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tThis work is devoted to 
onstraint solving motivated by the debuggingof 
onstraint logi
 programs a la GNU-Prolog. The paper fo
uses only onthe 
onstraints. In this framework, 
onstraint solving amounts to domainredu
tion. A 
omputation is formalized by a 
haoti
 iteration. The 
om-puted result is des
ribed as a 
losure. This model is well suited to thedesign of debugging notions and tools, for example failure explanations orerror diagnosis. In this paper we detail an appli
ation of the model to anexplanation of a value withdrawal in a domain. Some other works havealready shown the interest of su
h a notion of explanation not only forfailure analysis.1 Introdu
tionConstraint Logi
 Programming (CLP) [11℄ 
an be viewed as the reunion oftwo programming paradigms : logi
 programming and 
onstraint programming.De
larative debugging of 
onstraints logi
 programs has been treated in previousworks [8℄ and tools have been produ
ed for this aim [14℄ during the DiSCiPl (De-bugging Systems for Constraint Programming) ESPRIT Proje
t. But these worksonly deal with the 
lausal aspe
ts of CLP. This paper fo
uses on the 
onstraintlevel. The tools used at this level strongly depend on the 
onstraint domain.Here we are interested in a wide �eld of appli
ations of 
onstraint programming:�nite domains.The aim of 
onstraint programming is to solve Constraint Satisfa
tion Prob-lems (CSP) [15℄, that is to provide an instantiation of the variables whi
h is
orre
t with respe
t to the 
onstraints.The solver goes towards the solutions 
ombining two di�erent methods. The�rst one (labeling) 
onsists in partitioning the domains until to obtain singletonsand, testing them. The se
ond one (domain redu
tion) redu
es the domains elim-inating the values whi
h 
annot be 
orre
t a

ording to the 
onstraints. Labelingprovides exa
t solutions whereas domain redu
tion simply approximates them.2



In general, the labeling alone is very expensive and a good 
ombination of thetwo methods is more eÆ
ient.The main 
ontribution of this paper is to formalize the domain redu
tion inorder to provide a notion of explanation for the basi
 event whi
h is \the with-drawal of a value from a domain". We are inspired by a 
onstraint programminglanguage over �nite domains, GNU-Prolog [5℄, be
ause its glass-box approa
h al-lows a good understanding of the links between the 
onstraints and the rules. Inthis work labeling me
hanism is not 
onsidered and explanations are only de�nedfor ar
 
onsisten
y rules.An explanation is a subset of rules used during the 
omputation and whi
hare responsible for the removal of a value from a domain. Several works shownthat detailed analysis of explanations have a lot of appli
ations [9, 10℄. In dy-nami
 problems, the explanations allow to retra
t 
onstraints without beginningthe 
omputation again. In ba
ktra
king algorithms, the explanations avoid torepeatedly perform the same sear
h work. This intelligent ba
ktra
king 
an beapplied to s
heduling problems. It has been proved eÆ
ient for Open-shop appli-
ations. They are useful for over-
onstrained problems too. Explanations providea set of 
onstraints whi
h 
an be relaxed in order to obtain a solution. But ap-pli
ations of explanations are outside the s
ope of this paper.An aspe
t of the debugging of 
onstraint programs is to understand why wehave a failure (i.e. we do not obtain any solution) [2℄. This 
ase appears when adomain be
omes empty, that is no value of the domain belongs to a solution. So,an explanation of why these values have disappeared provides an explanation ofthe failure.Another aspe
t is error diagnosis. Let us assume an expe
ted semanti
s forthe CSP. Consider we are waiting for a solution 
ontaining a 
ertain value for avariable, but this value does not appear in the �nal domain. An explanation ofthe value withdrawal help us to �nd what is wrong in our program.The paper is organized as follows. Se
tion 2 gives some notations and basi
de�nitions for Constraint Satisfa
tion Problems. Se
tion 3 des
ribes a model fordomain redu
tion. Se
tion 4 applies the model to explanations. Next se
tion isa 
on
lusion.2 PreliminariesWe use the following notations: If F = (Fi)i2I is a family indexed by I, andJ � I, we denote by F jJ the family (Fj)j2J indexed by J . If F = (Fi)i2I is afamily of sets indexed by I, we denote by QF the produ
t Qi2I Fi = f(ei)i2I jfor ea
h i 2 I; ei 2 Fig.Here we only 
onsider the framework of domain redu
tion as in [17, 5, 4, 16℄.More general frameworks are des
ribed in [3, 12℄.3



