GJR�Z;E5�TCF�BPDO ZHI�ZHPDX¬M��=O5IwM�ZHR�@LZ¬RTCJR�ZHR��TGF�=CJI¤Z5M�O5W�Z;��  RTGJITO}CJW�CFGUM��DM�E2C ! �ªITOH�9M�X�PDEQ�
<�©%©B+��9>�P1ZHPDb%O5ITC @��f��M�?5� <�©%©B+�� X M�O ��X�ZHITOQ� <�©%©%¡��2X M�OQ �ITO}CJITOHG =;�J�H� <�©%§%©5"�:H��PDE5WªKHGJP��



©

KSP%WJPDO5WN�B�T�mEHO5IVGJI���PDGFX-EH?�M�CF�BPDO ZHIV��I���PDGFX¬M�?=�BWFX�I-ITO�CJITGFX�I�WfITO5WUITX-YH?=�BWFCJI�W�:)£mMwGJR�Z;E5�TCF�BPDO
ZHI ZHPDX¬M��=O5I I�WFC¤�1E5I¦��PDXwX�I EHO ��M�?B�TEH?NZHI �T?BADCFEHGJI¦K9M�G�ZHI�W¤PDK�RTGUM�CJITEHGJWwX�PDO5PDCJPDO5I�W¬ITC
KSITEHCPTCFGJI¦��PDO5WF�BZHRTGJR�I ��PDXwX�I¦EHO5I¦M�KHKH?=�B��M�CF�BPDOgZHI{?�M~CF�5R�PDGF�BI¦Z;E«KSPD�=O}C���C;I%:�>�I{��M�?B�TEH?
ZHIV�T?BADCFEHGJI�WJI�� M��=C�K9M�Ga? [ EHCF�=?=�BWUM�CF�BPDO Z [ �=CJRTGUM�CF�BPDO5Wf�U�9MDPDCF�B�}E5I�W ! �9M�byI�W +.-:/ 1 3 ��<�©%©%¡���>�PDE5WUPDC
@x>�PDE5WJPDC���<�©y®%® "fZHI�WLPDKSRTGUM�CJITEHGJW�:S£�I��3PDGFX¬M�?=�BWJX�I�KHGJPDKSP%WJR�KSP%WJWJ`�ZHI�? [^M��%M�O}CUM�byI � �5PDGFXw�BW
?BI���M��=C��}E�[ �=?�I�WFC-KH?=E5W-��MD�T�=?BI{ZHI¬X¬M�OH�=KHEH?BITG¤ZHI�W�ITO5WJITX-YH?BI�W��"Z [ PTCFGJI{CJPDCUM�?BITX�ITO}C¤�=O5ZHRTK�ITO6�
Z5M�O8CNZHI�W�WFCFGUM�CJRTb%�BI�W�ITCªK9M�G�? Z�XSPTX�ILW�[^M�KHKH?=�B�8E5IEZ�CJPDEHC�C0=8KSI�ZHI�WJPD?=�yITEHGNI� SI��TCFE9M�O8CNZHI�?�M
GJR�Z;E5�TCF�BPDO ZHI�ZHPDX¬M��=O5I%: £�I�W�PDK�RTGUM�CJITEHGJW�EHCF�=?=�BWUR�W�WUPDO}CVMDWJWJP1�T�BR�WLM�E2C���PDO}CFGUM��=O8CJI�WVZ;EkKHGJP��
YH?B`TX�IVWUIT?BPDO ?BI�W�O5PDCF�BPDO5WNZHIV��PDO5WF�BWJCUM�O5��I�EHCF�=?=�BWJR�I�WNITCNGJIK?9`TCJITO8CaIKCHMD�TCJITX�ITO8Ca?BI�W�GJR�Z;E5�TCF�BPDO
I�  I��TCFE5R�I�W�K9M�GfEHO WJPD?=�yITEHG��T?�MDWUWF�B�}E5I%: � ?"I�WFCaX�PDO8CFGJR���PDXwX�ITO8C�?�M�GJR�Z;E5�TCF�BPDOkZHI�ZHPDX¬M��=O5I
KSITEHC PTCFGJI�XSPT?BR�I Z�? [\RTO8EHX�RTGUM�CF�BPDO�KSPDEHGNPDYHCJITOH�=GfIKC5MD�TCJITX�ITO}Cf?BI�WNWJPD?=EHCF�BPDO5WfZ;E�>��1�$:

��PDE5WªKHGJPDKSP%WJPDO5W�ITO5WFEH�=CJI�EHO5I��1�BWF�BPDO Z;E9M�?BILZHIf?�M�GJR�Z;E5�TCF�BPDOQZHILZHPDX¬M��=O5I%:He ? [\PDKHK�P%WUR
ZHI�?�M�GJR�Z;E5�TCF�BPDO¦ZHINZHPDX¬M��=O5Ia�8EH�5��PDO5WF�BZH`TGJI�?BI�W �DM�?BITEHGJWoGJI�WFCUM�O}C Z5M�O5W ?BINZHPDX¬M��=O5I �yPDO¬W'[ �=O6�
CJRTGJI�WJWUI��B�T�mM�E2C¦�%M�?BITEHGJW�GJITCF�=GJR�I�W�:)>�ITCFCJIV�8�BWF�BPDO KSITGFX�ITCNZHILZHR��5OH�=GN?BI�WNPDKSRTGUM�CJITEHGJWNK9M�GNZHI�W
GJ`Tb%?BI�W¤IKC;KHGF�=X¬M�O}C�?BI¬GJITCFGUM��=C¤Z [ EHO5I¬�%M�?BITEHG���PDXwX�I¦��PDO5WJR��8E5ITO5��I{Z [^M�EHCFGJI�W�GJITCFGUM��=CJW�:&$fO5I
CJIT?=?BI�GJ`Tb%?BI�IKC;KH?=�B�8E5I�ZHPDO5��IKCHMD�TCJITX�ITO8C�?BIVGJITCFGUM��=CLZ [ EHO5I-�%M�?BITEHG�:���`�Wf?BPDGJW���I�WaGJ`Tb%?BI�W�KSITGR�
X�ITCFCJITO8C$?�MªZHR��5OH�=CF�BPDO��=O5Z;E5�TCF�=�yI Z [^M�GFYHGJI�W$ZHI�KHGJITEH�yI�W$M�KHKSIT?BR�W$M�GFYHGJI�W$IKC1KH?=�B��M�CF� ��W�:/>�ITGFCUM��=O5W
KSITEH�yITO}CPTCFGJI¬��PDO5WFCFGFEH�=CJW Z K9M�GFCF�=G�Z [ EHO���M�?B�TEH?@ITC�WUPDO}C�M�?BPDGJW�M�KHK�IT?BR�W¤M�GFYHGJI�W-IKC;KH?=�B��M�CF� �3W
��M�?B�TEH?BR�W�:}>�I�WoM�GFYHGJI�W ��PDO}CF�BITOHO5ITO}C@CJPDEHCJIª? [ �=O;�3PDGFX¬M�CF�BPDO�IKC;KH?=�B�8E9M�O}Co?BI�GJITCFGUM��=CoZ [ EHO5Iª�%M�?BITEHG
Z;EHGUM�O8CLEHO ��M�?B�TEH?�ITCfKSITEH�yITO}C(PTCFGJI¤��PDO5WF�BZHRTGJR�W���PDXwX�I�? [\I�WJWJITO5��I�ZHI-?�M¬GJR�Z;E5�TCF�BPDO ZHI�ZHP��
X¬M��=O5I%:;£�I�W�O5PDCF�BPDO5W�IKC;�BWFCUM�O}CJI�WªZ [\IKC;KH?=�B��M�CF�BPDO ! ��GJP%WJWJITG��S<�©%©%]��H�1�J�H�BIKC @ XoITG�� M��=?=?=�BI ��<�©%©%]��
� �=O5WJY�ITGFb ��<�©%©%]��9��I�WUWF�B`TGJI � <�©%©;< ���%E5WJWJ�BITOQ� �%�%�;<F"�KSITEH�yITO}CN� MD�T�=?BITX�ITO}C�= PTCFGJILGJITCFGJPDEH�yR�I�W':
�oO;�5OQ�}O5PDE5W@KHGJPDK�P%WUPDO5W EHO5I�M�KHKHGJP8�U�5IfZHIa?�MLXw�BWJI�M�E¬KSPD�=O}C@ZHIaGJRTK�PDO5WUI�W X¬M�O5�8E9M�O}CJI�W

Y9MDWJR�IwWJEHG�?BI¤Z;��M�b%O5P%WFCF�B�wZHR��T?�M�GUM�CF� ��b%G��D��I Z{?�M{O5PDCF�BPDO Z [^M�GFYHGJI�IKC;KH?=�B��M�CF� ��:S£�IwZ;��M�b%O5P%WFCF�B�
ZHR��T?�M�GUM�CF� � KHGJPDKSP%WJR-GJITK�P%WJI-WFEHGN?�MwO5PDCF�BPDOkZHIVW =1XwKHCJADX�I�ZHILGJRTK�PDO5WUIVX¬M�O5�8E9M�O}CJI%:J$aO�CJIT?
W =1XwKHCJADX�I�I�WFCLEHO5I¤�%M�?BITEHG-ZHI¤�%M�GF��M�YH?BI��8EH� M RTCJR¤GJITCF�=GJR�IwK�ITO5Z5M�O8CV?BIw��M�?B�TEH? Z;E�WUPD?=�yITEHG
M�?BPDGJWf�}E5I�? [ EHCF�=?=�BWUM�CJITEHGf? [^M�CFCJITO5Z5M��=Cf��PDXwX�I-K9M�GFCF�B�T�=K9M�O}CEZ�EHO5IVWJPD?=EHCF�BPDO�:)>�I�WfW =8XwKHCJADX�I�W
WJPDO8CNZHR��5OH�BWªK9M�G�GUM�KHK�PDGFC Z�EHO5ILWJRTX¬M�O8CF�B�}E5IVM�CFCJITO5Z;E5IL�8EH���3PDGFX¬M�?=�BWJI�?�M���PDOHO9M��BWJW M�O5��ILZHI
? [ EHCF�=?=�BWUM�CJITEHG�: �LM�O5W�EHO M�GFYHGJI�IKC;KH?=�B��M�CF� �ªM =}M�O}CLKSPDEHGfGUMD�T�=O5I�EHO CJIT?"W =1XwKHCJADX�I¤WJIVCFGJPDEH�yI
EHO5I@ITGFGJITEHG ! GJI�WFKSPDO5WUM�YH?BI Z;E�W =1XwKHCJADX�IF"�:'£�I YHEHC$Z;E-Z;��M�b%O5P%WFCF�B��ZHR��T?�M�GUM�CF� �9I�WFCmZHI ?BP8��M�?=�BWUITG
��ITCFCJILITGFGJITEHGNITO ZHR���PDEH�1GUM�O}CNKSITE Z-KSITE Z [^M�EHCFGJI�WNW =1XwKHCJADX�I�W�Z5M�O5Wª? [^M�GFYHGJI%:H£o[ EHCF�=?=�BWUM�CJITEHG
O�[^MLZHPDO5�NK9MDWZ�W�[ �=O8CJITGFGJPDbyITG�WFEHG�?BIa��M�?B�TEH?5X¬M��BW WFEHG ?BI�W�GJR�WFEH?=CUM�CJW ZHIa��IT?=EH��� �T� :y£o[ EHCF�=?=�BWUM�CF�BPDO
ZHI�W�IKC;KH?=�B��M�CF�BPDO5W�WJITX-YH?BI�ZHPDO5��EHO5I�M�KHKHGJP1�J�5I�MDZHR��8E9M�CJI@KSPDEHG"?�MNXw�BWJI�M�E�KSPD�=O}C�ZHI@GJRTK�PDO5WUI
X¬M�O5�8E9M�O}CJI%:6��?=?BI�W�KSITEH�yITO}C�ITO~I� SITC PTCFGJI-��PDO5WF�BZHRTGJR�I�Wf��PDXwX�IVEHO5ILCFGUMD��IVZHR��T?�M�GUM�CF�=�yI-ZHI�W
��M�?B�TEH?BW�ITCªKSITGFX�ITCFCJITO}CNZ [^MDZ5M�KHCJITG�?BI�W�X�RTCF�5P8ZHI�W�ZHI�ZHRTYSPDb}M�byIVM�?=byPDGF�=CF�HXw�B�}E5I��=O8CFGJP8Z;EH�=CJI�W
K9M�Gf�8�9M�KH�=GJP ! �8�9M�KH�=GJP �m<�©%§ �5"�:5_aI��U�5ITGJ�J�5ITGNEHO5ILITGFGJITEHGaZ5M�O5WNEHO5I�CJIT?=?BI�CFGUMD��ILWJITX-YH?BILKH?=E5W
� MD�T�=?BI ��Z [ EHO5I�K9M�GFC-K9M�GJ��I¬�8E�[\IT?=?BI���PDO}CF�BITO8C�KSITE�Z [ �=O;��PDGFX¬M�CF�BPDO�K9M�GVGUM�KHKSPDGFC Z EHO5IwCFGUMD��I
�T?�MDWJWJ�B�}E5I�ITC�Z [^M�EHCFGJILK9M�GFC��1K9M�GJ��IL�}E5I�? [ EHCF�=?=�BWUM�CJITEHGaO�[^M-K9MDW Z�WJI�KH?BPDOHbyITGaZ5M�O5Wª?BI�W���M�?B�TEH?BW
Z;E~WUPD?=�yITEHG�:

£$M¤CF�5`�WJIVI�WFCNPDGFb}M�OH�BWUR�IVZHI�?�M�� M���PDOQWFEH�=�DM�O8CJI%:��mPDEHC�Z [^M�Y�PDGJZT�9�}E5IT?B�8E5I�W�GJR�WFEH?=CUM�CJWNWJEHG
?BI�WN�T?BADCFEHGJI�WfITCN?BI�WaM�GFYHGJI�WfZHI�KHGJITEH�yIVWJPDO}CaGUM�KHK�IT?BR�W�:

£$MkKHGJITXw�B`TGJI K9M�GFCF�BI I�WFC���PDO5WUMD�TGJR�I�Z ?�M GJI��J�5ITGJ�J�5I�ZHI WJPD?=EHCF�BPDO5W�Z5M�O5Ww?BI�W¬>��1�": £mI
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�U�9M�KH�=CFGJI�]VK�P%WJIN?BI�W ZHR��5OH�=CF�BPDO5WªZHI�>��1�«ITC@ZHIfWJPD?=EHCF�BPDO5W�:}£mI�WoKHGF�=O5�T�=K9M�?BI�W�X�RTCF�5P8ZHI�W@KSPDEHG
PDYHCJITOH�=GV��I�WLWJPD?=EHCF�BPDO5W-WJPDO}CVITO5WFEH�=CJI¤ZHR��TGF�=CJI�W�: £mIw�J�9M�KH�=CFGJIwd KHGJPDKSP%WJI�EHO5I��3PDGFX¬M�?=�BWUM�CF�BPDO
ZHIL?�M�GJR�Z;E5�TCF�BPDO ZHIVZHPDX¬M��=O5IVITOQCJITGFX�I�WaITO5WJITX-YH?=�BWFCJI�W':

£$MaWJI���PDO5ZHI@K9M�GFCF�BI�Z;E�ZHP1�TEHX�ITO}C�WJI@��PDO5��ITO}CFGJIªWFEHGm?BI�W�IKC;KH?=�B��M�CF�BPDO5W�:�£�I@�U�9M�KH�=CFGJI�¡ª� M��=C
?BIfCJPDEHG@ZHI�W@O5PDCF�BPDO5WªZ [\IKC1KH?=�B��M�CF�BPDO5WªIKC;�BWFCUM�O}CJI�W�:1£�I�W�X�RTCF�5P1ZHI�W@Z [\RTO8EHX�RTGUM�CF�BPDO Y9MDWJR�I�W@WJEHG
��IT?=?BI�WR� �T��WJPDO}C GUM�KHK�IT?BR�I�W�:}��EH�BWo?BI�W�KHGJPDYH?B`TX�I�W�ZHINWUM�CF�BWF��MD�TCF�BPDO¬ZHIa��PDO}CFGUM��=O}CJI�WªZ2=1O9M�Xw�B�}E5I�W
WJPDO8C-ZHR��TGF�=CJW¤M��=O5WF�o�}E5I�? [ EHCF�=?=�BWUM�CF�BPDO�ZHI�WVIKC;KH?=�B��M�CF�BPDO5W�K�PDEHGVGJITO5Z;GJI�?BITEHGVGJR�WJPD?=EHCF�BPDO�KH?=E5W
I��¬��MD��I%: ��O;�5OQ�5?BILW =;WFCJ`TX�I"M2NBO3P¦ITO}CF�B`TGJITX�ITO8C�Y9MDWJRLWFEHGN?BI�WNIKC;KH?=�B��M�CF�BPDO5WaI�WJCNYHGF�B`T�yITX�ITO}C
RT�yP1�}E5R%:$�LM�O5W-?BI{�J�9M�KH�=CFGJI +6��?BI�W�ITO5WJITX-YH?BI�W¤IKC;KH?=�B��M�CF� �3W�WJPDO}C�CJPDEHC�Z [^M�YSPDGJZ�ZHR��5OH�BW':O$fO
ITO5WJITX�YH?BI-IKC;KH?=�B��M�CF� � I�WFC�EHO~ITO5WJITX�YH?BI-Z [\PDKSRTGUM�CJITEHGJW�M =}M�O}C���M�E5WJRL?BI�GJITCFGUM��=C�Z [ EHO5IV�%M�?BITEHG
Z;E�ZHPDX¬M��=O5I{Z [ EHO5I��%M�GF��M�YH?BI%:">�I�WVITO5WUITX-YH?BI�W�WJPDO}C�CJPDCUM�?BITX�ITO}C��=O5ZHRTK�ITO5Z5M�O8CJW�Z;E���M�?B�TEH?
Z;E � M��=C��}E5I�CJPDEHCJI��=CJRTGUM�CF�BPDOQ�U�9MDPDCF�B�}E5IVZHIL��I�W�PDKSRTGUM�CJITEHGJW�GJITCF�=GJITGUM¤CJPDE @FPDEHGJW�?�M��%M�?BITEHGNITO
�8E5I�WFCF�BPDO�:���EH�BW�?�M O5PDCF�BPDO�Z [^M�GFYHGJI{IKC1KH?=�B��M�CF� �NI�WFC-KHGJPDK�P%WJR�I%: � ? I�WJCLX�PDO}CFGJR¦��PDXwX�ITO}C-?BI�W
ITO5WJITX�YH?BI�WVIKC;KH?=�B��M�CF� �3W�KSITEH�yITO}C,PTCFGJI¤IKC;CFGUM��=CJWLZHI���I�WVM�GFYHGJI�WLITCL��PDXwX�ITO8CL? [\RTO}EHX�RTGUM�CF�BPDO
KSITEHCAPTCFGJIkKHGF�BWJI ITO ��PDXwKHCJI�Z5M�O5W ?�M ��PDO5WFCFGFE5�TCF�BPDO�ZHI ��I�W�M�GFYHGJI�W�:�£�I��J�9M�KH�=CFGJI«®«I�WJC
EHO5I¤KHGJITEH�yI¤ZHIw��PDGFGJI��TCF�BPDO ZHI�WVM�?=byPDGF�=CF�HX�I�WVZHI�GJITCFGUM��=CVZHI¤��PDO}CFGUM��=O8CJI�b%G��D��I�Z{?�M¬O5PDCF�BPDO
Z [\ITO5WJITX�YH?BILIKC1KH?=�B��M�CF� �F:5>�I�WªITO5WJITX-YH?BI�WªKSITGFX�ITCFCJITO}CNITO I�  ITC�ZHI���PDOHO9M��BCFGJI�?BI�W��DM�?BITEHGJWª�8EH�
PDO8CaRTCJRLGJITCF�=GJR�I�WNK9M�GaEHO5IL��PDO}CFGUM��=O}CJI��8EH�mZHPD�=C PTCFGJILGJIT? �D�J�5R�I%:

