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tConstraint programming is an important programming paradigm of thelast years. It 
ombines de
larativity and eÆ
ien
y thanks to 
onstraint solverswhi
h are implemented for spe
i�
 domains. We are interested here in the
ase of redu
tion of �nite domains. In the paper, it is formalized with 
haoti
iterations of monotoni
 operators. A �rst notion of explanation, whi
h havebeen proved very useful in many appli
ations, is then de�ned in a de
larativeway in terms of 
losure. An explanation set for a value removal is a set ofoperators whi
h always remove this value whatever the order of appli
ationof these operators is. A monotoni
 operator 
an always be de�ned by a set ofrules (in the sense of indu
tive de�nition of A
zel). Furthermore, the papershows that for 
lassi
al notions of lo
al 
onsisten
y, su
h a system of rules 
anbe expressed in a natural way. They express value removals as 
onsequen
esof other value removals. So, a more pre
ise notion of explanation 
an beobtained: the linking of these rules allows to indu
tively de�ne proof trees.Su
h a proof tree 
learly explains the removal of a value (the root of thetree) by the solver, it is then 
alled an explanation for this value withdrawal.Explanations are the essen
e of domain redu
tion.1 Introdu
tionConstraint programming [21℄ is an important programming paradigm of the lastyears. It 
ombines de
larativity of relational style and eÆ
ien
y of 
onstraint solverswhi
h are implemented for spe
i�
 domains. We are interested here in the 
on-straints over �nite domains [27, 29℄. A 
onstraint is a relation between variables.In �nite domains, ea
h variable 
an only have a �nite set of possible values. Theaim of 
onstraint programming is to prove satis�ability or to �nd one or all the so-lutions of a Constraint Satisfa
tion Problem (a set of variables with their domainsand a set of 
onstraints). In theory, solutions 
an be obtained by an enumera-tion of all the 
ombination of values for the variables of the problem (the labelingmethod). But in pra
ti
e this method is very expensive, so one prefers to interla
ethe labeling with domain redu
tion stages. Domain redu
tion 
onsists in eliminat-ing some values from variable domains whi
h 
annot belong to a solution a

ordingto the 
onstraints. In general, these values are 
hara
terized by a notion of lo
al
onsisten
y, for example ar
 
onsisten
y [23℄.�this work is supported by the fren
h RNTL (R�eseau National des Te
hnologies Logi
ielles)proje
t OADymPPaC (Outils pour l'Analyse Dynamique et la mise au Point de Programmes ave
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Several works [4, 7℄ formalize domain redu
tion thanks to operators (these op-erators redu
e the variable domains). In pra
ti
e, they are applied a

ording todi�erent strategies. Chaoti
 iterations have been used [4, 7, 28℄ in order to des
ribedomain redu
tion from a theoreti
al general point of view. It ensures 
on
uen
e,that is to obtain the same redu
ed domain whatever the order of appli
ation of theoperators is. Domain redu
tion 
an then be des
ribed with notions of �x-pointsand 
losures.From another point of view, 
onstraint 
ommunity is also interesting in explana-tions (or nogoods). The notions of explanations seem to be an interesting answer to
onstraint retra
tion problems: they have been used in [25℄ for dynami
 
onstraintsatisfa
tion problems, in [6℄ for over-
onstrained problems, in [9, 17℄ for dynami
ba
ktra
king, . . . . An explanation is roughly a set of 
onstraints responsible for avalue withdrawal: domain redu
tion by this set of 
onstraints, or any super-set of it,will always remove this value. There exist other appli
ations of the explanations1,among others debugging appli
ations (to know why a value has been removed, toexplain a failure, that is why all the values of a domain have been removed, . . . ).This paper is an attempt to lay a theoreti
al foundation of value withdrawalexplanations in the above-mentioned framework of 
haoti
 iteration. This paper isa very improved theoreti
al version of [13℄.We �rst re
all the de�nition of a Constraint Satisfa
tion Problem. We 
hoose aset theoreti
al representation be
ause it makes easier the use of �x-points, 
losuresand proof trees. Then, domain redu
tion in �nite domains is formalized thanks tonotions of operators and 
haoti
 iterations. An operator redu
es the domains ofvariables a

ording to a 
onstraint and a notion of lo
al 
onsisten
y. This formal-ization is adequate for any notion of 
onsisten
y used by the solver while remainingat a de
larative level thanks to 
on
uen
e of 
haoti
 iterations. The redu
ed do-mains are des
ribed in terms of �x-points and 
losures. The explanation sets arethen presented. This �rst notion of explanation is de�ned as a set of operators(from whi
h one 
an �nd the set of 
onstraints responsible for the value removal).A monotoni
 operator 
an always be de�ned by a set of rules (in the sense of theindu
tive de�nitions of A
zel [1℄). A natural su
h system exists but is not 
om-puted, it is just a theoreti
al tool to de�ne explanations in our theoreti
al model.Rules express value removals as 
onsequen
es of other value removals. So, a morepre
ise notion of explanation 
an be obtained: the linking of these rules allows toindu
tively de�ne proof trees. Su
h a proof tree 
learly explains the removal ofa value (the root of the tree) by the solver and then, it is 
alled an explanationfor this value withdrawal. It is important to note that the unique role of a solveris to remove values and that our explanations are proof of these removals, that isexplanations are the essen
e of domain redu
tion.We have 
hosen the 
onstraint solver of GNU-Prolog for the examples of thepaper.The paper is organized as follows. Some basi
 notions about monotoni
 opera-tors, 
losures, rules and proof trees are re
alled in appendix. Se
tion 2 gives somenotations and de�nitions for Constraint Satisfa
tion Problems in terms of rules ina set theoreti
al style. Se
tion 3 re
alls in our formalism a model for domain redu
-tion based on lo
al 
onsisten
y operators and 
haoti
 iterations. Explanation setsare then de�ned in terms of 
losure. Se
tion 4 asso
iates dedu
tion rules with thismodel. Se
tion 5 uses dedu
tion rules in order to build explanations. Last se
tionis a 
on
lusion.1see http://www.e-
onstraints.net/
3