A Constraint Satisfa
tion Problem (CSP) is made of two parts, the synta
ti
part:� a �nite set of variable symbols V ;� a �nite set of 
onstraint symbols C;� a fun
tion var : C ! P(V ), whi
h asso
iates with ea
h 
onstraint symbolthe set of variables of the 
onstraint;and the semanti
 part:� a family of non empty domains indexed by the set of variables D = (Dx)x2V ,ea
h Dx is the domain of the variable denoted by x (Dx 6= ;);� a family of tables (sets of tuples) T = (T
)
2C 2Q
2C P(QDjvar(
)) indexedby the set of 
onstraints C, i.e., for ea
h 
 2 C, T
 � QDjvar(
), themembers of T
 are the solutions of 
.A tuple t 2 QD is a solution of the CSP (V; C; var ; D; T ) if for ea
h 
 2 C,tjvar(
) 2 T
.For a given CSP, one is interested in the 
omputation of the solutions. Thesimplest method 
onsists in generating all the tuples from the initial domains,then testing them. This generate and test method is 
learly expensive for widedomains. So, one prefers to redu
e the domains �rst (\test" and generate).Here, we fo
us on the redu
tion stage. The 
omputing domains must 
ontainall the solutions and must be as small as possible. So, these domains are \approx-imations" of the set of solutions. We des
ribe now, a model for the 
omputationof su
h approximations.3 A Model of the Operational Semanti
sOur model is well suited to de�ne explanations of basi
 events during the 
om-putation of approximations. Moreover 
lassi
al results [3, 12℄ are proved again inthis model.We assume �xed a CSP (V; C; var ; D; T ).We want to 
ompute an approximation of the solutions. The solver is de-s
ribed by a set of rules asso
iated with the 
onstraints. We 
an 
hoose moreor less a

urate rules for ea
h 
onstraint (in general, the more a

urate are therules, the more expensive is the 
omputation).A rule works on a subset of the variables of the CSP. It eliminates somevalues of one (and only one in our framework) domain whi
h are in
onsistentwith respe
t to the other domains.Intuitively, the solver applies the rules one by one repla
ing the domains ofthe variables with those it 
omputes. The 
omputation stops when one domain4



be
omes empty (in this 
ase, there is no solution), or when the rules 
annotredu
e domains anymore.We �rst des
ribe the rules, then we show that if no rule is \forgotten", theresulting domains are the same whatever the order the rules are used.De�nition 1 A redu
tion rule r of type (W; y), where W � V and y 2 W , is afun
tion r :Qx2W P(Dx)! P(Dy) su
h that: for ea
h d; d0 2Qx2W P(Dx),� (monotoni
ity) (for ea
h x 2 W , dx � d0x)) r(d) � r(d0);� (
ontra
tan
e) r(d) � dy.Other works 
onsider more general kinds of rules [4, 3℄, their types have theform (W;Z) with Z � W � V .Example 1 Hyper-ar
 
onsisten
yLet W � V , y 2 W , T � QDjW and d 2 Qx2W P(Dx). The redu
tion rule rof type (W; y) de�ned by r(d) = fty j t 2 (Q d) \ Tg is an hyper-ar
 
onsisten
yrule. r removes in
onsistent values with respe
t to the variable domains.When W is fx; yg it is the well known ar
 