£$M�CFGJPD�BWF�B`TX�I�K9M�GFCF�BIVZHI�?�M�CF�5`�WJI�K�PDGFCJILWJEHG�?�M�Xw�BWJIVM�E KSPD�=O}CNITO KHGJPDb%GUM�XwX¬M�CF�BPDO�K9M�G
��PDO8CFGUM��=O}CJI�W�:$£�I¤�J�9M�KH�=CFGJI¬§¦I�WFC�EHOkGUM�KHK�IT?�ZHI�W�CJI��U�HOH�B�}E5I�WVIKC;�BWFCUM�O8CJI�WVZHI�Xw�BWJI�K�PD�=O8CVITO
KHGJPDb%GUM�XwX¬M�CF�BPDO¦K9M�G ��PDO}CFGUM��=O8CJI�W�:1£�I�WoCFGUM��DM�E2C�ZHI�� IT�BITG ! ��IT�BITG��9<�©%©%¡5"�WJPDO8C Z [^M�Y�PDGJZ¬ZHR��
�TGF�=CJW��'�=?BWmKSP%WJITO8C$�T?�M��=GJITX�ITO}C�?�MNKHGJPDYH?BRTX¬M�CF�B�}E5IªITCmKHGJPDKSP%WJITO8C$? [\PDEHCF�=? � %6FIHJ< ! � IT�BITG��}<�©%©B+5"
KSPDEHG =¬GJRTKSPDO5Z;GJI%:H£�I�W�PDEHCF�=?BW�GJR�M�?=�BWJR�W�Z5M�O5WN?BIfKHGJPT@FITC	��
����
 # ( ! ��ITGUM�O5W M�GFC*+.-#/2143 � �%�%�%�5"
WJPDO8C�ITO5WFEH�=CJI�RT�yP8�8E5R�WNM��=O5WF�S�}E5I�Z [^M�EHCFGJI�WªCFGUM��%M�E2C{�=O5ZHRTKSITO5Z5M�O}CJW':H£�I��J�9M�KH�=CFGJIV©�KHGJPDK�P%WUI
EHO5IVM�KHKHGJP1�J�5IVZHR��T?�M�GUM�CF�=�yI�ZHI�?�M�Xw�BWJILM�E K�PD�=O8CaZHI�GJRTKSPDO5WJI�X¬M�O5�}E9M�O8CJI%:9£�I�W�O5PDCF�BPDO5WaZHI
WJRTX¬M�O8CF�B�}E5IQM�CFCJITO5Z;E5I WUPDO}C�ZHR��5OH�BI�W�:�£�I Z;��M�b%O5P%WFCF�B� ZHR��T?�M�GUM�CF� ��ZHI¦GJRTK�PDO5WJI¦X¬M�O5�8E9M�O}CJI
��PDO5WF�BWJCJI¬M�?BPDGJW Z GJI��U�5ITGJ�J�5ITG�EHO5I�ITGFGJITEHG�Z5M�O5W-? [^M�GFYHGJI¬IKC;KH?=�B��M�CF� �NZ [ EHO CJIT? W =1XwKHCJADX�I%: � ?
I�WFC�X�PDO8CFGJRN��PDXwX�ITO}C@�=O5�T?=EHGJIª? [\RTO}EHX�RTGUM�CF�BPDO Z5M�O5Wo��ITCFCJIªX�RTCF�5P1ZHI%:y£o[\IKC;KH?=�B��M�CF�BPDO{Z [\R��J�5I��
I�WFCNRTb}M�?BITX�ITO8C�ZHR��5OH�BI%:

�"�=O9M�?BITX�ITO8C��9?BIL�U�9M�KH�=CFGJI¬<��w��PDO5�T?=EHCN?�MwCF�5`�WJILITCNKHGJPDKSP%WJIL�}E5IT?B�8E5I�W�KSITGJWFKSI��TCF�=�yI�W�:
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���76 8:9&;�
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YfO GUM�KHKSIT?=?BI¦�B�T�N�}E5IT?B�8E5I�W�O5PDCF�BPDO5W�WFEHG¤?BI�W¤ZHR��5OH�=CF�BPDO5W��=O5Z;E5�TCF�=�yI�WwEHCF�=?=�BWUR�I�WwZ5M�O5W¤?�M
CF�5`�WJI%:H�o?=E5WNZHI�ZHRTCUM��=?BWNWJPDO}CNZ;�BWJK�PDOH�=YH?BI�WNZ5M�O5W ! e��.?�IT? � <�©y®%® �HeaGFO5PD?BZ @��f�����=O5WF�1� � �%�%�;<F"�:
YfO��DMw��PDO5WJ�BZHRTGJITGfZHI�WaITO5WUITX-YH?BI�W

E,F
CJIT?BWf�}E5I

F ⊆ E
:5£o[ �=O5�T?=E5WJ�BPDO ITO5WJITX�YH?=�BWFCJI

⊆
I�WFC

EHO~PDGJZ;GJIVK9M�GFCF�BIT?mWFEHG
P(E)

:

���
	 ��������������������������! "�#�$�#�%���

YfO ��PDO5WF�BZH`TGJI EHO�PDKSRTGUM�CJITEHG�X�PDO5PDCJPDO5I
r : P(E) → P(E)

! � :\I%:oWJ�
X ⊆ Y

M�?BPDGJW
r(X) ⊆ r(Y )

"�:
£ [\PDK�RTGUM�CJITEHGfX�PDO5PDCJPDO5I

X 7→ F ∩ r(X)
M�EHO~KH?=E5W�b%GUM�O5Z KSPD�=O}Cª��CHIL�}EH��I�WFCaM�E5WUWF� ?BI

KH?=E5Wfb%GUM�O5Z
X

CJIT?$�8E5I
X ⊆ F ∩ r(X)

:)��`�WN?BPDGJW��H? [\ITO5WUITX-YH?BI
{X ⊆ E | X ⊆ F

ITC
X ⊆

r(X)}
M�EHO EHOH�B�8E5I'&S/)(+*,&.-/& ! �%[\I�WFCR�0ZI� Z;�=GJI-EHOQKH?=E5W�b%GUM�O5ZQRT?BRTX�ITO8CaK9M�GNGUM�KHKSPDGFC Z

⊆
"�:

� .10��"& �'& ��� +32(�54 /L�T?BADCFEHGJI�ZHI�WJ��ITO5Z5M�O8CJI76 +
F 8 /+9 r :<;�= -?>8+ CL↓(F, r) : +
@.-A61>,B ; * + 8 /+9

CL↓(F, r) =
&�/C(
{X ⊆ E | X ⊆ F

+.-
X ⊆ r(X)}

3

��I¤?�M{XSPTX�IwX¬M�OH�B`TGJI �SXw�=O
{X ⊆ E | F ⊆ X

ITC
r(X) ⊆ X}

IKC;�BWFCJI%:m>�[\I�WFCL?BI�KH?=E5W
KSITCF�=CNKSPD�=O}C���CHILZHIL? [\PDKSRTGUM�CJITEHG

X 7→ F ∪ r(X)
:

� .10��"& �'& ��� +32B+�4 /¤�T?BADCFEHGJI¤MDWJ��ITO5Z5M�O}CJID6 +
F 8 /+9 r :E;�= -?>8+ CL↑(F, r) : +F@�-�61>,B ; * + 8 /+9

CL↑(F, r) =
&�* ; {X ⊆ E | F ⊆ X

+.-
r(X) ⊆ X}

3

£mIG6H-6/21�ZHI
r
�)O5PDCJR

r̃
�SI�WFCf? [\PDKSRTGUM�CJITEHG�X�PDO5PDCJPDO5IwZHR��5OH��K9M�G

r̃(X) = r(X)
P��

X =
E\X

:/£mIoGJR�WFEH?=CUM�C��T?�MDWJWF�B�8E5I ! efGFO5PD?BZ@��a�����=O5WF�1� � �%�%�;<F"mWFEH�=�%M�O}CmKSITEHC"M�?BPDGJW&PTCFGJIoGUM�KHKSIT?BR%:

I 682�2�6 +32(�
CL↑(F , r̃) = CL↓(F, r)

J 9 +K-/L�+F3
CL↑(F , r̃) =

Xw�=O
{X ⊆ E | F ⊆ X

ITC
r̃(X) ⊆ X}

CL↑(F , r̃) =
Xw�=O
{X ⊆ E | X ⊆ F

ITC
X ⊆ r(X)}

CL↑(F , r̃) =
X¬MAC
{X ⊆ E | X ⊆ F

ITC
X ⊆ r(X)}

CL↑(F , r̃) = CL↓(F, r) �

£mIkKH?=E5W{b%GUM�O5Z KSPD�=O}C ��CHI Z [ EHO PDK�RTGUM�CJITEHG X�PDO5PDCJPDO5I
r : P(E) → P(E)

I�WJC¦?�M
?=�=Xw�=CJIQZ [ EHO5IQ�=CJRTGUM�CF�BPDO ! �}EH��KSITEHC PTCFGJI CFGUM�O5W��5OH�BIF"wZHI

r
ZHPDO5�

CL↓(F, r)
I�WFCw?�M ?=�=Xw�=CJI

Z [ EHO5Iw�=CJRTGUM�CF�BPDO ! �}EH� K�ITEHC,PTCFGJIwCFGUM�O5WF�5OH�BIF"LZHI¤? [\PDKSRTGUM�CJITEHG-X�PDO5PDCJPDO5I
X 7→ F ∩ r(X)

:
� ?"I�WJCa� MD�T�=?BI�ZHI��yRTGF� �9ITGL�}E5I

CL↓(F, r)
I�WFC�M�E5WJWJ�$?�M¬?=�=Xw�=CJI¤ZHI-?�M{WJR��8E5ITO5��I�ZHR��5OH�BI�K9M�G �

F0 = F, Fα+1 = Fα ∩ r(Fα), Fα =
⋂

β<α Fβ
WF� ? [\PDGJZ;�=O9M�?

α
I�WFC(1M*,&�* - +T:

��I ?�M�XSPTX�I ��M���PDO
CL↑(F, r)

I�WFC¦?�M�?=�=Xw�=CJI ZHI�?�M«WJR��8E5ITO5��I ZHR��5OH�BI K9M�G �
F0 =

F, Fα+1 = Fα ∪ r(Fα), Fα =
⋃

β<α Fβ
WJ� ? [\PDGJZ;�=O9M�?

α
I�WJC(1N*,&.* - +T:



� � � � ��� � �  � � �6� �  	 � 	E� ��������� 	�� ���A��� ������ ��� <�]
��� � ������������������������%��� ���	�.����
�?���7 "���$���%� ���

�1PD�=C
R
EHO�ITO5WJITX-YH?BIVZ [\PDKSRTGUM�CJITEHGJWfX�PDO5PDCJPDO5I�W

P(E)→ P(E)
ITC

F ⊆ E
:

�oO���PDO5WF�BZHRTGUM�O}C
ρ : P(E) → P(E)

� ? [\PDK�RTGUM�CJITEHG�ZHR��5OH��K9M�G
ρ(X) =

⋂
r∈R r(X)

ITC
CL↓(F, ρ)

�$�=?ªI�WFC���MD�T�=?BI¦ZHI{�yPD�=G��8E5I¬X¬MAC
{X ⊆ E | X ⊆ F

ITC
∀r ∈ R,X ⊆ r(X)}IKC;�BWFCJI%:

� .10��"& �'& ��� +32=t 4 / �T?BADCFEHGJI ZHI�WU��ITO5Z5M�O}CJI 6>+
F 8 /+9 R : ;�= -?>8+ CL↓(F,R) : +
@.- 61>,B ; * +

8 /H9 CL↓(F,R) =
&S/)(
{X ⊆ E | X ⊆ F

+.-
∀r ∈ R,X ⊆ r(X)}

3

��I ?�M�XSPTX�I ��M���PDO�ITO���PDO5WF�BZHRTGUM�O8C$? [\PDKSRTGUM�CJITEHG
ρ : P(E)→ P(E)

�DZHR��5OH�1K9M�G
ρ(X) =⋃

r∈R r(X)
ITC

CL↑(F, ρ)
�5Xw�=O

{X ⊆ E | F ⊆ X
ITC
∀r ∈ R, r(X) ⊆ X}

IKC1�BWFCJI%:

� .10��"& �'& ��� +32 ¥ 4 /��T?BADCFEHGJI�MDWJ��ITO5Z5M�O}CJI76 +
F 8 /+9 R : ;�= -?>8+ CL↑(F,R) : +F@�-%61>,B ; * + 8 /+9

CL↑(F,R) =
&.* ; {X ⊆ E | F ⊆ X

+ -
∀r ∈ R, r(X) ⊆ X}

3

�1PD�=C
R̃ = {r̃ | r ∈ R}

� ? [\ITO5WJITX-YH?BI�ZHI�W¬PDKSRTGUM�CJITEHGJW{Z;E9M�E2CgZHI
R
:�£mIQ?BITXwX�I �;:=<

W�[\RTCJITO5Z�M�?BPDGJWfM�E2C ITO5WJITX-YH?BI�WfZ [\PDK�RTGUM�CJITEHGJW ! eaGFO5PD?BZA@ �a�����=O5WF�1� � �%�%�;<F"�:

� |m.8�9���82 6k+�2�+
CL↑(F , R̃) = CL↓(F,R)

3
J 9 +K-/L�+F3 ��M�Ga?BI�?BITXwX�I �;:=<%:

�

£mI�W�GJITX¬M�GJ�}E5I�WfWFEHGª? [\RTb}M�?=�=CJRVITO}CFGJIVEHO5IV�T?BADCFEHGJIVITC�?�M�?=�=Xw�=CJILZ [ EHO5IL�=CJRTGUM�CF�BPDOQKSITEH�yITO}C
W�[^M�KHKH?=�B�8E5ITG�K�PDEHGNEHO ITO5WJITX-YH?BI�Z [\PDKSRTGUM�CJITEHGJWfX�PDO5PDCJPDO5I�W':S�8�

R
I�WFCaEHO ITO5WJITX-YH?BI�Z [\PDK�R��

GUM�CJITEHGJW�X�PDO5PDCJPDO5I�W@ITC
ρ(X) =

⋂
r∈R r(X)

M�?BPDGJW
CL↓(F,R)

I�WFC�?�Ma?=�=Xw�=CJIaZHI@?�M�WUR��}E5ITO5��I
ZHR��5OH�BI-K9M�G��
• F0 = F

�
• Fα+1 = Fα ∩ ρ(Fα), Fα =

⋂
β<α Fβ

WF� ? [\PDGJZ;�=O9M�?
α
I�WFC(1M*,&�* - +T:

CL↑(F,R)
I�WFCo?�M�?=�=Xw�=CJIfZHI�?�M�XSPTX�IaWUR��}E5ITO5��IaM��yI��a��ITCFCJIN�3PD�BW�M��yI��

ρ(X) =
⋃

r∈R r(X)
:

����� �����������

� .10��"& �'& ��� +32 8�� ; +-GJ`Tb%?BI +
@.-�- ; + 8 /+*,9 + h ← B
/+L�+��

B ⊆ E : / 8 8 +�1�>A+ ; @ +K&��.1 +G6 +F@KHGJRTXw�BWJWUI�W : +.- h ∈ E
/ 8 8 +.1�>*1 /���PDO5�T?=E5WF�BPDO=3

YfO���PDO5WF�BZH`TGJILEHO~ITO5WJITX�YH?BI-ZHI�GJ`Tb%?BI�WaO5PDCJR
R
:

� .10��"& �'& ��� +32 Q 4 � =
8 >F9 / - +F- 9 r
+
@�-HZHR��5OH�1K9M�G

R
@
*

r(X) = {h | ∃B ⊆ X,h← B ∈ R}
3



<Td ��� � ��� ������� � ������� �0�U� 	����0� ��

$fO CJIT?mPDKSRTGUM�CJITEHGaI�WFCaRT�1�BZHITXwX�ITO}CfX�PDO5PDCJPDO5I%:
£mI 8 1M-1@ 8 + - * - 8 = * ; - B<( +�6 + r

I�WFCNZ;�=C * ; 6+- � - * L2+F& + ; -$61>,B ; * 8 /+9 R :

I 682�2�6 +32=t � = * - r : P(E) → P(E)
- ; PDK�RTGUM�CJITEHG�X�PDO5PDCJPDO5I 3�� 1�+ (H* @.- +S/+- & = * ; @ - ;+ ; @ +F& ��14+.6 +�9����21 +F@ R - +�1	�K- +

r
+
@�-$ZHR��5OH�mK9M�G

R
3

J 9 +K-/L�+F3��1PD�=C
R

? [\ITO5WJITX�YH?BI¤ZHI-GJ`Tb%?BI�W
h ← B

CJIT?$�8E5I
B ⊆ E

ITC
h ∈ r(B)! ZHPDO5�

h ∈ E
"�:)�1PD�=C

r′
? [\PDK�RTGUM�CJITEHGfZHR��5OH��K9M�G

R
:'YfOQ�yRTGF� �9I-�}E5I

r = r′
�

r(X) ⊆ r′(X) 

WF�

h ∈ r(X)
M�?BPDGJW

h← X ∈ R
ZHPDO5�

h ∈ r′(X)
:

r′(X) ⊆ r(X) 

WF�

h ∈ r′(X)
M�?BPDGJW

∃B ⊆ X
�
h ← B ∈ R

ZHPDO5�
h ∈ r(B)ZHPDO5�

h ∈ r(X)
:

�

�oO byRTO5RTGUM�?�? [\ITO5WJITX-YH?BI
R

EHCF�=?=�BWJR¤Z5M�O5W�?�M{KHGJITEH�yI¤O�[\I�WFC�K9MDW�?BI�KH?=E5W��=O}CJRTGJI�WJW M�O}C�:���O
I�  ITC��S�%[\I�WFC�?BI�KH?=E5W�b%GUM�O5ZkITO5WJITX�YH?BIwZHI�GJ`Tb%?BI�WLZHR��5OH�BWJWUM�O}C

r
: � ?�IKC;�BWFCJI¤WJPDEH�yITO}CLZ [^M�EHCFGJI�W

ITO5WJITX�YH?BI�WfZHI�GJ`Tb%?BI�Wf�}EH��WUPDO}CNKH?=E5W�O9M�CFEHGJIT?BWaK9M�GNGUM�KHKSPDGFC Z�?�MwWF�=b%OH� �9��M�CF�BPDO~ZHI
r
:

�����  ��� �����

�1PD�=C
E
EHO ITO5WUITX-YH?BI%:S£mM{��PDO5��M�CJRTO9M�CF�BPDO I�WFCaO5PDCJR�I

·
:�£�I�W�M�GFYHGJI�W�WFEHG

E
WJPDO}C�ZHR��5OH�BW

Z¤K9M�GFCF�=GfZHI�W�O5PDCF�BPDO5WaWFEH�=�%M�O}CJI�W �
� $aO ;�� - 6aI�WJC�EHO5I�WJR��8E5ITO5��If�5OH�BIfO5PDO �1�BZHI [l1, . . . , ln]

�
(n ≥ 1)

M��yI��
li ∈ E

:5>�[\I�WFC
EHOQO���E5Z 9 / �K* ; +�WF� n = 1

:
� £o[ >.- *��K- + - - +aZ [ EHO~O���E5Z

Λ · [l]
I�WFCNZHR��5OH�BILK9M�Ga?�M�Y�IT?