onsisten
y framework.Example 2 GNU-PrologIn GNU-Prolog, su
h rules are written x in r [5℄, where r is a range dependenton domains of a set of variables. The rule x in 0..max(y) of type (fx; yg; x) isthe fun
tion whi
h 
omputes the interse
tion between the domain of x and thedomain f0; 1; : : : ; max(y)g where max(y) is the greatest value in the domain ofy. For the sake of simpli
ity, for ea
h rule, we de�ne its asso
iated redu
tionoperator. This operator applies to the whole family of domains. A single domainis modi�ed, the domain redu
ed by the redu
tion rule.The redu
tion operator asso
iated with the rule r of type (W; y) is redu
r :Qx2V P(Dx)!Qx2V P(Dx) de�ned by: for ea
h d 2Qx2V P(Dx),� redu
r(d)jV nfyg = djV nfyg;� redu
r(d)y = r(djW ).Note that redu
tion operators are monotoni
 and 
ontra
tant (but they are notne
essarily idempotent).A redu
tion rule r is 
orre
t if, for ea
h d 2 Qx2V P(Dx), for ea
h solutiont 2QD, t 2Q d) t 2Q redu
r(d).Lemma 1 A redu
tion rule r of type (W; y) is 
orre
t if and only if, for ea
hsolution t, r((ftxg)x2W ) = ftyg. 5



Proof. ): apply the de�nition with d \redu
ed" to a solution.(: be
ause redu
tion operators are monotoni
. �Let 
 2 C. A redu
tion rule r of type (W; y) with W � var(
) is 
orre
t withrespe
t to 
 if, for ea
h d 2 Qx2V P(Dx), for ea
h t 2 T
, t 2 Q djvar(
) ) t 2Q redu
r(d)jvar(
).Lemma 2 A redu
tion rule r of type (W; y) is 
orre
t w.r.t. a 
onstraint 
 if andonly if, for ea
h t 2 T
, r((ftxg)x2W ) = ftyg.Proof. ): apply the de�nition with d = (ftxg)x2V su
h that(tx)x2var(
) 2 T
.(: be
ause redu
tion operators are monotoni
. �Note that if a redu
tion rule r is 
orre
t w.r.t. a 
onstraint 
 then r is 
orre
t.But the 
onverse does not hold.Example 3 GNU-PrologThe rule r : x in 0..max(y) is 
orre
t with respe
t to the 
onstraint 
 de�nedby var(
) = fx; yg and T
 = f(x 7! 0; y 7! 0); (x 7! 0; y 7! 1); (x 7! 1; y 7! 1)g(Dx = Dy = f0; 1g and 
 is the 
onstraint x � y). Indeed,� r(x 7! f0g; y 7! f0g) = f0g \ f0g = f0g;� r(x 7! f0g; y 7! f1g) = f0g \ f0; 1g = f0g;� r(x 7! f1g; y 7! f1g) = f1g \ f0; 1g = f1g.Let R be a set of redu
tion rules.The 
omputation starts from D and tries to redu
e as mu
h as possible thedomain of ea
h variable using the redu
tion rules.The downward 
losure of D by the set of redu
tion rules R is the greatest
ommon �xpoint of the redu
tion operators asso
iated with the redu
tion rulesof R.The downward 
losure is the most a

urate family of domains whi
h 
an be
omputed using a set of 
orre
t rules. Obviously, ea
h solution belongs to thisfamily.Now, for ea
h x 2 V , the in
lusion over P(Dx) is assumed to be a well-foundedordering (i.e. ea
h Dx is �nite).There exists at least two ways to 
ompute the downward 
losure of D by aset of redu
tion rules R:1. the �rst one is to iterate the operator Qx2V P(Dx)!Qx2V P(Dx) de�nedby d 7! (Tr2R redu
r(d)x)x2V from D until to rea
h a �xpoint;6



2. the se
ond one is the 
haoti
 iteration that we are going to re
all [3℄.A run is an in�nite sequen
e of operators of R. A run is fair if ea
h r 2 Rappears in it in�nitely often. Let us de�ne an iteration of a set of rules w.r.t. arun.De�nition 2 The iteration of the set of redu
tion rules R from the domain d 2Qx2V P(Dx) with respe
t to the run r1; r2; : : : is the in�nite sequen
e d0; d1; d2; : : :de�ned indu
tively by:1. d0 = d;2. for ea
h j 2 IN, dj+1 = redu
rj+1(dj).A 
haoti
 iteration is an iteration w.r.t. a fair run.The operator d 7! (Tr2R redu
r(d)x)x2V may redu
e several domains at ea
hstep. But the 
omputations are more intri
ate and some 
an be useless. In pra
-ti
e 
haoti
 iterations are preferred, they pro
eed by elementary steps, redu
ingonly one domain at ea
h step. The next result of 
on
uen
e [6℄ ensure that any
haoti
 iteration rea
hes the 
losure. Note that, be
ause D is a family of �nitedomains, every iteration from D is stationary.Lemma 3 The limit of every 
haoti
 iteration of the redu
tion rules R from Dis the downward 
losure of D by R.Proof. Let � be the downward 
losure of D by R. Let d0; d1; : : : bea 
haoti
 iteration of R from D with respe
t to r1; r2; : : :. Let d! bethe limit of the 
haoti
 iteration. Let (Ai)i2I v (Bi)i2I denotes: forea
h i 2 I, Ai � Bi.For ea
h i, � v di, by indu
tion: � v d0 = D. Assume � v di, bymonotoni
ity, redu
ri+1(�) = � v redu
ri+1(di) = di+1.d! v �: There exists k 2 IN su
h that d! = dk be
ause v is a well-founded ordering. The run is fair, hen
e dk is a 
ommon �xpoint ofthe redu
tion operators, thus dk v � (the greatest 
ommon �xpoint).�The fairness of runs is a 
onvenient theoreti
al notion to state the previouslemma. Every 
haoti
 iteration stabilizes, so in pra
ti
e the 
omputation endswhen a 
ommon �xpoint is rea
hed. Moreover, implementations of solvers usevarious strategies in order to determinate the order of invo
ation of the rules.Moreover if a domain be
omes empty, we know that there is no solution, so anoptimization 
onsists in stopping the 
omputation before the 
losure is rea
hed.In that 
ase, we say that we have a failure iteration.7



4 Appli
ation to Event ExplanationsSometimes, when a domain be
omes empty or just when a value is removed froma domain, the user wants an explanation of this phenomenon [10, 2℄. The 
ase offailure is the parti
ular 
ase where all the values are removed. The basi
 eventhere will be a value withdrawal. Let us 
onsider an iteration, and let us assumethat at a step a value is removed from the domain of a variable. In general, allthe rules used from the beginning of the iteration are not ne
essary to explainthe value withdrawal. It is possible to explain the value withdrawal by a subsetof these rules su
h that every iteration using this subset of rules removes the
onsidered value. This subset of rules is an explanation of the value withdrawal.We are going to de�ne a more pre
ise notion of explanation: this subset will bestru
tured as a tree. It will be a
hieved in a basi
 but signi�
ant ar
 
onsisten
ylike framework.So we 
onsider spe
ial redu
tion rules 
alled rules of abstra
t ar
 
onsisten
y.Su
h a rule is binary and its type has the form (fx; yg; y), that is it redu
es thedomain of y using the domains of x and y.Two fun
tions in : R ! V and out : R ! V are given. Intuitively, for a ruler, out(r) will be the variable whose domain is modi�ed a

ording to the domainof in(r) the other variable.An abstra
t ar
 
onsisten
y redu
tion rule (AAC-redu
tion rule in short) r isde�ned by :� its type is (fin(r); out(r)g; out(r));� for ea
h d 2Qx2fin(r);out(r)g P(Dx), r(d) = fe 2 dout(r) j ar
r(e)\din(r) 6= ;gwhere ar
r is a fun
tion Dout(r) ! P(Din(r)).Note that r is fully 
hara
terized by (in(r); out(r); ar
r) and vi
e versa.Din(r) is the input domain and Dout(r) is the output domain. Intuitively,ar
r(e) is a superset of the values 
onne
ted to e by the 
onstraint asso
iatedwith r.Example 4 Ar
 