(Λ · [l]) = l
:

� £�I 8 /+98+ ; -$Z [ EHOQO���E5Z O5PDO GUMD�T�=O5I�I�WFCNZHR��5OH��K9M�GNK9M�GJITO8C (Λ · [l]) = Λ
:

� .10��"& �'& ��� +32 * � ; M�GFYHGJI t
+
@.- - ; + ; @�+F& ��1 +�6 + ;�� - 6 @ ;�=+; L)* 6 +*- +�1��K- +��

� 1 + 8 /+98+ ; -�6 +����6/��K- + ;�� - 6 ;�=+; 9 / �K* ; +�6 + t
+F@�- /+-1@
@
*%- ;D;�� - 6!6 + t

3
� - = -1@:1 +F@ ;�� - 6 @E6 + t =+; -J1 +$&��K&S+ 8 9 +K&�* +F9�>�1 >F& + ; - 3��0+ 8 9 +K&�* +F9�>�1 >F& + ; -O+
@.-Q/ 8 8 +�1 >1�/�GUMD�T�=O5IG6 +

t
+ - +
@.- ;#= -?> root(t)

3

�1PD�=C
T
EHO«ITO5WJITX-YH?BI¦Z [^M�GFYHGJI�W¤WFEHG

E
ITC

l ∈ E
:$£o[\ITO5WJITX-YH?BI

{[l] · Λ | ∃t ∈ T,Λ ∈
t} ∪ {[l]}

I�WFC{EHO M�GFYHGJI �ª�8E5I~? [\PDO O5PDCJI
cons(l, T )

:�_fITX¬M�GJ�}E5PDO5W �8E5I�?BI ��MDW ZHI Y9MDWJI
cons(l, ∅) = {[l]}

M¤WJITEH?BITX�ITO}CfEHO O���E5ZQRTCF�B�}E5ITCJRVK9M�G
l
:

YfO���PDO5WF�BZH`TGJIL?BI�W�GJ`Tb%?BI�W
h← B

��PDXwX�ILKHGJR���R�ZHITXwX�ITO}C ! �%[\I�WFCR�0ZI� Z;�=GJI�M��yI��
h ∈ E

ITC
B ⊆ E

"�:
�1PD�=C

R
EHO�ITO5WJITX�YH?BI�ZHI-GJ`Tb%?BI�W�:)£mI�W/+9 �F98+
@.6>+ 8 9 +K-/L�+ 8 /+9�9R/ 8 8 = 9.- � R WJPDO8C�ZHR��5OH�BW

�=O5Z;E5�TCF�=�yITX�ITO8C���PDXwX�I�WFEH�=C�:



� ������������� �� <�¡

� .10��"& �'& ��� +32 �
cons(h, T )

+
@.-'- ; M�GFYHGJI ZHIkKHGJITEH�yIkK9M�GQGUM�KHKSPDGFC Z
R

@
*
T
+
@�- - ;+ ; @ +F& ��14+'6 � M�GFYHGJI�WfZHI-KHGJITEH�yIVK9M�GfGUM�KHK�PDGFC�Z R +.-
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CL↑(F,R) = {root(t) | t
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{root(t) | t
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X
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∀r ∈ R, r(X) ⊆ X}
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{root(t) | t
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∀r ∈
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Y = {root(t) | t
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F ⊆ Y

ITC
∀r ∈ R, r(Y ) ⊆ Y
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Y ⊇

Xw�=O
{X ⊆ E |

F ⊆ X
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∀r ∈ R, r(X) ⊆ X}
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CL↑(F,R) = {root(t) | t

M�GFYHGJIVZHI�KHGJITEH�yIVKHG$Z
RF } = CL↓(F , R̃)
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�LM�O5W¤��I �J�9M�KH�=CFGJI WJPDO8C�KHGJR�WUITO}CJR�I�W¤?BI�W�O5PDCF�BPDO5W¤ZHI{Y9MDWUI{ZHI{?�MQKHGJPDb%GUM�XwX¬M�CF�BPDO�K9M�G
��PDO8CFGUM��=O}CJI WFEHG¦ZHPDX¬M��=O5I�W¦�5OH�BW�:��fPDE5W{�=O}CFGJP1Z;EH�BWJPDO5W CJPDEHC Z [^M�Y�PDGJZ ?BI�W¦O5PDCUM�CF�BPDO5W{EHCF�=?=���
WJR�I�W�Z5M�O5W-��ITCFCJIwCF�5`�WUI%:m��PDE5WVZHPDOHO5PDO5W-?BI�W�ZHR��5OH�=CF�BPDO5W�ZHI J 9 = ��1 �K&S+G6>+ � / - * @ �./ � - * =H; 6 +� =+; - 9R/+* ; - +
@ ! >��1�#"LITCVZHI¬WJPD?=EHCF�BPDO�Z [ EHO«>��1�":m��PDE5WVWFEHGF�yPD?BPDO5W�ITO5WFEH�=CJIw?BI�WLKHGF�=O5�T�=K9M�?BI�W
X�RTCF�5P1ZHI�WaZHILGJR�WUPD?=EHCF�BPDOQEHCF�=?=�BWJR�I�W�KSPDEHGaPDYHCJITOH�=Ga��I�WNWUPD?=EHCF�BPDO5W�:
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	 E5IT?B�8E5I�WfO5PDCUM�CF�BPDO5W�ITCfZHR��5OH�=CF�BPDO5WfEHCF�=?=�BWUR�I�WfZ5M�O5Wf��ITCFCJI-CF�5`�WJI-WJPDO}Cf�=O}CFGJP1Z;EH�=CJI�W�:S>�I�W
O5PDCUM�CF�BPDO5W¦ITO5WJITX-YH?=�BWJCJI�W¬KSITGFX�ITCFCFGJPDO}C¦EHO5I ��PDGFX¬M�?=�BWUM�CF�BPDO ZHI ?�M GJR�Z;E5�TCF�BPDO ZHIQZHPDX¬M��=O5I
ITO CJITGFX�I{ZHI�KSPD�=O}CL��CHI�ITC-ZHI{�T?BADCFEHGJI¬Z5M�O5W-?BI��J�9M�KH�=CFGJI{d ����I��8EH�oGJITO5Z;GUM KSP%WJWF�=YH?BI�EHO5I
ZHR��5OH�=CF�BPDO��=O5Z;E5�TCF�=�yI-ZHI�WNIKC;KH?=�B��M�CF�BPDO5WaZ5M�O5Wa?BIL�J�9M�KH�=CFGJI +;:
YfOg��PDO5WJ�BZH`TGJI ��C;R¦EHOgITO5WJITX�YH?BI �5OH�NZHI W =1X-YSPD?BI�W�ZHI LI/+9F* / �.1 +
@

V
: YfOgW'[ �=O}CJRTGJI�WJWJI

M�E2C KHGJPDYH?B`TX�I�W-WJEHGL?BI�WVZHPDX¬M��=O5I�WV�5OH�BW': ��M�O5W���Iw��MDZ;GJI��J�9MD�8E5I��%M�GF��M�YH?BIwO5I¤KSITEHC�M��yPD�=G
�8E�[ EHO¦ITO5WUITX-YH?BIf�5OH�)ZHI LI/214+F- 9 @ KSP%WJWF�=YH?BI�W':>YfO¦��PDO5WJ�BZH`TGJIN��CHRaEHO5IN��M�Xw�=?=?BI

(Dx)x∈V
ZHPDO}C

�U�9MD�}E5I
Dx

I�WFCªEHO ITO5WJITX-YH?BI$B ; *5O5PDO �8�BZHI � Dx
I�WFCªM�KHKSIT?BR�?BI.6 = &S/+* ; + 6 +,1 /'LI/+9F* / ��14+ x

:
��PDE5WLM�EHGJPDO5WEZ¬��PDO5WF�BZHRTGJITGLZ;��  RTGJITO}CJI�W � /+&.* 1 14+
@

f = (fi)i∈I
:L$aO5I�CJIT?=?BI���M�Xw�=?=?BI�KSITEHC

PTCFGJI��BZHITO}CF� �9R�I ZN?�M � =+; � - * =+; i 7→ fi
�DIT?=?BI@XSPTX�I��BZHITO8CF� �)M�YH?BI�Zf? [ + ; @ +K&��.1 + {(i, fi) | i ∈ I}

:
ea�5O Z [^M��yPD�=GQZHI�W ZHR��5OH�=CF�BPDO5W WF�=XwKH?BI�W ITC{EHOH� ��PDGFX�I�W Z [\PDKSRTGUM�CJITEHGJW X�PDO5PDCJPDO5I�W WFEHG¦ZHI�W
ITO5WJITX�YH?BI�W��}E9M�O5Z�PDO W�[ �=O8CJRTGJI�WJWJITGUM Zw?�MwGJR�Z;E5�TCF�BPDO ZHI�ZHPDX¬M��=O5I �)PDO�EHCF�=?=�BWJI-EHO ITO5WJITX-YH?BI
�8EH��I�WFCaWF�=Xw�=?�M��=GJI Z�EHO5ILY9MDWJILZHIV �ITGFYHGUM�O5ZQITO KHGJPDb%GUM�XwX¬M�CF�BPDO ?BPDb%�B�}E5I%:

� .10��"& �'& ����t 2(��
 ; / 818 +�1 1 +�ZHPDX¬M��=O5I 1 � + ; @ +F& ��14+�61>,B ; * 8 /+9 D =
⋃

x∈V ({x} ×Dx)
3

9 ;�682 <"0(6����������������������� �"! �#�$�#�#%'&#�(�)�*�,+.-/�0��-*&#�(���
V = {X, Y, Z}

-�+���� �(���
�*��%1-��2�3�0�4���5+�-��0��-�&��(���

DX = DY = DZ = {1, 2, 3} 687 �9����%1-��2�:�;���0<=-��(�/���?>
D = {(X, 1), (X, 2), (X, 3), (Y, 1), (Y, 2), (Y, 3), (Z, 1), (Z, 2), (Z, 3)} 6

£$M�GJR�Z;E5�TCF�BPDO ZHI�ZHPDX¬M��=O5I�M¬K�PDEHGfYHEHC�ZHI�GJR�Z;EH�=GJI�? [\ITO5WJITX-YH?BI¤ZHI�Wf�DM�?BITEHGJW��8E5IVKSITEHC
KHGJITO5Z;GJI EHO5IQ�DM�GF��M�YH?BI%:o��M�G�?�MkWFEH�=CJI �o�=?NWJITGUM M�?BPDGJWwO5R���I�WJWUM��=GJI~ZHI ��PDO5WF�BZHRTGJITG¬ZHI�W�WJPDE5W �
ITO5WJITX�YH?BI�WfZHI

D
M�KHK�IT?BR�W + ; L)*,9 =H; ; +F& + ; -,@T:5£�IVZHPDX¬M��=O5I D

I�WFCNZHPDO5�-?BI�KH?=E5WNb%GUM�O5ZQITO8�8���
GJPDOHO5ITX�ITO8C ! ITC�? [\ITO5WJITX�YH?BIV�1�BZHIL?BI�KH?=E5W�KSITCF�=C "�:
YfOwO5PDCJI

d|W
?�M�9 +F@�- 9F* � - * =+; Z [ EHO�ITO8�8�=GJPDOHO5ITX�ITO8C d

ZfEHO�ITO5WJITX�YH?BI�ZHIª�DM�GF��M�YH?BI�W
W ⊆

V
���%[\I�WFCR�0ZI� Z;�=GJI �

d|W = {(x, v) ∈ d | x ∈ W}
: YfO Z;�=GUMQ�}E5I

d|W
I�WJCL? [ + ; L)*,9 =H; ; +F& + ; -6 +F@ LI/+9F* / �.1 +
@

W
Z5M�O5W

d
:

£mI�WNGJITX¬M�GJ�8E5I�WaWFEH�=�%M�O}CJI�W�KSITEH�yITO}C�M�?BPDGJW PTCFGJI�� M��=CJI�W��
•
KSPDEHG

d ⊆ D
�
d = d|V =

⋃
x∈V d|{x}

�

•
KSPDEHG

d, d′ ⊆ D
�HPDO�M

d ⊆ d′ ⇔ ∀x ∈ V, d|{x} ⊆ d′|{x}
:

$fO KHGJPDYH?B`TX�I¬ZHI¬WUM�CF�BW�� MD�TCF�BPDO ZHI���PDO}CFGUM��=O8CJI�W���PDO5WJ�BWFCJI Z¦K�P%WUITGVZHI�W-��PDO}CFGUM��=O8CJI�W�WJEHG
?BI�W��%M�GF��M�YH?BI�W�:;£�I�GJR�WJPDE5Z;GJI ! � :\I%:8CFGJPDEH�yITG�EHO5I�WJPD?=EHCF�BPDOL" GJIT�1�BITO}C�Z-�=O5WFCUM�O5�T�BITG�?BI�W��DM�GF��M�YH?BI�W
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! �%[\I�WFCR�0ZI� Z;�=GJI�Z��U�5PD�BWF�=GmEHO5I��%M�?BITEHG$Z5M�O5Wm?BIoZHPDX¬M��=O5I ZHI �J�9MD�8E5Io�%M�GF��M�YH?BIF" ZHI�CJIT?=?BI@WJPDGFCJIo�8E5I
?BI�Wf��PDO}CFGUM��=O}CJI�W�WJPD�BITO8CfWUM�CF�BW�� M��=CJI�W�:H��PDE5WaM�EHGJPDO5WaZHPDO5� Zw��PDO5WF�BZHRTGJITGaZHI�WfITO}�1�=GJPDOHO5ITX�ITO}CJW
K9M�GFCF�B�TEH?=�BITGJW�Z5M�O5W�?BI�WJ�8E5IT?BWN�J�9MD�8E5IV�%M�GF��M�YH?BILO5I�KSP%WJWJ`�ZHIL�8E�[ EHO5IL�%M�?BITEHG�:

$fO5I�* ; @�- / ; � * / - * =+; ! M�E5WJWF� M�KHK�IT?BR�I�LI/ 1N- / - * =+; PDE - - 8 14+8" t
I�WFCªEHO ITO}�1�=GJPDOHO5ITX�ITO}CaK9M�GR�

CF�B�TEH?=�BITGNKSPDEHGª?BI��}E5IT? �U�9MD�}E5IL�%M�GF��M�YH?BIVM�KHK9M�GUM��BC�EHO5ILITCªEHO5ILWJITEH?BIf�3PD�BWF�1�%[\I�WJCR�0ZI� Z;�=GJI
t ⊆ DITC

∀x ∈ V,∃v ∈ Dx, t|{x} = {(x, v)}
: $aO - - 8 1 + t

@F-/9 EHO ITO5WUITX-YH?BI�ZHI��DM�GF��M�YH?BI�W
W ⊆ VI�WFCVZHR��5OH� K9M�G

t ⊆ D|W
ITC
∀x ∈ W,∃v ∈ Dx, t|{x} = {(x, v)}

:O$fO5Iw�=O5WFCUM�O5�T��M�CF�BPDO�I�WFC
ZHPDO5��EHO¤CFEHKH?BIªWFEHG

V
ITC$EHO¤CFEHKH?BIªWFEHG"EHO¤ITO5WUITX-YH?BI�ZHI@�DM�GF��M�YH?BI�W�KSITEHC&PTCFGJI��1E���PDXwX�IªEHO5I

�=O5WFCUM�O5�T��M�CF�BPDO GJI�WJCFGJIT�=O}CJIEZ-��ITC�ITO5WJITX�YH?BI�ZHIf�%M�GF��M�YH?BI�W�:�YfO{K9M�GF?BITGUMwM�E5WUWF�)Z [ * ; @�- / ; �K* / - * =H;
8 /H9�- * +�1 1 +NWFEHG W

KSPDEHGNEHO CFEHKH?BIVWJEHG
W
:

�LM�O5W ?BI�GJI�WFCJIkZHI ?�M�CF�5`�WUI �@O5PDE5W ��PDO5WF�BZHRTGJITGJPDO5WQ? [\ITO5WJITX-YH?BI ZHI �%M�GF��M�YH?BI�W
V

ITC¦?BI
ZHPDX¬M��=O5I

D
��C;R�W�:
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 r � j�� ���¬���Ç|��
£mI�W�KHGJPDYH?B`TX�I�WaZHI�WUM�CF�BW�� MD�TCF�BPDOQZHIL��PDO}CFGUM��=O8CJI�WfPDO8CNRTCJR��=O}CFGJP1Z;EH�=CJWaZ5M�O5W ! � PDO}CUM�O9M�GF� �

<�©y®/d>"{WJPDE5W¦?BI O5PDX ZHI 9�>
@�+ /+-H( 6 + � =+; - 9 /+* ; - +
@�: YfO GUM�KHKSIT?=?BI��B�T��?BITEHG ZHR��5OH�=CF�BPDO Z�?�M
X¬M�OH�B`TGJI¦ZHI ! �$WUM�OHb � <�©%©%]5"�:"£�I�WVO5PDCUM�CF�BPDO5W��=O8CFGJP8Z;EH�=CJI�W�KHGJR���R�ZHITXwX�ITO}CwWJPDO8C-O9M�CFEHGJIT?=?BI�W
KSPDEHG�IKC1KHGF�=X�ITG{ZHI�W¤O5PDCF�BPDO5WwY9MDWF�B�8E5I�W�ZHI ��PDO}CFGUM��=O8CJI�W¬�=XwKH?=�B�8E9M�O}C¬WUITEH?BITX�ITO}C�EHOgWJPDE5W �
ITO5WJITX�YH?BI-ZHI��%M�GF��M�YH?BI�W�:
� .10��"& �'& ����t 2B+�� ; ��GJPDYH?B`TX�I ZHI¦�;M�CF�BWF��MD�TCF�BPDO ZHI¦>�PDO8CFGUM��=O}CJI�W���� � J�� @
- 9

(V, D)
+F@�-

� = & 8 = @ >.6 +��
•
- ; + ; @�+F& ��1 +EB ; *A6 + @��+& � = 14+
@ 6 +f��PDO}CFGUM��=O8CJI�W C �

•
- ; + � =+; � - * =+; var : C → P(V ) : � -/*�/ @
@ = � * + � ���	/��K- + @��+& � = 14+D6 + � =+; - 9 /+* ; - +
@1 � + ; @�+F& ��1 +.6>+
@ LI/+9F* / ��1 +F@ 6 +�1�/ � =+; - 9R/+* ; - + �

•
- ; + � /+&.* 1 14+ (Tc)c∈C

- +�1 14+��K- + 8 = -/9 ���	/ �K- + c ∈ C : Tc
+
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�=O5WFCUM�O5�T��M�CF�BPDO ! ZHI�WJ��ITO8CJI¤Z [ EHO~OH�=�yI�M�E Z5M�O5Wa? [^M�GFYHGJIF"��)? [ �=O5WFCUM�O5�T��M�CF�BPDOkK9M�GFCF�BIT?=?BI¤I�WFCaCJI�WJCJR�I
KSPDEHG�?BI�WL��PDO}CFGUM��=O}CJI�W�ZHPDO}CLCJPDEHCJI�W�?BI�W��%M�GF��M�YH?BI�WVWJPDO8C��=O5WFCUM�O5�T�BR�I�W�:m�8� M�E5�TEHO R��J�5I��¤O�[\I�WJC
PDYHCJITO8EQ��?�M¦�%M�GF��M�YH?BI�WFEH�=�%M�O}CJI�I�WFCL�=O5WJCUM�O5�T�BR�I%:$�8�oEHO R��J�5I��¬I�WFCVZHRTCJI��TCJR �$M�?BPDGJWLEHO5I�M�EHCFGJI
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CJI�WFCJR�I�WF�1PDO¦GJIT�1�BITO}C�WFEHGª? [ �=O5WFCUM�O5�T��M�CF�BPDOQZHIf?�M-�%M�GF��M�YH?BI�KHGJR���R�ZHITO}CJI%:9>�ITCFCJI�CJI��J�HOH�B�8E5I�KSITGR�
X�ITC�ZHPDO5��ZHI-GJITK�RTGJITG�ZHI�W�R��J�5I���W�WUM�O5W�M��yPD�=GEZ¬ZHI�WJ��ITO5Z;GJI�W =;WFCJRTX¬M�CF�B�8E5ITX�ITO}C�@ E5WU�}E�[^M�E2C
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GJR�Z;E5�TCF�BPDO¦ZHINZHPDX¬M��=O5IaWJI�� M��=CoWJIT?BPDO�EHO5INO5PDCF�BPDO¬ZHIN��PDO5WF�BWFCUM�O5��IN?BP8��M�?BIN�8EH�5ZHR��5OH�BIN?�MLKHGJR��
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KSITEHC(PTCFGJI�IKC;KH?BPDGJR�K9M�G�Y9MD�J�1CFGUMD�J�kWFCUM�O5Z5M�GJZkPDE CJPDEHCJIwM�EHCFGJI�X�RTCF�5P1ZHI%: £mM{GJR�Z;E5�TCF�BPDO ZHI
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M�EHCFGJI�W��%M�GF��M�YH?BI�W�ZHI�W��%M�?BITEHGJW��8EH��O5I�KSITEH�yITO}C¤K9MDWwM�KHK9M�GFCJITOH�=G�ZQEHO5I{WUPD?=EHCF�BPDO M��yI��¬?BI�W
�%M�GF��M�YH?BI�W ZHR�@ Z��=O5WFCUM�O5�T�BR�I�W':a>�I�W{CJI��U�HOH�B�}E5I�WQK�ITGFX�ITCFCJITO8C~ZHPDO5�kZHI�GJITKSRTGJITGQZHI�W R��J�5I���W
KH?=E5W�CJADCwITC�ZHI�� GJR�Z;EH�=GJI
�{? [^M�GFYHGJI ZHI{GJI��J�5ITGJ�U�5I ! KHEH�BWJ�}E5I¦CJPDEHCJI�W�?BI�W��DM�?BITEHGJW�O�[\PDO8C�KH?=E5W
Z PTCFGJIVCJI�WFCJR�I�W�KSPDEHGaEHO5I��DM�GF��M�YH?BIF"�:���ITE2CQKHGF�=O5�T�=K9M�?BI�W�CJI��J�HOH�B�8E5I�W�IKC1�BWFCJITO8C �9?BIV��PDG ��M�GJZ	�
�U�5I��J�1�=OHb�ITC$?BI�X¬M��=O}CF�BITO¤ZHI ��PDO5WF�BWJCUM�O5��I%: � ?%��M�EHC$O5PDCJITG$�8E5Io��I�W�CJI��U�HOH�B�}E5I�W�PDO8C$RTCJRoZHR��TGF�=CJI�W
Z [^M�YSPDGJZ-KSPDEHGm?BI�W�>��1� YH�=O9M��=GJI�W ! �%[\I�WFCR�0ZI� Z;�=GJIªP���?BI�Wm��PDO}CFGUM��=O8CJI�W�K�PDGFCJITO8C�M�E�KH?=E5W$WJEHG$ZHITE2C
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CJPDEHCJI ��PDO}CFGUM��=O8CJI
c ∈ C

CJIT?=?BI �8E5I
var(c) = {x, y}

��WUITEH?BW�?BI�W¤WFEHKHKSPDGFCJW¤ZHI
(x, v)

WJPDO}C
��PDO5WJITGF�yR�WfZ5M�O5WN? [\ITO8�8�=GJPDOHO5ITX�ITO8C�ZHI

y
:)>�IT?�M¤KSITGFX�ITCaZ [\RT?�M�b%E5ITG�ZHI�WNYHGUM�O5�J�5I�W�ZHIL? [^M�GFYHGJI

ZHI�GJI��U�5ITGJ�J�5I-��PDXwKH?BITC�: � ? IKC;�BWFCJI�KH?=E5WF�BITEHGJWNIKC;CJITO5WF�BPDO5WNZHIL��ITCFCJI�CJI��U�HOH�B�}E5I�M�E2CQ>��1��O5PDO
YH�=O9M��=GJI�WfZHR��TGF�=CJI�WaZ5M�O5W ! �ªI�WJWJ�B`TGJI +.-:/ 1 3 � �%�%� �5"�:
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WJI��TCF�BPDO¦d5:^];:1��M�O5W�?BI���MDW@ZHIf? [^M�GJ��� ��PDO5WF�BWFCUM�O5��I �H��ITC�M�?=byPDGF�=CF�HX�I �HM�KHK�IT?BR�� ea> �8I�WFC@?BIaKH?=E5W
I��¬��MD��I�ITO{byRTO5RTGUM�? ! �;M�YH�=O�@ �HGJITE5ZHITG��S<�©%©�d �1��I�WUWF�B`TGJI @ _aRTb%�=OQ��<�©%©B+5"�:8£mMVGJR�Z;E5�TCF�BPDO ZHI
ZHPDX¬M��=O5I�WJIT?BPDO EHO5I�O5PDCF�BPDO�ZHIL��PDO5WF�BWJCUM�O5��IVI�WFC�EHO5I�X�RTCF�5P1ZHIV�T?BRLEHCF�=?=�BWJR�I�K9M�GN?�M�KH?=EHK9M�GFC
ZHI�WNWUPD?=�yITEHGJW�:5��PDE5W�?�M���PDGFX¬M�?=�BWJPDO5WNZ5M�O5WN?BIL�U�9M�KH�=CFGJI-WFEH�=�%M�O}C�:

	�
	�
�� � nq���t�Ø����� � � nk�

��I�W¦�5ITEHGF�BWFCF�B�8E5I�W WFEHG¦?BI��U�5PD� C ZHI�W¦�DM�GF��M�YH?BI�W�Z��=O5WFCUM�O5�T�BITG K�ITGFX�ITCFCJITO8CQRTb}M�?BITX�ITO}C
Z [^M�X�RT?=�BPDGJITGN?�M�GJI��U�5ITGJ�J�5I%:G��O I�  ITC��;? [\PDGJZ;GJI�Z [ �=O5WFCUM�O5�T��M�CF�BPDO~ZHI�Wª�%M�GF��M�YH?BI�WNM-EHO I�  ITCª�=X �
KSPDGFCUM�O}CªWFEHGo? [\I��¬��MD�T�=CJR�ZHI�? [^M�?=byPDGF�=CF�HX�I ! ��I��U�}CJITG @ � IT�=GF� �9<�©%§%©5"o��M�G ��IT?=EH��� �T��ZHRTCJITGFXw�=O5I
�8E9M�O5Z~?BI�Wf��PDO}CFGUM��=O8CJI�WVWJITGJPDO}C�CJI�WFCJR�I�W ! Z5M�O5Wa?BI���MDWfZ;E~�3PDG �ªM�GJZ	� �J�5I��U�8�=OHbQK9M�G�IKC;ITXwKH?BIF"�:
YfO KSITEHC �T�=CJITG ?BI�W CFGUM��DM�E2C ZHI �5GJITE5ZHITG ! �HGJITE5ZHITG��L<�©%§ �����HGJITE5ZHITG��L<�©%§%¡5"��ª��I��J�}CJITG�ITC
�"I�M�GF? ! ��I��J�8CJITG @��"I�M�GF? ��<�©%§%§5"ª�8EH��PDO}CaRTO5PDO5��R-ZHI�W�KHGJPDKHGF�BRTCJR�WNb}M�GUM�O8CF�BWJWUM�O}Ca? [\IKC1�BWFCJITO5��I
Z [\PDGJZ;GJI�WfZ [ �=O5WFCUM�O5�T��M�CF�BPDO ZHI�WN�DM�GF��M�YH?BI�W�O�[\ITO8CFGUM��BO9M�O}CVM�E5�TEHOQGJITCJPDEHGR� M�GFGF�B`TGJI%:
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e$�%M�O}CªCJPDEHCª�=?)� M�EHC�O5PDCJITGN�}E5If?BI�W & > - � = 6 +
@ 9�>.- 9 = @ 8 +�� - * L2+
@�GJITK�P%WJITO8CNWFEHG�?BIfY9MD�U�8CFGUMD�U�ITC�KSITEH�yITO}C PTCFGJIVEHCF�=?=�BWJR�I�WNITO KH?=E5WNZHI�W�X�RTCF�5P1ZHI�W�KHGJP%WFKSI��TCF�=�yI�Wa�T�=CJR�I�WNKHGJR���R�ZHITXwX�ITO}C ! ITC
ZHPDO5�VITO~KH?=E5WNZHIL?�M�GJR�Z;E5�TCF�BPDO�ZHILZHPDX¬M��=O5IF"�:

£mI�KHGF�=O5�T�=K�I�ZHIa��I�W�X�RTCF�5P8ZHI�W@I�WFC�Z [\ITOHGJITb%�BWFCFGJITG@ZHIª? [ �=O;��PDGFX¬M�CF�BPDO¬?BPDGJW�ZHI�?�M�GJI��U�5ITGJ�J�5I
ITC-ZHI�? [ EHCF�=?=�BWJITGVK9M�G-?�M WJEH�=CJIwK�PDEHG-O5IwK9MDWLGJIT�yITOH�=G�WJEHGV?�M ZHITGFOH�B`TGJIw�=O5WFCUM�O5�T��M�CF�BPDO �8E9M�O5Z
��IT?=?BI�� �T��O�[\I�WJCNK9MDW�GJI�WFKSPDO5WUM�YH?BIVZHI�? [\R��U�5I��%:9ef?BPDGJWN�}E5I�?BI�Y9MD�U�8CFGUMD�U�QWFCUM�O5Z5M�GJZ GJIT�1�BITO}CaWJEHG
?�M�ZHITGFOH�B`TGJI¦�DM�GF��M�YH?BI¦�=O5WFCUM�O5�T�BR�I{?BPDGJW¤Z [ EHO R��U�5I�� �"?BI�W-X�RTCF�5P1ZHI�W¤GJRTCFGJP%WFKSI��TCF�=�yI�W�CJITO8CJITO}C
Z [ �BZHITO8CF� �9ITG ?BI�Wo��M�E5WJI�W ZHI���ITCoR��J�5I�� ! b%G��D��I�Z�ZHI�WoX�R���M�OH�BWFX�I�WoKHGJP1�J�5I�WoZHI�W IKC1KH?=�B��M�CF�BPDO5W "�:
��?=?BI�WªCF�=GJITO8CªK9M�GFCF�SZHI���ITCFCJI��=O;�3PDGFX¬M�CF�BPDOQWUPD�=C@KSPDEHG�WURT?BI��TCF�BPDOHO5ITG�EHO{X�IT�=?=?BITEHG�KSPD�=O}CªZHI�GJI��
CJPDEHG��%WJPD�=C"KSPDEHG"�BZHITO8CF� �9ITGoZHI�W��=O5WFCUM�O5�T��M�CF�BPDO5W�K9M�GFCF�BIT?=?BI�W�O5I�K9M�GFCF�B�T�=K9M�O}C�Z�M�E5�TEHO5IªWJPD?=EHCF�BPDO
ITC-M��=O5WF��RT�1�=CJITGVZHI�GJI���M��=GJIw��ITGFCUM��=O5I�WL�=O5WJCUM�O5�T��M�CF�BPDO5WLX�ITO9M�O}C Z{EHO R��U�5I��%:$>�I�W�X�RTCF�5P8ZHI�W
RTCUM�O8CQY9MDWJR�I�W WFEHG ZHI�W X�R���M�OH�BWFX�I�W KHGJP1�J�5I�WQZHI�W IKC;KH?=�B��M�CF�BPDO5W���IT?=?BI�W WJITGJPDO8C ?�M�GFbyITX�ITO}C
CFGUM��=CJR�I�WfZ5M�O5WN?BIL�J�9M�KH�=CFGJI�¡;:
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YfO M GUM�KH�BZHITX�ITO8C�KHGJR�WJITO8CJR¬?BI�W�Z;�� SRTGJITO8CJI�W�CJI��J�HOH�B�8E5I�W-EHCF�=?=�BWJR�I�W�KSPDEHG-?�M GJR�WJPD?=EHCF�BPDO
ZHI�>��1�":�>�ITGFCUM��=O5I�WfWJPDO}CaKH?=E5WaI��¬��MD��I�Wa�8E5ILZ [^M�EHCFGJI�W�:G�oO}CFGJI�M�EHCFGJI �9�=?�WJITX-YH?BI�MDZ;Xw�BWa�8E5I
?�M�GJR�Z;E5�TCF�BPDO ZHI�ZHPDX¬M��=O5I�WJIT?BPDO ZHI�WaO5PDCF�BPDO5W�ZHI-��PDO5WJ�BWFCUM�O5��I-I�WFCfEHO5I-ZHI�WaCJI��J�HOH�B�8E5I�Wf?BI�W
KH?=E5WaK�ITG���PDGFX¬M�O}CJI�W�:'��?=?BIVI�WFCNZ [^M��=?=?BITEHGJWfEHCF�=?=�BWJR�ILZ5M�O5WN?�M�KH?=EHK9M�GFC�ZHI�WNWJPD?=�yITEHGJW�:

�LM�O5W���ITCFCJI�CF�5`�WJI �)PDOkW�[ �=O8CJRTGJI�WJWJITGUM¬KHGF�=O5�T�=K9M�?BITX�ITO}C Z�?�M�GJR�Z;E5�TCF�BPDO ZHI�ZHPDX¬M��=O5I%:�£$M
GJR�Z;E5�TCF�BPDO ZHI�ZHPDX¬M��=O5IfO5IfKSITGFX�ITCFCUM�O}C�K9MDW@CJPDE @�PDEHGJWªZ [\PDYHCJITOH�=Gª?BI�WªWJPD?=EHCF�BPDO5WªZ;E >��1�&�;PDO
? [ �=O5�T?=EHGUM¬Z5M�O5W�EHOQX�R���M�OH�BWFX�IVZ [\RTO8EHX�RTGUM�CF�BPDO Z5M�O5WaEHOQWJPDE5�T�BWJZHIV��PDXwKH?BRTCFE5ZHI%:
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£mI�W�M�?=byPDGF�=CF�HX�I�WLZHI�GJR�WJPD?=EHCF�BPDO ZHIw>��1� ! ?BI�W @ = 1NL2+F-/9
@ "��SWJPDO8CLWJPDEH�yITO}C�Y9MDWJR�W�WFEHG�EHO5IGJI��U�5ITGJ�J�5IQW =;WFCJRTX¬M�CF�B�8E5I ! K9M�G¤Y9MD�J�1CFGUMD�J�«WFCUM�O5Z5M�GJZ«K9M�G�IKCHITXwKH?BIF"-X¬M��BW�EHCF�=?=�BWJITO}C��"KSPDEHG
?�M�KH?=EHK9M�GFC���ZHI�W¦X�RTCF�5P8ZHI�W ZHI GJR�Z;E5�TCF�BPDO ZHI ZHPDX¬M��=O5I�WQM/�5O ZHIkZ;�=Xw�=O}E5ITG ?�M�CUM��=?=?BIkZHI
? [^M�GFYHGJI¦ZHIwGJI��J�5ITGJ�U�5I�Z IKC1KH?BPDGJITG�:$£mM GJR�Z;E5�TCF�BPDO ZHI�ZHPDX¬M��=O5I{K�ITEHCR� PTCFGJI¬EHCF�=?=�BWJR�I¬��PDXwX�I
�5?=CFGUM�byI �H�%[\I�WFCR�0ZI� Z;�=GJIVM��DM�O8C�ZHIa� M��=GJI�EHO5IaGJI��U�5ITGJ�J�5IVWL=1WFCJRTX¬M�CF�B�8E5I �;PDE CJPDEHC�M�E¦?BPDOHbwZHI�?�M
GJI��U�5ITGJ�J�5I ���%[\I�WFCN?BIL��MDWNZ;EQX¬M��=O8CF�BITO�ZHIL��PDO5WF�BWJCUM�O5��I%:

�LM�O5W���I��J�9M�KH�=CFGJIVEHO5Ia��PDGFX¬M�?=�BWUM�CF�BPDOQZHI�?�M�GJR�Z;E5�TCF�BPDOQZHI�ZHPDX¬M��=O5ILI�WFCªKHGJPDK�P%WJR�I%:;£�I�W
O5PDCUM�CF�BPDO5WwITO5WJITX�YH?=�BWFCJI�W�K�ITGFX�ITCFCJITO8C¤EHO5I���PDGFX¬M�?=�BWUM�CF�BPDO«Y9MDWJR�I{WJEHG-? [^M�KHKH?=�B��M�CF�BPDOgZ [\PDKSR��
GUM�CJITEHGJW�Z�? [\ITO}�1�=GJPDOHO5ITX�ITO}C�:S£�I���M�?B�TEH?mZHIL? [\ITO}�1�=GJPDOHO5ITX�ITO}C�GJR�Z;EH�=C�I�WFCNZHR��TGF�=Cf��PDXwX�I-EHO
��M�?B�TEH?aZHI �T?BADCFEHGJI%: � ?�I�WFCwKHGJPDEH�yRQ�8E5I WF��?BI�WwPDKSRTGUM�CJITEHGJW�EHCF�=?=�BWJR�W�WUPDO}C��J�5PD�BWJ�BW�@ E5Z;�B�T�BITE6�
WJITX�ITO8C��m?BI�W�WJPD?=EHCF�BPDO5W�Z;E >��1��M�KHK9M�GFCF�BITOHO5ITO}C¤CJPDEHCJI�W.ZQ? [\ITO}�1�=GJPDOHO5ITX�ITO}CwPDYHCJITO}E�:&$fO5I
�=O8CJRTb%GUM�CF�BPDO ZHIk?�M�GJR�Z;E5�TCF�BPDO ZHI ZHPDX¬M��=O5I Z5M�O5W EHO5IkGJI��U�5ITGJ�J�5I�WL=1WFCJRTX¬M�CF�B�8E5IkKSITGFX�ITC
Z [\PDYHCJITOH�=Gf?BI�WNWJPD?=EHCF�BPDO5W�:G�oO;�5OQEHO5IL�=?=?=E5WFCFGUM�CF�BPDO I�WFC�KHGJPDK�P%WUR�I%:

���
	 � ��� ����� ��� � �<� �<��� �<����
 � �<��$��� ���

YfO{��PDO5WF�BZH`TGJIª?BI���MDZ;GJINZHIª?�M�9�> 6+- � - * =H; 6 + 6 = &S/+* ; +���PDXwX�INZHR��TGF�=CoZ5M�O5W ! �ªITOH�9M�X�PDEQ�<�©%©B+��;>�P8ZHPDb%O5ITC @ ����M�?5�9<�©%©B+��)X M�O ��X�ZHITOQ��<�©%©%¡��3X M�O¦ fITO8CJITOHG =1�U�J�)<�©%§%©5"�:8��I�W ��MDZ;GJI�W
KH?=E5WwbyRTO5RTGUM�E2C�)�WJPDO}C�ZHR��TGF�=CJW¬Z5M�O5W ! eaKHC�� �%�%�%����� PDO}CUM�O9M�GF� @ _fP%WJWF� ��<�©%©;<F"�:�£o[ �=O}CJRTG8PTC
ZHI{O5PDCFGJI M�KHKHGJP8�U�5I{GJITKSP%WJI¦WFEHG�?BI�W�O5PDCUM�CF�BPDO5WwITO5WUITX-YH?=�BWFCJI�W¤KSITGFX�ITCFCUM�O}C�Z [ EHO5I{K9M�GFCwZHI
��PDO5WF�BZHRTGJITG�?�M-GJR�Z;E5�TCF�BPDOQZHI�ZHPDX¬M��=O5IL��PDXwX�I�EHO ��M�?B�TEH? ZHI�KSPD�=O}C���C;I�ITCªZ [^M�EHCFGJI�K9M�GFC�ZHI
ZHR��5OH�=GNO9M�CFEHGJIT?=?BITX�ITO8C�?BI�W�O5PDCF�BPDO5WaZ [\IKC;KH?=�B��M�CF�BPDO~Z5M�O5WN?BI�Wa�J�9M�KH�=CFGJI�W�WFEH�=�DM�O8CJW�:

£$MkGJR�Z;E5�TCF�BPDO ZHIQZHPDX¬M��=O5I�I�WFC�ZHRTKSITO5Z5M�O}CJI Z [ EHO5I O5PDCF�BPDO�ZHIQ��PDO5WF�BWJCUM�O5��I O5PDO�IKC	�
KHGF�=X�R�I¤K9M�GL?BI�>��1�": £mM¦KH?=E5WL��PDOHO}E5I � ? [^M�GJ��� ��PDO5WJ�BWFCUM�O5��I ��W�[^M�KHKH?=�B�8E5IwM�E2C >��1� YH�=O9M��=GJI�W�:
��?=?BI¦��PDO5WF�BWFCJI Z KHGJITO5Z;GJI{EHO5I{��PDO8CFGUM��=O}CJI ! ZHPDO5�¦WFEHG�ZHITE2C �%M�GF��M�YH?BI�W "-ITC.Z GJITCF�=GJITG��$KSPDEHG
�U�9MD�}E5I¤�%M�GF��M�YH?BIwM�KHK9M�GUM��BWJWUM�O}CVZ5M�O5W�?�M¦��PDO8CFGUM��=O}CJI � ?BI�W��%M�?BITEHGJW�O5I�KSPDEH�%M�O}C�K9MDWLITO PTCFGJI
WJPD?=EHCF�BPDOQ�8�%[\I�WFCR�0ZI� Z;�=GJI�O�[^M =}M�O}C�K9MDWoZHINWFEHKHKSPDGFC Z5M�O5Wo? [\ITO8�8�=GJPDOHO5ITX�ITO8C�ZHIN? [^M�EHCFGJI��DM�GF��M�YH?BI
ZHIw?�M ��PDO8CFGUM��=O}CJI%:�>�I�WL�%M�?BITEHGJWVWJPDO}C�Z;�=CJI�WV?BP1��M�?BITX�ITO}CV�=O5��PDO5WF�BWJCUM�O}CJI�W�:�>�ITCFCJI�PDK�RTGUM�CF�BPDOQ�
GJRTKSRTCJR�IaKH?=E5WJ�BITEHGJW ��PD�BW@K�PDEHG��J�9MD�8E5I���PDO8CFGUM��=O}CJILZ;E¦KHGJPDYH?B`TX�IaKSITGFX�ITCªZHIaO�[^M��yPD�=Gª�8E5IaZHI�W
�%M�?BITEHGJWoM =}M�O8C ZHI�W�WFEHKHKSPDGFCJW�K�PDEHG��J�9MD�8E5IN��PDO8CFGUM��=O}CJINP���IT?=?BI�WoM�KHK9M�GUM��BWJWUITO}C�:y��?=E5W�byRTO5RTGUMI�
?BITX�ITO8C��8?BI�W@GJR�Z;E5�TCF�BPDO5WªKSITEH�yITO}C PTCFGJIfI�  I��TCFE5R�I�WªWFEHG EHO5I�WJITEH?BIN�%M�GF��M�YH?BI�Z [ EHO5I���PDO8CFGUM��=O}CJI
PDE K9M�GLGUM�KHKSPDGFC Z¦KH?=E5WF�BITEHGJWV��PDO8CFGUM��=O}CJI�W�: �mPDEHC-ZHRTKSITO5Z ZHI¤?�M¦��PDO5WF�BWFCUM�O5��IwEHCF�=?=�BWJR�I%:m>�I�W
GJR�Z;E5�TCF�BPDO5W�WJPDO}CVZHPDO5��GJITKHGJR�WJITO}CJR�I�W�K9M�GV? [^M�KHKH?=�B��M�CF�BPDO�Z [\PDKSRTGUM�CJITEHGJWVX�PDO5PDCJPDO5I�WF�m��Iw�8EH�
GJITO5Z ?BI¦��MDZ;GJI KHGJPDK�P%WUR¦WJE6�¬WUM�XwX�ITO}CwbyRTO5RTGUM�?�KSPDEHG¤KHGJITO5Z;GJI ITO ��PDXwKHCJI CJPDEHC¤C0=8KSI ZHI
��PDO5WF�BWJCUM�O5��I%:�>�I�W�PDK�RTGUM�CJITEHGJW�ZHR��5OH�BWJWJITO8C�EHO�KHGJPDb%GUM�XwX�I ! ?BI¬?=�BITO�ITO}CFGJI{KHGJPDb%GUM�XwX�I¦ITC
>��1� WJITGUMkZHR��TGF�=C Z ?�Mk�5O�Z;Eg�J�9M�KH�=CFGJIF"¬ITC�KSITGFX�ITCFCJITO}C{ZHI~��M�?B�TEH?BITG�EHO5IQ�T?BADCFEHGJI ! KH?=E5W
KHGJR��T�BWJRTX�ITO8C��9EHO KH?=E5WNb%GUM�O5ZQKSPD�=O}C���CHIF"�:

£ [\PDGJZ;GJI�Z [^M�KHKH?=�B��M�CF�BPDO ZHI�W�PDK�RTGUM�CJITEHGJW@FPDE5IVEHO GJAD?BIV�=XwKSPDGFCUM�O}CLZ5M�O5Wf? [\I��¬��MD�T�=CJR�ZHI�W
WJPD?=�yITEHGJW ITC¦Z;�� SRTGJITO8CJI�W¦WJCFGUM�CJRTb%�BI�W¦WUPDO}C¬EHCF�=?=�BWUR�I�W¦ITO KHGUM�CF�B�}E5I%:�£�I�W{O5PDCF�BPDO5W ZHIQGFEHO ITC
Z [ �=CJRTGUM�CF�BPDO�EHCF�=?=�BWJR�I�WN�B�T� KSITGFX�ITCFCJITO}C�ZHI���M��=GJIVM�Y5WJCFGUMD�TCF�BPDO�ZHIV��I�WN��PDO5WJ�BZHRTGUM�CF�BPDO5W�:
*���-	GC/H1>7���7�B�� 4�?	<21,D�� -	@ /L7KB:GHGHD EF7 1,?�4�B&<2/,D�JK@ 4:-0<2J�@ /H1>7KD�@ /,-	G	N
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£mI�W-ZHR��5OH�=CF�BPDO5W�RTCUM�YH?=�BI�W-WJPDO8CV�=?=?=E5WFCFGJR�I�WLK9M�G-ZHI�W�IKC;ITXwKH?BI�W-WFEH�=�DM�O8CV?BI�WJ�U�5RTX¬M������
� N	��
��� ! ��IT�1�=?=?BI +.-(/21434��<�©%©;< �o>�P8ZHPDb%O5ITCS@ �f��M�?5��<�©%©B+5"�ZHPDO}CwW�[ �=O5WFKH�=GJI{?BI¦WJPD?=�yITEHG�WJEHG
ZHPDX¬M��=O5I�WN�5OH�BWE� �.�E!$# %'&�()&�* ! ����M�? @¢>�P8ZHPDb%O5ITC�� �%�%�%�5"�:

� 
 r 
 r q���|�� �31l}]} n
��I~?�M O5PDCF�BPDO ZHI~��PDO5WF�BWFCUM�O5��I RT�yP1�}E5R�I~KHGJR���R�ZHITXwX�ITO}CQZHRTKSITO5Zg?�M KHGJR��T�BWJ�BPDO ZHI~?�M

GJR�Z;E5�TCF�BPDO ZHI ZHPDX¬M��=O5I%:���?=E5W¦?�M���PDO5WF�BWJCUM�O5��I�I�WFC{��PDGFCJI � KH?=E5W{?BI�ZHPDX¬M��=O5I KSPDEHGFGUM PTCFGJI
GJR�Z;EH�=C�:�£�I�W��DM�?BITEHGJW¤GJITCF�=GJR�I�W�Z;E ZHPDX¬M��=O5IQWUPDO}C¤YH�BITOgITO}CJITO5Z;E�ZHI�W¤�%M�?BITEHGJW¤O5I¦K�PDEH�%M�O}C
K9M�GFCF�B�T�=KSITG.ZQM�E5�TEHO5I¦WJPD?=EHCF�BPDO�Z;E >��1�$:$�LM�O5WV?BI¤��PDGFX¬M�?=�BWFX�I�KHGJPDKSP%WJR �m?BI�WL�DM�?BITEHGJW�WJPDO8C
GJITCF�=GJR�I�WaK9M�GaZHI�WNPDKSRTGUM�CJITEHGJW�:

� .10��"& �'& ���g¥ 2(� � ; PDKSRTGUM�CJITEHG ZHI���PDO5WF�BWJCUM�O5��I�?BP1��M�?BI
r
+
@.-�- ; + � =+; � - * =H; & =+;#= - =+; +

r : P(D)→ P(D)
3

� ?�I�WFC��=XwK�PDGFCUM�O8C-Z [ �=O5WF�BWFCJITGLWFEHG�?BI���M��=CL�8E5I-CJPDEHCJI¤O5PDCF�BPDO ZHI¤��PDO5WF�BWJCUM�O5��I¤K�ITEHC�W�[\IKC	�
KHGF�=X�ITGfK9M�GNZHILCJIT?BWNPDKSRTGUM�CJITEHGJW�:5��?=E5WF�BITEHGJWaGJITX¬M�GJ�}E5I�WaK�ITEH�yITO8C PTCFGJI�� M��=CJI�W�:

�¤[ EHO5IfK9M�GFC��}?�M-ZHR��5OH�=CF�BPDO¦Z [\PDKSRTGUM�CJITEHG�ZHIa��PDO5WF�BWJCUM�O5��Ia?BP1��M�?BINKSPDEHGFGUM��=C:PTCFGJIfKH?=E5W@KHGJR��
�T�BWJI ! �5ITGFGUM�O5Z +.-C/21434� �%�%� �5"�:>$fO¬PDKSRTGUM�CJITEHG�ZHIf��PDO5WF�BWFCUM�O5��If?BP8��M�?BIfW�[^M�KHKH?=�B�}E5I�ZL? [\ITO8�8�=GJPDO6�
O5ITX�ITO8C@Z5M�O5W WUPDO�ITO5WJITX-YH?BIaX¬M��BWo?BIªGJR�WFEH?=CUM�CoKSITEHCoO5I�ZHRTKSITO5Z;GJIa�8E5I�Z [ EHO5I�GJI�WFCFGF�B�TCF�BPDO¦ZHI
��IT?=EH��� �T� Z¤EHO�WUPDE5WR� ITO5WJITX-YH?BI�ZHI�WN�%M�GF��M�YH?BI�W�:)��I-KH?=E5W��5�=?mK�ITEHCfO5IVGJITCF�=GJITGfZHI�Wf�%M�?BITEHGJWa�8E5I
ZHIª? [\ITO8�8�=GJPDOHO5ITX�ITO8C@ZHI���ITGFCUM��=O5I�W M�EHCFGJI�W��%M�GF��M�YH?BI�W�:%�LM�O5W ! �5ITGFGUM�O5Z +.-&/21434� �%�%� �5"��%EHOwPDKSR��
GUM�CJITEHG�ZHIV��PDO5WF�BWFCUM�O5��IL?BP1��M�?BI

r
K�P%WUWJ`�ZHILEHOQC0=8KSI

(in(r), out(r))
M��yI��

in(r), out(r) ⊆ VITCaI�WJCaM�?BPDGJWNZHR��5OH��K9M�G �
• r(d)|V \out(r) = D|V \out(r)

�
• r(d) = r(d|in(r))
� O}CFEH�=CF�=�yITX�ITO8C��"? [\PDK�RTGUM�CJITEHG

r
O5I�GJR�Z;EH�=C��8E5Iw? [\ITO}�1�=GJPDOHO5ITX�ITO}CwZHI�WL�%M�GF��M�YH?BI�W

out(r)! KHGJITXw�BITG��=CJITX "LITC-��ITCFCJI¬GJR�Z;E5�TCF�BPDO�O5I{ZHRTK�ITO5Z��}E5I{ZHI�W-ITO}�1�=GJPDOHO5ITX�ITO}CJWwZHI�W-�DM�GF��M�YH?BI�W
ZHI

in(r)
! ZHITE2C1�B`TX�I{�=CJITX "�:\� ?�RT?=�=Xw�=O5I{ZHI�W�ITO}�1�=GJPDOHO5ITX�ITO}CJW�ZHI

out(r)
ZHI�W��DM�?BITEHGJW��}EH�

WJPDO8C¤?BP8��M�?BITX�ITO8C��=O5��PDO5WF�BWFCUM�O8CJI�W ! WJIT?BPDO ?�M�O5PDCF�BPDO ZHI ��PDO5WF�BWJCUM�O5��I ?BP8��M�?BI¦EHCF�=?=�BWJR�IF"�M��yI��
?BI�WLITO8�8�=GJPDOHO5ITX�ITO8CJW-ZHI

in(r)
:�>�ITKSITO5Z5M�O}CV��ITCFCJI�KHGJR��T�BWF�BPDO O�[\I�WFC�EHCF�=?BI¤�}E5I¤Z5M�O5W�EHOkYHEHC

KSR�Z5M�byPDb%�B�}E5I �mO5PDE5WV? [ EHCF�=?=�BWJITGJPDO5W�KSPDEHG�M�KHK�PDGFCJITG��}E5IT?B�8E5I�W-R��T?�M��=GJ�T�BWJWUITX�ITO}CJW��}E9M�O5Z���IT?�M
WJITGUMwO5R���I�WJWUM��=GJI%:

�¤[^M�EHCFGJI~K9M�GFC��o?BI�W�PDKSRTGUM�CJITEHGJW{ZHI~��PDO5WF�BWFCUM�O5��IQ?BP1��M�?BI byRTO5RTGUM�?=�BWJITO8C{?BI�W������ � N	��
���=O5WFKH�=GUM�O8CU� � �"!$#�% & (>& *@:N>�ITE2C>� �T��WJPDO8C{EHO ��MDW¦K9M�GFCF�B�TEH?=�BITG ZHI~O5P%W PDK�RTGUM�CJITEHGJW¦KSPDEHG
?BI�WJ�8E5IT?BWN? [\ITO8�8�=GJPDOHO5ITX�ITO8CVZ [ EHO5I-WJITEH?BIV�DM�GF��M�YH?BI�I�WFCa��M�?B�TEH?BR ! � :\I%:

out(r)
O5I-��PDO}CF�BITO8C��8E5I

?�M �%M�GF��M�YH?BI��6"�:o>�IT?=EH��� �T�NI�WFCw��M�?B�TEH?BR Z K9M�GFCF�=G�ZHI�WwITO}�1�=GJPDOHO5ITX�ITO}CJW¦ZHI�W¤�%M�GF��M�YH?BI�W
in(r)KHGJR�WJITO8CJI�WaZ5M�O5W � N	��
��5:

� ��EF7KGHGHD�� B&-23"-	@ /�� JK@ I(781,E�-4:B GH<>=&?237��������&N 7KD�G�<	-!� @ 6 7�"A7K@ /5I&7KG 4:- 1>7KI&I�J�1H/ 4:D 1,-	<2/ 7�� -	<"E�-	G
J�I�?21>78/,-	B:1,G�B�/,DFE�D�GH?	G 4&7�@&G5E�-$# J�1,37KE�D�GH3"- -2/ 4�?&%(' @:JK/,?	G

r
�.D�E�-	G /51,-23"I&EF7K<	? I(7�1)�+*,�.-0/ I�JKB:1�E�- � -215/,JKB:/,-

7K3 9&D21�B�3 /,?KN
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>@?�MDWUWF�B�}E5ITX�ITO8C ! X M�O¦ �ITO}CJITOHG =;�J�H�S<�©%§%©��;��ITOH�9M�X�PDEQ�S<�©%©B+��;�9M�byI�W,+.- / 1 3 �9<�©%©%§��;efKHC��
<�©%©%©5"��;?BI�WªPDKSRTGUM�CJITEHGJWªEHCF�=?=�BWJR�WªK�P%WUWJ`�ZHITO}Cª?BI�WªKHGJPDKHGF�BRTCJR�WNZHIfX�PDO5PDCJPDOH�BI �5ZHI���PDO}CFGUMD�TCUM�O5��I
ITC Z [ �BZHITXwKSPDCJITO5��I%:���[ EHO KSPD�=O}CQZHI �1E5I~CF�5R�PDGF�B�8E5I �ª? [ �BZHITXwK�PDCJITO5��I I�WJC{�=O8EHCF�=?BI ��IT?=?BI WUI
GJRT�y`T?BIkO5R���I�WJW M��=GJI ITO KHGUM�CF�B�}E5IkKSPDEHG byRTGJITG ?�M �}E5ITE5IkZHIkKHGJPDK9M�b}M�CF�BPDO Z;E WJPD?=�yITEHG�:�£$M
��PDO8CFGUMD�TCUM�O5��IQO�[\I�WFC¤O5R���I�WJWUM��=GJI �8E5I¦K�PDEHG¤?BI ��M�?B�TEH?NM/�5OgZ [\PDYHCJITOH�=GwEHO ZHPDX¬M��=O5I GJR�Z;EH�=C�:
�kM��BWV?�M GJR�Z;E5�TCF�BPDO ZHI�ZHPDX¬M��=O5I¦M�KHGJ`�W-? [^M�KHKH?=�B��M�CF�BPDO Z [ EHO�PDKSRTGUM�CJITEHG-KSITEHC-W�[\PDYHCJITOH�=G�ITO
�=O8CJITGJWJI��TCUM�O}C¦WJPDO GJR�WFEH?=CUM�C¬M��yI��Q? [\ITO}�1�=GJPDOHO5ITX�ITO}C ��PDEHGUM�O}C�:���O byRTO5RTGUM�? �o?BI�WwPDK�RTGUM�CJITEHGJW
ZHI¦��PDO5WF�BWFCUM�O5��I¦?BP1��M�?BI¬O5I WJPDO8C�K9MDW¤ZHI�W��3PDO5�TCF�BPDO5W¤��PDO8CFGUMD�TCUM�O}CJI�W��o��PDXwX�I¦X�PDO8CFGJR{KH?=E5W
CUM�GJZkKSPDEHGLZHR��5OH�=GV?BITEHGJWLPDK�RTGUM�CJITEHGJW-Z;E9M�E2CS:m>�I�WLPDKSRTGUM�CJITEHGJWVWJPDO8CL�=O}CFGF�=O5WJ`��8E5ITX�ITO}C�O5PDO
��PDO8CFGUMD�TCUM�O}CJWV��M�Gf�=?BWaO5I���PDO5WF�BZH`TGJITO}C��}E�[ EHO5I�K9M�GFCF�BI�Z;Ek>��1�&�)��I�WJPDO}C�ZHI�WaPDKSRTGUM�CJITEHGJW�ZHI
��PDO5WF�BWJCUM�O5��I�1 = �8/214+T:

� .10��"& �'& ���g¥ 2B+�4 � PDK�RTGUM�CJITEHG�ZHI�GJR�Z;E5�TCF�BPDO / @ @ = �K* > �S1 � =
8 >F9 / - +F- 9 6 + � =+; @
* @�- / ; � +(1 = �8/214+
r
+
@.- 1 / � =+; � - * =H; & =+;�= - =+; ++.- � =+; - 9 / � - / ; - + d 7→ d ∩ r(d)

3
9 ;�682 <"0(6 t � � ����� ��!#"%$'&�$)( 
 �"! �2�.�#� -�< �8� ���������	��
�
��������������� �2�:�/��#8��� #����
�:� ���/��< ���/�$�#�#�0+ ����� ��� � ��� #����1�(���1+.-/�(�8� ��� ����% �:�0� �#������� < �����?�#< � - �3��� ���*� -/�:�*�
+.-/�(�8� � �*� �"! ��� + �2�������3��%1�#��< �*���! �:�0�0�"�*� ���M�$-/�#��$���%���'& %'�/�2�$�)( 6 � � � � ��&�< ��� �2��� ��2�.��� -/< ��� �1�*� ����� ���#< �����* � 6 � 6 � � �2�.��� -/< ��� � ���/��< � -*�#< -/��<+& 
8�2���	�-, < � ! � < �2� � �#�#�=�"! �	���/.� -�< �����,� ! �2��< �����#����< �����0 � �21�& ��< �����:���*�'����% �:�(-������2�3�'�4��
�
���$���%�����5� �$-/�6���'�
��
�
�����7�%�������81495:';�%��� �=<>9�:?;�%��� � � �3�������#��< ���"! �#��+ �2� �/���:�#%1��� <��*��� 6 7 ! �#��+ �2� �/�@.�:�#%'�#��<��*���=- � < � �0� +�-��0��-*&#�(��� � ! �0�0< ��-.� %1� ��� �;� 6

egEHO�PDKSRTGUM�CJITEHG"ZHI���PDO5WF�BWFCUM�O5��I�?BP1��M�?BI@RTCUM�O8CoMDWJWJP1�T�BRoEHO¤WJITEH?1PDKSRTGUM�CJITEHG�ZHI GJR�Z;E5�TCF�BPDOQ�
PDOkK9M�GF?BITGUM¦ZHI�? [ EHOkPDEkZHI�? [^M�EHCFGJI%:�>�I�WL��PDO5WF�BZHRTGUM�CF�BPDO5WVRTCUM�O}C�� M��=CJI�W���PDO KSITEHCLZHR��5OH�=G�EHO
KHGJPDb%GUM�XwX�I%:

� .10��"& �'& ���g¥ 2=t � ; KHGJPDb%GUM�XwX�I @F-/9 (V, D)
+
@�- - ; + ; @ +K&��.1 + R

6 � =
8 >K9R/ - +K-/9
@ 6 + � =+; @F* @
�- / ; � +*1 = �8/214+�3

£mI�W@PDKSRTGUM�CJITEHGJWªZ [ EHO¬KHGJPDb%GUM�XwX�I�WJPDO}Cª�J�5PD�BWF�BW@KSPDEHG �=XwKH?�M�O}CJITG�?BI�W���PDO}CFGUM��=O}CJI�W ! O5PDE5W
�yITGFGJPDO5W���PDXwX�ITO8C�KH?=E5Ww?BPD�=OL"�WJIT?BPDO EHO5I O5PDCF�BPDOgZHI ��PDO5WF�BWJCUM�O5��I ITC��yPDO8C�KSITGFX�ITCFCFGJI ZHI
��M�?B�TEH?BITGfEHOQITO}�1�=GJPDOHO5ITX�ITO}C�GJR�Z;EH�=C�:6YfOQWFEHKHKSP%WJI���CHRLEHO KHGJPDb%GUM�XwX�I

R
WFEHG

(V, D)
:

� 
 r 
 � {¦l�A �x���yn
YfO�W�[ �=O}CJRTGJI�WJWUI Z ZHI�WVITO}�1�=GJPDOHO5ITX�ITO}CJW�K9M�GFCF�B�TEH?=�BITGJW �S?BI�WVK�PD�=O8CJW���C;I�W-��PDXwX-EHO5W-ZHI�W

PDKSRTGUM�CJITEHGJW¤ZHI�GJR�Z;E5�TCF�BPDO
d 7→ d ∩ r(d)

�
r ∈ R

:O$fO�KSPD�=O}C���C;I{ZHI¬��I�W�PDK�RTGUM�CJITEHGJW¤I�WFC
EHOgITO8�8�=GJPDOHO5ITX�ITO8C�:#$fO CJIT?NITO}�1�=GJPDOHO5ITX�ITO}C

d
�yRTGF� �9I

∀r ∈ R
�
d = d ∩ r(d)

�o�%[\I�WFCR�0ZI�
Z;�=GJI��}E5I-?BI�WfPDKSRTGUM�CJITEHGJWaO5I-K�ITEH�yITO8C�ITOH?BIT�yITG�M�E5�TEHO5I-�%M�?BITEHGfZHI���ITCfITO8�8�=GJPDOHO5ITX�ITO8C�: YfO
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ZHI���I�W���PDO5WF�BZHRTGUM�CF�BPDO5W�: ��O¤I� SITC"K9M�G$?BI@CF�5R�PDGJ`TX�I�KHGJR���R�ZHITO}C��D�8E5IT?B�}E5I�WJPD�=C"?BI GFEHO�EHCF�=?=�BWJR ! Z
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PTCFGJI
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� ��PDO5WF�BWJCUM�O}CJI ! EHO5I-WJPD?=EHCF�BPDOQO5IVZHPD�=CNK9MDW PTCFGJILGJITCF�=GJR�ILK9M�GN?BIVKHGJPDb%GUM�XwX�IF"NITC�CJPDEHCJI

�=O5WFCUM�O5�T��M�CF�BPDO
R
� ��PDO5WF�BWFCUM�O8CJIfZHPD�=C PTCFGJIfEHO5IaWJPD?=EHCF�BPDO Z;E >��1� ! WF�)EHO5IN�=O5WFCUM�O5�T��M�CF�BPDO O�[\I�WFC

K9MDWNWUPD?=EHCF�BPDO~Z;EQKHGJPDb%GUM�XwX�I�M�?BPDGJWfIT?=?BI�O5IVZHPD�=CNK9MDW PTCFGJI
R
� ��PDO5WJ�BWFCUM�O}CJIF"�:

�"PDEHGN?�M¤WFEH�=CJI �;PDOQ��PDO5WF�BZH`TGJI�EHO KHGJPDb%GUM�XwX�IL��C;R
R
WFEHG

(V, D)
ITCNPDO GUM�KHKSIT?=?BIL�}E5I�?BI

>��1�
(C, var, (Tc)c∈C)

WFEHG
(V, D)

I�WFC�?=EH�9M�E5WJWF�1��CHR�ITC
Sol

I�WJC�WUPDO¤ITO5WUITX-YH?BINZHI�WJPD?=EHCF�BPDO5W':
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��
 r {'|����
�Ø�-� 1l�/;nk�+����� n9l l nk�
YfO�GUM�KHK�IT?=?BI¬YHGF�B`T�yITX�ITO}C¤?BI�W�O5PDCF�BPDO5W�ZHI���PDO5WJ�BWFCUM�O5��I�W-E5WJE5IT?=?BI�W��8EH� WJITGJPDO8C�EHCF�=?=�BWJR�I�W

K9M�GN?�M¤WJEH�=CJI%:

� .10��"& �'& ���g¥ 2=� � ; + � =+; - 9 /+* ; - + c ∈ C
+
@.-�O���E5Z	� ��PDO5WF�BWFCUM�O8CJI 8 /H9 9R/ 818 = 9.- � d

@
*,+.-
@�+F->14+F& + ; -E@F* |var(c)| 6= 1 = - @
* var(c) = {x}

/21 = 9 @ ∀(x, v) ∈ d, {(x, v)} ∈ Tc
3

� ; � � J +
@�-$O���E5Z	� ��PDO5WF�BWFCUM�O8C 8 /+9 9 / 8 8 = 9�- � d
@F*0+ -A@�+F->14+F& + ; - @
* ∀c ∈ C : c

+
@�- ;�� - 6 �� =H; @
* @�- / ; - + 8 /+9 9 / 8 8 = 9.- � d
3

£$M � =+; @
* @�- / ; � +'6 + ;�� - 6 �9M�E5WJWJ�$M�KHK�IT?BR�I�� � � =+; @
* @�- / ; � +.�SMDWJWFEHGJI��}E5IV�U�9MD�}E5I�RT?BRTX�ITO}CZHIk? [\ITO8�8�=GJPDOHO5ITX�ITO8C M�KHK9M�GFCF�BITO}C[Z M�E X�PD�=O5W EHO5I WJPD?=EHCF�BPDO ZHIkCJPDEHCJI�W ?BI�W ��PDO8CFGUM��=O}CJI�W
EHO9M��=GJI�Wa�=XwKH?=�B�}E9M�O8CfWUM��%M�GF��M�YH?BI%:

� .10��"& �'& ���g¥ 2(����� ; + � =+; - 9R/+* ; - + c ∈ C
+
@.-VM�GJ��� ��PDO5WF�BWFCUM�O}CJI 8 /+9 9R/ 818 = 9.- � d

@F* +.-
@�+F->14+F& + ; - @
* |var(c)| 6= 2 = - @F* ∀(x, v) ∈ d

- +�1 �K- +
x ∈ var(c),∃(y, v ′) ∈ d

- +�1 �K- +
{(x, v), (y, v′)} ∈ Tc

3
� ; � � J +
@.-fM�GJ��� ��PDO5WF�BWFCUM�O8C 8 /+9 9 / 8 8 = 9�- � d

@F*�+.- @�+F-	1 +F& + ; - @F* ∀c ∈ C : c
+
@.-/H9 ���

� =H; @
* @�- / ; - + 8 /+9 9 / 8 8 = 9.- � d
3

£ [^M�GJ��� ��PDO5WF�BWFCUM�O5��I �8M�E5WUWF�5M�KHK�IT?BR�I���� � =+; @
* @�- / ; � +.�}MDWJWFEHGJIª�8E5I��J�9MD�8E5I�RT?BRTX�ITO}C�ZHIª? [\ITO6��1�=GJPDOHO5ITX�ITO}CwKSP%WJWJ`�ZHI{EHO WFEHKHK�PDGFC¤Z5M�O5W�? [\ITO}�1�=GJPDOHO5ITX�ITO}C{K�PDEHG¤�J�9MD�8E5I ��PDO}CFGUM��=O}CJIQYH���
O9M��=GJI�Z5M�O5W-?�MD�}E5IT?=?BI¬WUM¦�DM�GF��M�YH?BI¦M�KHK9M�GUM��BC�:�£o[^M�GJ��� ��PDO5WF�BWJCUM�O5��I{I�WFCLEHO5I¬ZHI�W-��PDO5WF�BWFCUM�O5��I�W
?BI�W KH?=E5W�EHCF�=?=�BWJR�I�W ITO¬KHGUM�CF�B�}E5I%:3�o?=?BI�K�ITEHC#PTCFGJI�byRTO5RTGUM�?=�BWJR�IaITO � � 8 +F9 /+9 ��� � =+; @F* @.- / ; � + KSPDEHG?BI�WN��PDO8CFGUM��=O}CJI�W�O5PDOQYH�=O9M��=GJI�W�:
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� .10��"& �'& ���g¥ 2(�)� � ; + � =+; - 9 /+* ; - + c ∈ C
+F@�-"�)=1K�ITG�M�GJ��� ��PDO5WF�BWFCUM�O8CJI 8 /+9�9 / 8 8 = 9�- � d

@F*
+.- @ +K->14+F& + ; - @
* ∀(x, v) ∈ d

- +�1��K- +
x ∈ var(c) : ∃t ⊆ d

- +�1	�K- +
t ∪ {(x, v)} ∈ Tc

3
� ; � � J +F@�-��)=1K�ITGwM�GJ��� ��PDO5WF�BWFCUM�O8C 8 /+979R/ 818 = 9.- � d

@
* +.- @�+F->14+F& + ; - @F* ∀c ∈ C : c
+F@�-

� � 8 +K9*/+9 ��� � =H; @
* @�- / ; - + 8 /+9 9 / 8 8 = 9�- � d
3

£ [ �=O5��PDO}�yRTOH�BITO}CªZHI�? [ �)=1K�ITG M�GJ��� ��PDO5WJ�BWFCUM�O5��I�I�WFC�WJPDOw��P('HCoRT?BIT�yR%:D�$PDEHGoGJR�Z;EH�=GJI���IT?=EH��� �T� �
?�M���PDO5WF�BWFCUM�O5��I�ZHINYSPDGFO5I�W��aO5If��PDO5WF�BZH`TGJI��}E5If?BI�W YSPDGFO5I�W�Z;E{ZHPDX¬M��=O5I�Z [ EHO5Ia�%M�GF��M�YH?BI%:�YfO
O5PDCJI

vmin(d,x) = min{v | (x, v) ∈ d}
ITC

vmax(d,x) = max{v | (x, v) ∈ d}
:

� .10��"& �'& ���g¥ 2(�H+ � ; +�� =H; - 9R/H* ; - + c ∈ C
+
@.-o��PDO5WF�BWFCUM�O8CJI¬M�E2C�YSPDGFO5I�W 8 /+9.9R/ 8 8 = 9.- � d@F* +.- @�+F-	1 +F& + ; -$@
* ∀x ∈ var(c) : ∃t ⊆ d

- +�1 �K- +
t ∪ {(x, vmin(d,x))} ∈ Tc

+.-
∃t′ ⊆ d

- +�1
�K- +

t′ ∪ {(x, vmax(d,x))} ∈ Tc
3

� ; � � J +
@.-���PDO5WF�BWFCUM�O8C-M�E2C�YSPDGFO5I�W 8 /+9.9 / 8 8 = 9.- � d
@
* +.-$@�+F->14+F& + ; -�@
* ∀c ∈ C : c
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� =H; @
* @�- / ; - + 6>+�� = 9 ; +
@ 8 /+9 9 / 8 8 = 9�- � d
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�53 * 1=+
@.-:/H9 ��� � =+; @F* @.- / ; - +.-
�	3
∀c ∈ C

- +�1 1 + �K- +
var(c) = {x, y} : @
* ∃c′, c′′ ∈ C

- +.1 14+
@ �K- +
var(c′) = {x, z}

+.-
var(c′′) = {y, z}

/21 = 9
@ ∀(x, v) ∈ d,∃(y, v′), (z, v′′) ∈ d
- +.1 @ �K- +

{(x, v), (y, v′)} ∈
Tc : {(x, v), (z, v′′)} ∈ Tc′

+.-
{(y, v′), (z, v′′)} ∈ Tc′′
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KH?BITX�ITO8CaKSPDEHGNO5PDCFGJILKHGJPDKSP%W�:
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��
 � �����	� n'/�
	� ���� n�� ��� j � 1�
%n�� � � � n / �� ������
B1  /;n«l � /21Sl n
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WJPD?=EHCF�BPDO5WfZHIL��I�Wa��PDO8CFGUM��=O}CJI�W�:
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+F@�-'6+* -NKHGJR�WJITGF�%M�O}C 8 = -/9D- ;+ ; @ +F& ��14+�6 + � =+; - 9 /+* ; - +
@ C ′ @
* : 8 = -/9 ���	/ �K- +�* ; @�- / ; � * / - * =+; t : (∀c ∈ C ′, t|var(c) ∈ Tc)⇒ t+
@.-

r
� � =+; @
* @�- / ; - 3
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@ +K9
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X < Y 6 � ���� �#< �(��� <����3�(��� ���/��� < �����$� �*� ����< < � ����� < ��-��2��< � �#����<

{(X, 1), (Y, 2)}


{(X, 1), (Y, 3)}��<

{(X, 2), (Y, 3)} 6 � �A� � (Y, 2)
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= 1
�*�/�:� �(� <����3�(�

{(X, 1), (Y, 2)}
�0�0<

r
."���/�$�0� �0< -/��< 6 � �A� � (Y, 3)
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{(X, 1), (Y, 3)}
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{(X, 2), (Y, 3)}
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var(c) = {x, y}
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(X, 1) ← {(Y, 0), (Y, 1)}
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(X, 1) ← {(Y, 1), (Z, 1)}
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(X, 2)

(Y, 1) (Y, 2)

(X, 0)

(X, 0)

(Y, 1) (Y, 2)

(X, 0) (X, 0)
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• E0 = {cons(h, ∅) | h 6∈ d}

	
• E i+1 = E i ∪ {cons(h, T ) | h ∈ di, T ⊆ E i, h← {root(t) | t ∈ T} ∈ Rri+1} k
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� �N%&��,6%7# ) ,E3�� 4�0 8��+8�: ��02,$0=� ' ��4�, ' #1! -�,6%&� � # * /10=! 8 ?@4=��0 * � + ) 0=3 ) %&� * ,&��.�3��N!&/10 ' %&/ ' %&�
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j ≤ i
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� " ��� " t�V�t
{root(t) | t ∈ E i} = di k

��aH[D_��'[ k B #�% ) 0=3<4 * , ) /10P!&4�%
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�
E0 5 8 % ).Z � � # ' %&/ ' % )+8 , 8��

A 0P!64 '�' /�!&�
{root(t) | t ∈ E i} = di

��,I/10 ' %&/14�5��
• {root(t) | t ∈ E i+1} ⊆ di+1

�Um / ) ,
h
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t
,&� � ?24=�

t ∈ E i+1 ���o��#* ) !6,&�L3���4�* * #1! �
�

t ∈ E i �=# � /1%&! h ∈ di
��3�/10 *
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di ⊆ di+1
�

�
t 6∈ E i ����� �#* ) !6,&� h ← B ∈ Rri+1 , h ∈ di ��,

∀b ∈ B, b =

root(tb), tb ∈ E
i � 3�/10 * b ∈ di

� 3�/10 *
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�

• di+1 ⊆ {root(t) | t ∈ E i+1}
�Um / ) ,

h ∈ di+1
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h ∈ di

�l# � /1%&!
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��3�/10 *

∃h← B ∈ Rri+1
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di
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T
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B = {root(t) | t ∈ T}��,
cons(h, T ) ∈ E i+1 � * �9�"!6, � � � 3 ) %&��� h ∈ {root(t) | t ∈ E i+1}

�
�
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2'&Y.	&?/�.	��(�2%.m6�.r/��'2,1�"$#%�'&?/J,�&�#�1�&?.=� ��������1B#,�!� "$#%�'&����7�*	#%/�.=6�.=*�.	2,2%.�/;`t*	#CF7_��j/�7	�!� &-"$#%[+1?.
� "$"�.	&?6D1?.n.�/$"K"97?7��'�$#%[+1?.	�0.	&-"=*��'&?/$#%6�7	��7�.j*��'���0.S1�&?.m�)� �$"$#,"$#%�'& 6D1 6��'�!� #,&?.