onsisten
yIn the framework of ar
 
onsisten
y, ea
h 
onstraint 
 is binary, that is var(
) =fx; yg, and it provides two rules: r1 of type (fx; yg; x), r1(d) = fe 2 dx j 9f 2dy; (x 7! e; y 7! f) 2 T
g, that is, for ea
h e 2 Dx, ar
r1(e) = ff 2 Dy j (x 7!e; y 7! f) 2 T
g, and the other rule r2 of type (fx; yg; y) de�ned similarly.Note that it is possible to de�ne more weak notions of ar
 
onsisten
y, with, forexample, ar
r1(e) � ff 2 Dy j (x 7! e; y 7! f) 2 T
g.Example 5 GNU-PrologLet us 
onsider the 
onstraint \x #=< y" in GNU-Prolog. This 
onstraint isimplemented by two redu
tion rules, it is the glass-box paradigm [5, 18℄:8



1. r1 of type (fx; yg; x) (i.e. in(r1) = y, out(r1) = x), with, for ea
h e 2 Dx,ar
r1(e) = ff 2 Dy j e � fg;2. r2 of type (fx; yg; y) (i.e. in(r2) = x, out(r2) = y), with, for ea
h e 2 Dy,ar
r2(e) = ff 2 Dx j f � eg.We de�ne now a set rules, in the sense of indu
tive de�nitions [1℄, overSx2V (Dx � fxg).De�nition 3 For ea
h redu
tion rule r, for ea
h e 2 Dout(r), we de�ne the de-du
tion rule: (e; out(r)) f(f; in(r)) j f 2 ar
r(e)gThe rule only depends on e and r, so it is named (e; r) and it is written(e; r) : (e; out(r)) f(f; in(r)) j f 2 ar
r(e)gWhen ar
r(e) = ; the dedu
tion rule is redu
ed to \the fa
t" (e; r) : (e; out(r)) ;, written in short (e; r) : (e; out(r)) .Intuitively, a dedu
tion rule (e; r) : (e; out(r))  f(f; in(r)) j f 2 ar
r(e)gshould be understood as follow: if all the f 2 ar
r(e) are removed from thedomain of in(r) then e is removed from the domain of out(r).The instan
e of the dedu
tion rule (e; r) by d 2 Qx2fin(r);out(r)g P(Dx) is thefollowing impli
ation: 0� ^f2ar
r(e) f 62 din(r)1A) e 62 r(d)Lemma 4 For ea
h dedu
tion rule (e; r), for ea
h d 2Qx2fin(r);out(r)g P(Dx), theinstan
e of (e; r) by d holds.Proof. Be
ause of the de�nition of AAC-redu
tion rules. �From now on, a set R of AAC-redu
tion rules is assumed to be �xed.The set of dedu
tion rules for ea
h r 2 R and for ea
h e 2 Dout(r) forms anindu
tive de�nition [1℄. A proof tree rooted by (e; y), e 2 Dy and y 2 V , is anexplanation for (e; y). Intuitively, it provides an explanation of the reason whye has been removed from the domain of y. Note that a leaf of an explanation
orresponds to a fa
t (e; r) : (e; out(r)) , that is the 
ase where ar
r(e) = ;.Example 6 GNU-PrologLet us 
onsider the 3 
onstraints x #< y, y #< z, z #< x with Dx = Dy = Dz =f0; 1; 2g. The redu
tion rules are: r1 of type (fx; yg; x), de�ned by r1(d) = fe 2dx j 9f 2 dy; e < fg and, de�ned in the same way, r2 of type (fx; yg; y), r3 of type(fy; zg; y), r4 of type (fy; zg; z), r5 of type (fz; xg; z), and r6 of type (fz; xg; x).9