D
`J2%.�/

7	2%7	�0.	&-"�/0[+1�#J/��'&-"�� "$"�.	&?6D1?/�.	"N*�.	1 1n[-1�#H&?.;2%.;/��'&+"N�)�'/�F��h&(8C� #,"�,b�W�'1��N2%.e6D#4�4+�&?��/$"$#%*
6�.a��7	�W�'&?/�.a�!� &?[-1)� &+"�.-,?2'&Y�'���'*	2%.c�N/�.	1�2%.	�0.	&+"�/Z��7	�W�'&?6D��. /N[-1?.	2%[+1?.�/�[+1?.�/$"$#%�'&?/ �x#,2�6��'#,"
6�7	A5�'#,2%.	�c�)�'/ /;�)�'/O1�&?.��)� �$"$#%.06�.024�K/�7	�!� &+"$#%[-1?.e� "$"�.	&?6D1?. �gF$_���/�7	�!� &+"$#%[-1?.e� "$"�.	&?6D1?.
�W.	1�":� 2%�'��/32	"$��.a*��'&?/$#%6�7	��7�.a*��'���0.a"$���'#%/J.	&?/�.	��(�2%.�/3`+1�&�.	&?/�.	��(�2%.a6<&Y7	2%7	�0.	&+"�/�� "$"�.	&?6D1?/
�x#CFY.�F'2%.�/X&��a1?6�/h/$^B����"'&'�0.�/	�!,'1�&�.	&?/�.	��(�2%.:6<&Y7	2%7	�0.	&+"�/h&?�'&!� "$"�.	&?6D1?/ �x#CFY.�F 2%.�/X&��a1?6�/k&?�'&
/$^B����"'&'�0.�/	��.	"h1�&0.	&?/�.	��(�2%.:�W�'1��X2%.�[+1?.	2?2'& 1�"$#,2,#%/l� "�.	1��k&5&M�L�)�'/ /L/���A5�'#,� �x#CFY.�F'2%.�/k7	2%7	�0.	&+"�/
&5&M� ���)� ��� #%/�/l� &+"��)�'/�6?� &?/h2'&M� �9(���.�� #,&?/$#?[-1?.]*�.	1 1N6�.J2'&M� �9(���.:�@�'1��h2%.�/�[-1?.	2%/h2'& 1�"$#,2,#%/�� "�.	1���&?.
/�.	���;�)�'/O[-1?.�/$"$#%�'&�&?7 �gFyG_2h.�/$"O/�.	1�2%.	�0.	&+"3&?7�*�.�/�/�� #,��.N�@�'1��a2'& 1�"$#,2,#%/�� "�.	1��c6�.c��7	�W�'&?6D��.0� 1 1
/�.	1�2%.�/�[+1?.�/$"$#%�'&?/��@��/�7�.�/�F
� &Y.�/�"�7	A-#%6�.	���0.	&-"H/$1��k*�.:�@�'#,&-"�[+1?.J24�a6D# �!*	1�2,"�7���7�/$#%6�.�F5G_2��@.	1�"k.	&e.'&W.	" 2	"$��.:6D# �!*	#,2%.

�W�'1��32'& 1�"$#,2,#%/�� "�.	1���6�.0��7	�@�'&?6D��.!� 1 1S[-1?.�/$"$#%�'&?/O�W��/�7�.�/�,y*�.	�W.	&?6?� &+"3#,2�.�/�"O#,���@��/�/�#.(�2%.�6�.
"$���'1�A5.	�L1�&?.c.	�$��.	1��a/�� &?/�*��'&�&)� #%/�/�� &?*�.N6D1Q�����)(�2*$	�0.�F@Gt2�.�/$"��W��/�/$#.(�2%.c6�.�*��'&?/$#%6�7	��.	�a[-1?.
2'& 1�"$#,2,#%/�� "�.	1��]&?.L�W.	1�"J��7	�@�'&?6D��.	/c*�.	�$"�� #,&?.�/:[+1?.�/�"$#%�'&?/�,+�!� #%/]6?� &?/]*�.L*��'/�,B#,2W&5& ^e���)�'/]6�.
++� ��� &-"$#%.36�.L"$���'1�A5.	�:1�&?.a.	�$��.	1�� ���b.�/�/$#%.	���! ?.	�$��� &?6<, ������� �gF � � &?/J1�&;"�.	2y�'1�"$#,2',D2'& 1�"$#,2,#%/��?`
"�.	1���/�.H"$���'1�A5.	���O8<�'*�./L1�&?.J#,"�7	��� "$#%�'&5,+*-&Y.�/$";`?/?`t6D#,��.:1�&?.J2%�'&%+�1?.]2,#%/�"�.]6<&Y7	A57	&?.	�0.	&+"�/�F-sa� &?/
*�.�/H*��'&?6D#,"$#%�'&?/�,5#,2)/�.	� (�2%.:��2,1?/k8<�'*	#,2%.�6�.]"$���'1�A5.	��1�&?.:.	�$��.	1��H6?� &?/k2%.:*��B6�.:6D10�����)+���� ���0.
[-1?.c6?� &?/a*�.	"$"�.c"$���'*�.�F�
 2	�0.Z/$#b2'& 1�"$#,2,#%/l� "�.	1��O&5&Y.�/$"��)�'/a*�� �)�4(�2%.N6�.���7	�W�'&?6D��.�� 1 1Q[+1?.�/3`
"$#%�'&?/�,b#,2h8C� 1�"3��� ���@.	2%.	�Z[+15& #,2H6D#%/$�@��/�.06<& 1�&n.	&?/�.	��(�2%.!.!1D��2,#%*�� "$#98:�@�'1���2%.!/$^B����"'&'�0.0[-1�#
��7�6D1�#,"�6�7 (�/�*��'&?/$#%6�7	���4(�2%.	�0.	&-"�2'&Y.�/��)�'*�.36�.a��.�*�7?.	��*87?.�F

"�& �@.	1�"!� 1?/�/�#J*��'&?/�#%6�7	��.	�![+15&M��A'� &-"e6�.�6�7>(�1�"�.	�01�&?.Q/�.�/�/$#%�'&o6�.�6D#4�4+�&?��/$"$#%*-,h2'& 1�"$#Y`
2,#%/�� "�.	1��0.�/�"N*�� �)�4(�2%.Q6�.;6��'&�&?.	����2,1?/�#%.	1���/0/$^B����"'&'�0.�/�6�.K��7	�@�'&?/�.;�!� &?[-1)� &+"�.�F �V.	"$"�.
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#,&D8<�'�$�!� "$#%�'&�@.	1�"B2	"$��.=����� � "��4(�2%.S6<& 1�&?.m�)� �$"K�@�'1��;��7	�W�'&?6D��.S6�.Q8C�����'&q� 1�"��'�!� "$#%[+1?.
� 1 1r[-1?.�/$"$#%�'&?/L6�.�2'&Y�'1�"$#,2h6�.Z6D#4�4+�&?��/$"$#%*-,W6<&M� 1�"$��.��)� �$"O/$#���2,1?/$#%.	1���/a/$^B����"'&'�0.�/��W.	1�A5.	&+"
2	"$��.\6��'&�&?7�/0�)� ��2'& 1�"$#,2,#%/�� "�.	1���,h2%.�6D#4�4+�&?��/$"$#%*��W.	1�"!� 2%�'��/0/�.e8C� #,��.�/$1��06D#�&y7	��.	&+"�/e� �9(���.�/
.!1D��2,#%*�� "$#98P/pF

�k& � &5,�/$#:�'& /�1����@��/�.�[-15& #,2:&5&Y.!1D#%/$"�.\[-15& 1�&?.\.	�$��.	1��!6?� &?/!2%.K�����)+���� ���0.-,V� 2%�'��/�2%.�/
.	&?/�.	��(�2%.�/].!1B��2,#%*�� "$#98</]6�.L*�7)�'[-1?.L/�^-����"'&'�0.a6�.���7	�@�'&?/�.��!� &?[-1)� &+"�.O*��'&+"$#%.	&�&?.	&-":2'&Y�'�W71`
��� "�.	1���.	�$���'&?7�F
�h&E*�� 2%*	1�24� &+"\2'& #,&-"�.	��/�.�*	"$#%�'&q6�.=*�.�/;.	&?/�.	� (�2%.�/\.!1D��2,#%*�� "$#98P/J,H�'&�)(�"$#%.	&+"
6��'&?*!1�&n.	&?/�.	��(�2%.!6<&Y�'�W7	��� "�.	1���/Z*��'&-"�.	&)� &+"Z2'&Y�'�@7	��� "�.	1��N.	�$���'&?7�FbsO� &?/�2%.0�0.	#,2,2%.	1��c*��'/J,
*�.	"J.	&?/�.	� (�2%.��W.	1�";` 2	"$��.���7�6D1�#,"�/a1�&K/�.	1�2u�'�W7	��� "�.	1���,+2'&Y�'�W7	��� "�.	1��J.	�$���'&?7�F-G_2?�W.	1�"H.	&;"��'1�"
*��'/32	"$��.:�W��/�/$#.(�2%.�6<& #%/��'2%.	�H6�.�/V�'�@7	��� "�.	1���/V/�� &?/�8<� #,��.�6�.�6D#4�4+�&?��/$"$#%*��)� ��24��/$#,����2%.�6��'&�&?7�.
6�.3[-1?.	2%[-1?.�/:/$^B����"'&'�0.�/�F
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) ��� # g h^g �"! ��
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"�&;�W�'1���/$1�#,"J2%.:�����)(�2*$	�0.O6�.�24��*��'&D8<7	��.	&?*�.a6�7�*	�$#,"V6?� &?/V2%.�/J*�7)� ��#,"$��.�/+'N.	"��DF �V.	�W.	&2`
6?� &-"�, ��1�#%/�[+15&Y�'&ZA5.	1�"b8C� #,��.�6D1N6D#4�4+�&?��/$"$#%*-,'�'&c*��'&?/�#%6%$	��.V[-1?.k2%.H�����)+���� ���0.	1��k�:#,&-"$���-6D1�#,"
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$&%'#)(*%+$
(*%+$"#,%-(.#,%+(/$�	10�2
!/3"4)3.��5�6.7� ��8-#
$&%'#)(*%+$
(*%+$"#,%-(.#,%+(/$/9&%:�;%<�	=%
$�(?>.@)A/>?�B%
$�(?>.@)A/>?�B%
("$C>.@)A/>?�B%
("$C>.@)A/>?�B%
$"#D>.@)A/>?�B%
$"#D>.@)A/>?�B%
#�$C>.@)A/>?�B%
#�$C>.@)A/>?�B%
#
(?>.E)>F(/$G%
(.#D>.E)>C#)(*%
$�(?>.E)>F(/$G%
$�(?>.E)>F("#&%
#�$C>.E)>D$/#&%
#�$C>.E)>D$
(*%
$�(?>.@)A/>F$"#,%
("$C>.@)A/>D#�$&%
(.#D>.@)A/>F$"#,%
$�(?>.@)A/>D#
(G%
$"#D>.@)A/>H("$&%
#
(?>.@)A/>F$"#,%
#�$C>.@)A/>H(.#,%
!/3"4�I/6�JK�I.7� /L ��8M(.#,%'#)(G%'#
$G%+$
(*%+$"#,%-("$/9�	ON

_b.c�����)+���� ���0.	1��3*��'&�&)���%"	(�#%.	&m.	&+"�.	&?6D1S2%.c�����)(�2*$	�0.�FOPD�'*�7)� &-"3[+15&Yw�24� #,&S.	" 
r#%*�7?.	2
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A5.	1�2%.	&-"k*��'&�&)���%"$��.H2%.�/�"$����A'� 1 1N6�. � #%.	�$��.:��A'� &-"h6�.k8C� #,��.V2%.	1���.!1D�@��/�7-,p#,2D/�&M� "$"�.	&?6 /��)(�"�.	&�#,�
1�&?.m/��'2,1�"$#%�'&q��A5.�*=1�&.!1D�@��/�7r6�. � #%.	�$��. /jw�24� #,&6%$�/e24�j����.	��#*$	��.S6�.	��#Y`�$�'1��$&?7�.�F�"��
2'&Y7!1�7�*	1�"$#%�'&n6D1S�����)+���� ���0.!&?.N2,1�#�6��'&�&?.��)�'/3/�� "$#%/$8<�'*	"$#%�'& �x#,2h&5&Y�)(�"$#%.	&-"��;2	�0.!� 1?*	1�&?.
/��'2,1�"$#%�'& �gF�_U.a�����)+���� ���0.	1���/�& #,&-"�.	�$���)+5.�/$1��J24�N*��'�$��.�*	"$#%�'&Q6�.O/��'&K�����)+���� ���0.3.	":6�7�*	#%6�.
6��'&?*a6�.�24� &?*�.	�V1�&?.L/�.�/�/�#%�'&e6�.L6D#4�4+�&?��/$"$#%*L�@�'1��J/��'#,"V��.	"$���'1�A5.	�V1�&?.L�W��/�/$#.(�2%.�.	�$��.	1���,B/��'#,"
�P/�& #,2�&5&M���)�'/�8<� #,"�6<&Y.	�$��.	1��	�:*��'������.	&?6D��.Z�W�'1���[+1?�'#�#,2b&5&Y�)(�"$#%.	&+"L�)�'/L6�.�/��'2,1�"$#%�'&m��A5.�*c1�&
.!1D�@��/�7�6�. � #%.	�$��. /0w�24� #,&=6%$�/L24������.	��#*$	��.N6�.	��#Y`�$�'1��$&?7�.�Fyw�1�"$��.	�0.	&-"O6D#,"�#,2�/�& #,&+"�.	�$���)+5.
/$1��]2%.3��.	"$��� #,"�6�.

(PA, 1)
F

"�&r*��'&?/$#%6%$	��.36��'&?*O2'&M� �9(���.3.!1D��2,#%*�� "$#98���6D1���.	"$��� #,"�6�.
(PA, 1)

F

MA6=5

(MA, 5)

MA6=6

(MA, 6)

P M<MA

(PM, 4)

MA6=6

(MA, 6)

P M<MA

(PM, 5)

P M<MA

(PM, 6)

MP <P M

(MP, 3) . . .

MP <P M

(MP, 6)

AM<MP

(AM, 2) . . .

P A<AM

(PA, 1)

P-1�#,A�� &+"�2'&M� 2.+5�'�$#,"97��0. � ,�2%.�/�[+1?.�/$"$#%�'&?/�/$1�#,A'� &-"�.�/:A5�'&-"=2	"$��.O�W��/�7�.�/�� 1������)+���� ���0.	1��

•
����1B#%/$"�.�";`C#,2@1�&;/$^B����"��'�0.��)� �$��#

(AM, 2), . . . , (AM, 6)
	�� � �'1��J��7	�@�'&?6D��.�/3*�.	"$"�.

[+1?.�/$"$#%�'&5,U2%.N�����)+���� ���0.	1��c.!1D��2%�'#,"�.�/�.�/O*��'&�&)� #%/�/�� &?*�.�/c6D1S�����)(�2*$	�0.0*��'&?*�.	�$&)� &+"
2'&Y.!1B�W��/�7V6<&Yw�24� #,&;/�
r#%*�7?.	2y` *�.	"�.!1D�W��/�7H6��'#,"h��A5�'#,�X2,#%.	1���A�� &+"X2%.�/X.!1B�W��/�7�/�6�. 
r#%*�7?.	2
.	"]� ����$�/J2'&Y.!1D�W��/�7a6�. � #%.	�$��.�/�w�24� #,&UF2_U.a�����)+���� ���0.	1��:7	"�� &+"]�)� �$"$#U6D1;8C� #,"V[-1?.a*�.
6�.	�$&�#%.	�b�W�'1�A'� #,"���A5�'#,�b2,#%.	1�6%$�/U24�J����.	��#*$	��.�6�.	��#Y`�$�'1��$&?7�.

(PA, 1)
,p2'&Y.!1B�W��/�7k6<&Yw�24� #,&

/�
Q#%*87?.	2U�W.	1�"�6��'&?*3��A5�'#,��2,#%.	1�I1?/�"�.3� ����$�/�F
(AM, 2)

.�/$":6��'&?*O1�&Q/�^-����"��'�0.�F

•
_b.�6D#4�4+�&?��/$"$#%*�/�.J�@�'1���/�1�#,"V� 2%�'��/�6?� &?/�2'&M� �9(���.�.!1D��2,#%*�� "$#98U6D10��.	"$��� #,"H6�.

(AM, 2)
FH_b�

[+1?.�/$"$#%�'&;/$1�#,A�� &+"�.�.�/�"�` ���F1D#%/$"�.�";`C#,2)1�&!/$^B����"��'�0.:�)� �$��#
(MP, 3), . . . , (MP, 6)

	��
�V.:��.	"$��� #,"H.�/�"�*�� 1?/�7]�)� �k2%.�/���.	"$��� #,"�/H6�.�/kA'� 2%.	1���/�� , '�, �O.	"��a�@�'1��

MP
F,_b.�/�/�.	1�2%.�/

*��'&+"$��� #,&+"�.�/V*��'&�&+1?.�/H/$1��X2'&Y.!1B�W��/�7J6�. 
r#%*�7?.	2 / � #%.	�$��.:/��'&-"h2%.�/h.!1B#.+5.	&?*�.�/�6�. 
r#%*�7?.	2
[+1�#WA5.	1�"J*��'&�&)���%"$��.a2%.�/H"$����A'� 1 1K6�. � #%.	�$��.L.	"]w�24� #,&K��A'� &-":6<&Y.!1B�W��/�.	�V2%.�/J/$#%.	&?/�F �V.	"
.!1B�W��/�7�6�.	AB��� #,"�6��'&?*Z��A5�'#,�L2,#%.	1QA5.	��/�24� � &UFM_U.3�����)+���� ���0.	1��O*��'& � �$�0.Z6��'&?*�[-1?.
(MP, 6)

.�/$"]1�&r/$^-����"��'�0.�F

•
_�����$>+�2%.]��^+� &+"k/$1������$#,�07�.

(MP, 6)
&5&M��^+� &-"h�)�'/X6�.V*��'�$�?/J, *�.	"h7	2%7	�0.	&+"h.�/$"X6��'&?*V1�&

/$^-����"��'�0.Z��#,&�#,�!� 2CF _b�e��$>+�2%.
(MP, 6) ← ∅

.�/$"L1�&?.���$>+�2%.N.	�$���'&�&?7�.�F �V.	"$"�.c��$>+�2%.
6�7 � &�#,"k2'&Y�'�@7	��� "�.	1��V�'/�/��B*	#%7/�24�a*��'&-"$��� #,&+"�.

MP < PM
[-1�#?.�/$"h6��'&?*]24�a*��'&+"$��� #,&-"�.

��.�/$�@�'&?/l�4(�2%.r6D1>/$^-����"��'�0.
(PA, 1)

F��V.	"$"�.=*��'&+"$��� #,&+"�.T�j.	& .��y.	"!��.	����24�'*�7�.=24�
*��'&+"$��� #,&+"�.

PM < MP
F

��������� ��!#"��%$�&�')(*&+�,')-/.��10 23')��4657���85 -/91:;9�(=<>0?����4+5@'�-A&/����46(=91(��CB 5 ��91-/$���4�4A9�(*&6-/��2D5 �E')"�$���4�5@')-+< ��465791��(?&/4
< �F4A� 4A57��(=4A��9�(>G
H 91� -I��J $�&�'1.1��<K�

(MP, 3)
0@���>23'1(%1*� �L����4I')-/M -/��4N��BK5 �,��"O'�&/�P:Q4N< �

(MP, 4)
0
(MP, 5)

��&
(MP, 6)

G@RS�>:Q'1� &
(=9)&/��- 1*�=�T"���4L')-/M -/��4L��BK5=����"O')&/�P:;4L4A9�(*&L5 ���=4U57�C&/��&/4 1?� ��"������=�V<K�

(MP, 3)
��& 1*�WJ � (X4ZY 2D5K&/[�2D�F2D��(=��23')�

��BK��4Z&/��<='1( 4\"C]='1"�� (^< �U4A��4\4A9��=4Z!S'�-/M -/��4�G
H 91� -V��J $�&�'1.1�\< �

(AM, 2)
01���K23')(%1*�=�_����4V')-/MK-/��4V��BK5=����"O')&/�P:;4`<K�

(AM, 3)
0
(AM, 4)

0
(AM, 5)

��&
(AM, 6)

G
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G_2-�]6��'&?*�/$1�� � 13�����)+���� ���0.	1��X6�.h��7	�W�'&?6D��. /]6�.	1 13[-1?.�/$"$#%�'&?/U�W�'1��U"$���'1�A5.	�b2'&Y.	�$��.	1���F
G_2k8C� 1�"c&?�'"�.	�N[-1?.!2%.;*�7?�'# 1n6�.

(PA, 1)
.�/$"c1�&(6�.�/Z��2,1?/c�!� 1�A'� #%/N[-1?.!�W�'1�A'� #,"�8<� #,��.e2%.

�����)+���� ���0.	1��O� 1r6�7	�)� �$"�F �h&Q.��y.	"�/�2'&Y�'���W��/�7-,�2%.3*87?�'# 1Q6�.
(MP, 6)

*��'���0.�/$^B����"��'�0.
2'&M� 1���� #,"]*��'&?6D1�#,"/O"$���'1�A5.	�J2'&Y.	�$��.	1��]/�� &?/H24�3�0�'#,&?6D��.L[+1?.�/�"$#%�'&e��1�#%/�[-1?.�2'&M� �9(���.L.!1D��2,#%*�� "$#98
6�.

(MP, 6)
.�/$":1�&?.L8<.	1�#,2,2%.�F

�k&T/$1����@��/l� &+"a�!� #,&+"�.	&)� &-"c[-15& /!24�;/�.�*��'&?6�.�7	"�� �W.-,@2%.Z�����)+���� ���0.	1��c� #,"3/�.	1�2%.	�0.	&+"
��.	�!� ��[-1?7e[-1?.

(MP, 3)
7	"�� #,"Z1�&n/$^B����"��'�0.�F�Gt2k2,1�#�8<� 1�"N� 2%�'��/N*��'&+"$#,&+1?.	�N2%.e6D#4�4+�&?��/$"$#%*

6?� &?/h1�&0� 1�"$��.]/��'1?/3`_� �9(���.�F�_b�a[+1?.�/�"$#%�'&0/$1�#,A'� &-"�.]/�.	��� #,"�� 2%�'��/]` ���F1D#%/$"�.V";`C#,2�1�&0/$^B����"��'�0.
�)� �$��#

(PM, 4), (PM, 5), (PM, 6)
	���FM_ & 1�"$#,2,#%/�� "�.	1���7?7�/$#,"�� &+"]/�.���.	&?/�.	#.+�&?.a6��'&?*L6<&M�4(@�'��6

/$1��!2%.�/!��� #%/��'&?/e6�.Q*�.�/!��.	"$��� #,"�/�F�G_2�/�&M��AT$	��.Q[-15& #,2%/!/��'&-"!"��'1?/;*�� 1?/�7�/0�)� �e1�& �'�@7	��� "�.	1��
�'/�/��-*	#%7;/;24�K*��'&-"$��� #,&+"�.

PM < MA
Fyw�1�"$��.	�0.	&-"c6D#,"O�)� �32%.Z8C� #,"3[+1?.�
r#%*�7?.	2H.!1B�W��/�.	���

/(w�24� #,& � ����$�/\��A5�'#,��AB1>2'&Y.!1D�W��/�7m6�. � #%.	�$��.�F PD�'*�7)� &-"Q[+15&Yw�24� #,&E&5&Y.�/$"��)�'/K����7�/�.	&-"�2%.
6�.	�$&�#%.	�X$�'1���,X#,2V8<� 1�"06��'&?*�[-1?.K2'&Y.!1D�@��/�7K6�. � #%.	�$��. / 
r#%*�7?.	2�� #,"�2,#%.	1 � 1o��2,1?/0"�� ��6f24�
"$���'#%/$#*$	�0.�6�.	��#Y`�d�'1��$&?7�.�FM_U.�/:"$���'#%/]��.	"$��� #,"�/��)� ��� #%/�/�.	&-"�6��'&?*�d1?/$"$# � 7�/�F

(MP, 3)
.�/$"�6��'&?*

1�&�/�^-����"��'�0.���#,&�#,�!� 2-.	"U24�]*��'&-"$��� #,&+"�.H8C� 1�"$#,A5.
MP < PM

�W.	1�"U#%*	#B� 1?/�/$#T2	"$��.k2%�B*�� 2,#%/�7�.�F
P-#D2'& 1�"$#,2,#%/�� "�.	1��k.�/$"X*�� �)�4(�2%.J6�.J6��'&�&?.	�h��2,1?/$#%.	1���/X/$^-����"��'�0.�/k��A'� &-"k6�.H6�7>(�1�"�.	�h24�L/�.�/�/$#%�'&
6�.���#%/�.\� 1i�@�'#,&-"�,h#,2]�W.	1�" 2	"$��.��W��/�/$#.(�2%.�6�.�*�7?�'#%/�#,�!2'&M� �9(���.\.!1D��2,#%*�� "$#98 /=1�"$#,2,#%/�.	�0�W�'1��
2%.Z6D#4�4+�&?��/$"$#%*�F � � �O.!1�.	����2%.N/$#b2'& 1�"$#,2,#%/�� "�.	1��O6��'&�&?.Z2%.�/L/$^-����"��'�0.�/

(MP, 3)
.	"

(PA, 1)
,

2'&M� �9(���.H.!1B��2,#%*�� "$#98?6�.
(PA, 1)

*��'&+"�.	&)� &-"�2'&M� �9(���.H.!1B��2,#%*�� "$#98?6�.
(MP, 3)

,p2%.k6D#4�4+�&?��/$"$#%*��@.	1�"
2	"$��.3.��y.�*	"$1?73/$1��]2'&M� �9(���.�.!1B��2,#%*�� "$#98k6�.

(MP, 3)
.	"]2'&Y.	�$��.	1��:2%�B*�� 2,#%/�7�.O��2,1?/]��� ��#%6�.	�0.	&-"�F

��������� � ��n�� j��	� ����
��

sO� &?/�*�.	"$"�.S/�.�*	"$#%�'&5,V1�&q� 2.+5�'�$#,"97��0.T6�.m6D#4�4+�&?��/$"$#%*S6�.=��7	�W�'&?/�.=�!� &?[+1)� &-"�.j�(7	"�7
�����'�W��/�7�F+G_2�8C� 1�"�&?�'"�.	�V[+1?.]24�3�07	"97?�-6�.�1�"$#,2,#%/�7�.:&?.�����.	&?6!�)�'/H.	&e*��'����"�.�2'&Y7	&+1��07	��� "$#%�'&UF

 &\�0�'&-"$��.3#%*	#U[-1?.3*�.	"$"�.O�07	"97?�B6�.O�W.	1�"2	"$��.a8<�'*	#,2%.	�0.	&-"�1�"$#,2,#%/�7�.c��A5.�*O2'&Y7	&-1��07	��� "$#%�'&UF
�V�'&?/�#%6�7	���'&?/k2%.]*��'/h����2'& 1�"$#,2,#%/�� "�.	1��H� "$"�.	&?601�&?.]/��'2,1�"$#%�'&!��A5.�*]1�&�7	2%7	�0.	&-"H[-1�#�� ���)� �;`

"$#%.	&-" /024�;*	2 �'"$1���.�F��V.	"O7	2%7	�0.	&+"O&5&Y.�/$"O6��'&?*Z�)�'/L1�&m/�^-����"��'�0.N6�.Z��7	�@�'&?/�.��!� &?[-1)� &+"�.
6<&M� ����$�/a24�e6�7 � &�#,"$#%�'& � F �DF P-1����W��/��'&?/O7>++� 2%.	�0.	&-"3[+1?.Z*�.	"L7	2%7	�0.	&-"O&5&M� ���)� �$"$#%.	&�&?. /;� 12`
*	1�&?.T/��'2,1�"$#%�'& 6D1 � P � F _U�'��/Q6�.m2'&Y7	&-1��07	��� "$#%�'&5,�*�.	"\7	2%7	�0.	&-"r/�.	���f6��'&?*m��.	"$#,��7T6?� &?/
*87)�'*	1�&?.c6�.�/=(���� &?*�7?.�/a6�.32'&M� �9(���.c6�.O��.�*�7?.	��*87?. �P/��'#,"��)� �:1�&=�'�@7	��� "�.	1��L6<&Y7	&+1��07	��� "$#%�'&5,
/��'#,"��)� �]1�&Q�'�@7	��� "�.	1���6�.3*��'&?/$#%/$"�� &?*�.O2%�B*�� 2%. �gF

sO� &?/�"��'1?/O2%.�/3*��'/ �x#CFY.�Fy�W�'1��3*�7)�'*	1�&?.e6�.�/�(���� &?*87?.�/	�!,U#,2k.!1D#%/$"�.N1�&n� �9(���.0.!1D��2,#%*�� "$#98
�W�'1���2%.K��.	"$��� #,"!6�.K2'&Y7	2%7	�0.	&+"�F � 1�#%/�[-1?.�2'&Y7	2%7	�0.	&+"e7	"�� #,"e� "$"�.	&?6D1 6?� &?/�1�&?.�/��'2,1�"$#%�'& .	"
[-1?.:2%.�24�4(@.	2,#,&%+N.�/$"V*��'����2%.	"�,B� 1;�0�'#,&?/�1�&K6�.�*�.�/V��.	"$��� #,"�/V.�/$"V#,&@I1?/$"$# � 7-,-�'1e��2,1�"��'"J.�/$"H24�
*��'&?/�7�[-1?.	&?*�.V6�.h2'&M� ����2,#%*�� "$#%�'&�6<& 1�&c�'�W7	��� "�.	1���.	�$���'&?7�F��V.	"�� �9(���.�.!1D��2,#%*�� "$#98)*��'&+"$#%.	&-"h6��'&?*
1�&m/$^B����"��'�0.���#,&�#,�!� 2X*�� 1?/�7c�)� ��2'&M� ����2,#%*�� "$#%�'&S6<& 1�&?.c��$>+�2%.c.	�$���'&?7�.�F _U.c6D#4�4+�&?��/$"$#%*N6�.
��7	�W�'&?/�.H�!� &?[+1)� &-"�.H�W.	1�"�6��'&?*V/�.k8<� #,��.H.	&Z�'6?� ��"�� &+"h24�:�07	"97?�-6�.H����7�*�7�6�.	���0.	&+"k6�7�*	�$#,"�.�F

sa.	1 1�6D#Q�y7	��.	&?*�.�/�/��'&+":/:&?�'"�.	��F s & 1�&?.��)� �$"�,p7	"�� &+"X6��'&�&?7�[-15& #,2-.!1D#%/$"�.���2,1?/$#%.	1���/�� �9(���.�/
.!1D��2,#%*�� "$#98P/!�@�'1��!2%.���.	"$��� #,"!6�.�2'&Y7	2%7	�0.	&-" �P.	"0[-1?.�"��'1?/0&?.Q*��'&+"$#%.	&�&?.	&+";�)�'/�8<�'��*�7	�0.	&+"
2'&Y�'�W7	��� "�.	1���.	�$���'&?7 �!,)2'& 1�"$#,2,#%/�� "�.	1����W.	1�":*�7?�'#%/$#,��2'&M� �9(���.�/Z1�"$#,2,#%/�.	��,)*-&Y.�/$";`?/?`t6D#,��.�[-15& #,2U�W.	1�"
6D#,��.Z[+1?.	2,2%.Z.�/$"�24�;(���� &?*87?.Z6?� &?/L24�'[-1?.	2,2%.c*�.c��.	"$��� #,"L&5&M� 1���� #,"L�)�'/L6DvS��A5�'#,�a2,#%.	1UF�L.3�)�'/
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�W�'1�A5�'#,�O��7	�@�'&?6D��. /;*�.	"$"�.�[-1?.�/$"$#%�'&m&5&Y.�/$"a�)�'/O6D��� �!� "$#%[+1?.-,W2'& 1�"$#,2,#%/�� "�.	1��O�W.	1�"O.��W.�*	"$1?.	�
2%.N6D#4�4+�&?��/$"$#%*0/�1�����2,1?/$#%.	1���/c� �9(���.�/O.!1B��2,#%*�� "$#98]/�� &?/a.	�$��.	1���F �V.	24�;2,1�#X����.	&?6D����/�.	1�2%.	�0.	&+"
��2,1?/�6�.a"�.	���?/�F

_ &M� 1�"$��.Z6D#Q�y7	��.	&?*�.���A5.�*c1�&?.c/�.�/�/$#%�'&r6�.Z6D#4�4+�&?��/$"$#%*N*	24�'/�/$#%[-1?.3��.	�W��/�.Z/$1���2%.�8C� #,"�[-1?.
24�e/�7	�!� &+"$#%[-1?.�� "$"�.	&?6D1?.Z�@.	1�"�&?.���2,1?/�2	"$��.c24���;2	�0.�F��h&m.��W.	"���1�#%/�[+1?.Z6�.�/L�'�@7	��� "�.	1���/
6<&Y7	&-1��07	��� "$#%�'&>�'&-"!7	"�7Q� ����2,#%[-1?7�/�,X1�&?.\/��'2,1�"$#%�'& � "$"�.	&?6D1?.\�@�'1���2%. � P � �@.	1�"�&?.K�)�'/
2	"$��.m1�&?.S/��'2,1�"$#%�'& � "$"�.	&?6D1?.j6?� &?/K24� (���� &?*�7?.T���q�f7	"�7=��.	"$#,��7S2%.m/$^B����"��'�0.�F]Gt2L8C� 1�"
6��'&?*K[-1?.e2'& 1�"$#,2,#%/l� "�.	1��0.	&("$#%.	&�&?.K*��'����"�.K�W�'1��c��7	�W�'&?6D��.\� 1 1n[-1?.�/$"$#%�'&?/�6�.e2'&Y�'1�"$#,2:6�.
6D#4�4+�&?��/$"$#%*�F �h&K/$1�#,A�� &+"�2%.�2%.	���0. '?F�� � ,-2'& 1�"$#,2,#%/�� "�.	1��J6��'#,"H6��'&?*L*��'&?/$#%6�7	��.	�V1�&e*�� 2%*	1�2@&?�'&
��2,1?/ /��)� �$"$#,�N6D1n6��'�!� #,&?.

D
,U�!� #%/ /��)� �$"$#,�Z6�.

CL↓(D, N)
���

N
.�/�"�2'&Y.	&?/�.	��(�2%.e6�.�/

�'�W7	��� "�.	1���/06<&Y7	&+1��07	��� "$#%�'& 1�"$#,2,#%/�7�/06?� &?/N24� (���� &?*87?.�6�.K2'&M� �9(���.�6�.K��.�*�7?.	��*�7?.r���f#,2J/�.
"$���'1�A5.�F

����� 	�
 �� � �:
 ��� �=� ��� � ����� �

� �'1��\*��'&?*	2,1���.S*�.=*�7)� ��#,"$��.-,]24�j&?�'"$#%�'&6<&Y.!1B��2,#%*�� "$#%�'&q6<&Y7�*87?.�*S.�/$"�6�7 � &�#%.�F �V.	2,2%.1`t*	#
�W.	1�"�2	"$��.�1�"$#,2%.��W�'1��O24�;��#%/�.0� 1S�W�'#,&+"�,y2%.�/O�����)(�2*$	�0.�/c/$1��;`t*��'&+"$��� #,&-"�/N.	"O2%.�/O�07	"97?�-6�.�/
6�.O��.�*87?.	��*�7?.Z6D#,"�.�/]��7	"$����/$�W.�*	"$#,A5.�/�F

��&?.:.!1D��2,#%*�� "$#%�'&!6<&Y7�*�7?.�*��@.	1�" 2	"$��.JA-1?.:*��'���0.:1�&?.]��7	1�&�#%�'&!6<&Y.	&?/�.	��(�2%.�/H.!1D��2,#%*�� "$#98P/
�W�'1��c2%.;6��'�!� #,&?.K.	&+"$#%.	��6<& 1�&?.eA'� �$#4�4(�2%.�F �h&f.��W.	"Z1�&?.;.!1B��2,#%*�� "$#%�'&o6<&Y7�*�7?.�*K.�/$"Z1�&f.	&2`
/�.	��(�2%.�6<&Y�'�W7	��� "�.	1���/J��.�/$�W�'&?/��4(�2%.�6<& 1�&K7�*�7?.�*-,D*-&Y.�/$";`?/?`t6D#,��.L6�.�2'&Y�)(�"�.	&+"$#%�'&�6<& 1�&;.	&-A-#,���'&2`
&?.	�0.	&-"]A-#%6�.L�W�'1��V1�&?.LA�� �$#4�4(�2%.�F �b�'1�"�.a#,"�7	��� "$#%�'&\*��'&-"�.	&)� &+"�*�.	"].	&?/�.	��(�2%.O6<&Y�'�@7	��� "�.	1���/
*��'&?6D1�#,���e#,���!� &?[-1)�4(�2%.	�0.	&+"�/!1�&=7�*87?.�*�F 
 &r&?.Z*��'&?/$#%6%$	��.Z[+1?.c2%.�/�*�� 2%*	1�2%/�/0�)� �$"$#,�O6�.
D
,D2'&Y.!1D��2,#%*�� "$#%�'&r6<&Y7�*87?.�*3�W�'1��]1�&Q*�� 2%*	1�2V/Z�)� �$"$#,��6�.

d ⊂ D
&5&M��^+� &-"��)�'/�6<& #,&+"�7	��2	"�#%*	#CF

@BADCFE:GIHJGIK0EML5N.L Q�����STS��������].!1D��2,#%*�� "$#%�'&;6<&Y7�*87?.�*�� �"!#�$�%��&'�! )(%�*�,+ U ��S%�%-.�/�0�%!1-2&
E

�0��� " !3�

∃x ∈ V,CL↓(D, E)|{x} = ∅ 4
G_2H8<� 1�"N&?�'"�.	��[+1?.e2%.;"t^B�@.;6<&Y�'�W7	��� "�.	1���/N&5&M�Q�)�'/N7	"�7;����7�*	#%/�7-,�#,2J�@.	1�"N/�&M�4+�#,��6<&Y�'�W71`

��� "�.	1���/L6�.�*��'&?/$#%/�"�� &?*�.�2%�B*�� 2%.�.	"L6<&Y7	&+1��07	��� "$#%�'&UF��V.	"$"�.c.!1D��2,#%*�� "$#%�'&r6<&Y7�*87?.�*Z�@.	1�"L6��'&?*
2	"$��.N*��'&?/$"$�$1�#,"�.;/e�)� �$"$#,�O6�.�/a.	&?/�.	� (�2%.�/3.!1D��2,#%*�� "$#98</O6�.�/���.	"$��� #,"�/O6�.N*87)�'[+1?.�7	2%7	�0.	&-"36D1
6��'�!� #,&?.Z6<& 1�&?.3A�� �$#4�4(�2%.�F � �'1��L*87)�'[+1?.

(x, v) ∈ CL↓(D, R ∪N)
��A5.�*

R
2%.O�����)+���� ���0.

.	"
N

1�&Q.	&?/�.	� (�2%.Z6<&Y�'�@7	��� "�.	1���/L6<&Y7	&+1��07	��� "$#%�'&5,W1�&Q.	&?/�.	� (�2%.Z.!1B��2,#%*�� "$#98
expl(x, v)

.�/$"
*87?�'#%/$#CF

��� A K����#"  L<N �6587
CL↓(D, R ∪N)|{x} = ∅

�/�9�"-:& ⋃
v∈Dx

expl(x, v)
�:&��8!1�;�<�.=!S8��7?>@�/�A7?�"�

+ U �.>%B��.> 4
� -.��! � � 4 7	AB#%6�.	&+"�F

�
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