(0; x) (0; r1)(1; y)(1; r3)(2; z)(2; r5) (2; y)(2; r3) (0; x) (0; r1)(1; y)(1; r2)(0; x)(0; r6) (2; y)(2; r3)(0; x)(0; r6)Figure 1: Value Withdrawal ExplanationsFor example, in GNU-Prolog, r1 is written \x in 0..max(y)-1" and r2 is written\y in min(x)+1..2".Figure 1 shows three di�erent explanations for (0; x). The �rst explanation says:0 has been removed from the domain of x by the redu
tion rule r1 be
ause 1 and2 have been removed from the domain of y, 1 has been removed from the domainof y by the redu
tion rule r3 be
ause 2 has been removed from the domain of z,and so on ...We are going to de�ne the explanation asso
iated with an event \withdrawalof a value from a domain" in an iteration. But before, we give an intermediaryde�nition.Let us 
onsider an iteration d0; d1; : : : of R from D with respe
t to the runr1; r2; : : :. Let us assume that the value e has disappeared from the domain ofthe variable out(ri) at the i-th step, that is e 2 di�1out(ri) but e 62 diout(ri). Notethat diout(ri) = ri(di�1jfin(ri);out(ri)g) = fe 2 di�1out(ri) j ar
ri(e) \ di�1in(ri) 6= ;g. Soar
ri(e) \ di�1in(ri) = ;, i.e. for ea
h f 2 ar
ri(e), f 62 di�1in(ri), so there exists jf < isu
h that f 62 djfin(ri) but f 2 djf�1in(ri) (note that in(ri) = out(rjf )). We de�ne :p(e; i) = f(f; j) j f 2 ar
ri(e); f 62 djout(rj); f 2 dj�1out(rj)g.Let us now de�ne explanations. The withdrawal of e from diout(ri) will beexplained by the tree expl(e; out(ri); i) indu
tively de�ned as follows :� its root is labeled by (e; out(ri));� the rule used to 
onne
t the root to its 
hildren is (e; ri) : (e; out(ri))  f(f; in(ri)) j f 2 ar
ri(e)g (the 
hildren of the root are labeled by the(f; in(ri)));� the immediate subtrees are every expl(f; in(ri); j) su
h that (f; j) 2 p(e; i).10



It is important to note that an explanation only depends on the rules : thedi are not parts of the explanation. The notion of explanation does not dependon the di unlike in the instan
es of dedu
tion rules.In general, all the redu
tion rules of the iteration are not used in the expla-nation.Theorem 1 (There exists an explanation for (e; y)) if and only if (there existsa 
haoti
 iteration with limit d! su
h that e 62 d!y ) if and only if (e 62 �y, where� is the downward 
losure).Proof. The last equivalen
e is proved by lemma 3. About the �rstone: (: Let d0; d1; ::: be the 
haoti
 iteration. There exists i su
hthat e 2 di�1y but e 62 diy, the explanation is expl(e; y; i). ): let us
onsider a numbering 1; : : : ; n of the nodes of the explanation su
hthat the traversal a

ording to the numbering from n to 1 
orrespondsto a breadth �rst sear
h algorithm. For ea
h i 2 f1; : : : ; ng, let (ei; ri)be the name of the rule whi
h links the node i to its 
hildren, and letd0; : : : ; dn be the pre�x of every iteration w.r.t. a run whi
h starts byr1; : : : ; rn. By indu
tion we show that ei 62 diout(ri), so e 62 d!y for everyiteration whose run starts by r1; : : : ; rn. �It is important to note that the previous proof is 
onstru
tive. The de�nitionof expl(e; y; i) gives an in
remental algorithm to 
ompute explanations.5 Con
lusionThis paper has given a model for the operational semanti
s of CSP solvers bydomain redu
tion.This model is applied to the de�nition of a notion of explanation. An expla-nation is a set of rules stru
tured as a tree. An interesting aspe
t of our de�nitionis that a subtree of an explanation is also an explanation (indu
tive de�nition).In the modeling of the operational semanti
s the rules are any hyper-ar

onsisten
y rules while in the de�nition of explanation the rules are assumed tobe only ar
 
onsisten
y rules. A �rst perspe
tive of future work is to extendexplanation to hyper-ar
 
onsisten
y rules.As it is written in the introdu
tion, 
onstraint solving 
ombines domain re-du
tion and labeling. A se
ond perspe
tive is to introdu
e labeling in our model.We plan to use explanations in order to diagnose errors in a CSP (a

ordingto an expe
ted semanti
s), in the style of [13, 7℄.
11
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