2 PreliminariesWe re
all the de�nition of a 
onstraint satisfa
tion problem as in [27℄. The notationsused are natural to express basi
 notions of 
onstraints involving only some subsetsof the set of all variables.Here we only 
onsider the framework of domain redu
tion as in [7, 10, 28, 29℄.More general frameworks are des
ribed in [4, 24℄.A Constraint Satisfa
tion Problem (CSP) is made of two parts, the synta
ti
part:� a �nite set of variable symbols (variables in short) V ;� a �nite set of 
onstraint symbols (
onstraints in short) C;� a fun
tion var : C ! P(V ), whi
h asso
iates with ea
h 
onstraint symbol theset of variables of the 
onstraint;and a semanti
 part.For the semanti
 part, we need some preliminaries. We are going to 
onsidervarious families f = (fi)i2I . Su
h a family 
an be identi�ed with the fun
tioni 7! fi, itself identi�ed with the set f(i; fi) j i 2 Ig.We 
onsider a family (Dx)x2V where ea
h Dx is a �nite non empty set.In order to have simple and uniform de�nitions of monotoni
 operators on apower-set, we use a set whi
h is similar to an Herbrand base in logi
 programming:we de�ne the global domain by G = Sx2V (fxg �Dx). We 
onsider subsets d of G .We denote by djW the restri
tion of a set d � G to a set of variables W � V , thatis, djW = f(x; e) 2 d j x 2Wg.We use the same notations for the tuples (valuations). A global tuple t is aparti
ular d su
h that ea
h variable appears only on
e: t � G and 8x 2 V; 9e 2Dx; tjfxg = f(x; e)g. A tuple t on W � V , is de�ned by t � G jW and 8x 2 W; 9e 2Dx; tjfxg = f(x; e)g. So a global tuple is a tuple on V .Then the semanti
 part of the CSP is de�ned by:� the family (Dx)x2V (Dx is the domain of the variable x);� a family (T
)
2C su
h that: for ea
h 
 2 C, T
 is a set of tuples on var(
) (T
is the set of solutions of 
). Note that to give a tuple t 2 T
 is equivalent togive a family (ex)x2var(
) with ex 2 Dx and that t is identi�ed with f(x; ex) jx 2 var(
)g.A global tuple t is a solution to the CSP if 8
 2 C; tjvar(
) 2 T
.To give any d � G amounts to give a family (dx)x2V with dx � Dx: for x 2 V ,we de�ne dx = fe 2 Dx j (x; e) 2 dg. So we 
an note the following points:� if d = G , then dx = Dx;� 8x 2 V , djfxg = fxg � dx;� d = Sx2V djfxg;� for d; d0 � G , (d � d0 , 8x 2 V; dx � d0x);� for W � V , (d � G jW , 8x 2 V nW;dx = ;).Example 1 CSPWe introdu
e a CSP whi
h will be used in several examples throughout the paper.Let us 
onsider the CSP de�ned by:� V = fx; y; zg; 4



� C = fx < y; y < z; z < xg;� var(x < y) = fx; yg, var(y < z) = fy; zg and var(z < x) = fx; zg;� Dx = Dy = Dz = f0; 1; 2g, that is:G = f(x; 0); (x; 1); (x; 2); (y; 0); (y; 1); (y; 2); (z; 0); (z; 1); (z; 2)g;� Tx<y = ff(x; 0); (y; 1)g; f(x; 0); (y; 2)g; f(x; 1); (y; 2)gg,Ty<z = ff(y; 0); (z; 1)g; f(y; 0); (z; 2)g; f(y; 1); (z; 2)gg,Tz<x = ff(x; 1); (z; 0)g; f(x; 2); (z; 0)g; f(x; 2); (z; 1)gg; 4For a given CSP, one is interested in the 
omputation of the solutions (one or allthe solutions). The most na��ve method 
onsists in generating all the tuples from thedomains of variables, then testing them. This generate and test method is 
learlyexpensive for wide domains. So one prefers to redu
e the domains of variable �rst(\test" and generate).To be more pre
ise, to redu
e the domains of variable means to repla
e ea
h Dxby a subset dx of Dx without losing any solution. Su
h dx is 
alled a domain of thevariable x and d = Sx2V (fxg � dx) is 
alled a domain. Dx is merely the greatestdomain of x. In fa
t, domain redu
tion amounts to redu
tion of a domain d.Here, we fo
us on the redu
tion stage. Intuitively, we want all the solutions toremain in the redu
ed domain and we attempt to approximate the smallest domain
ontaining all these solutions. So this domain must be an \approximation" of thesolutions a

ording to an ordering whi
h is exa
tly the subset ordering �.We des
ribe in the next se
tion a model for the 
omputation of su
h approxi-mations.3 Domain redu
tionWe re
all in our formalism a model of the operational semanti
s for the 
omputationof approximations. It will be well suited to de�ne the notions of value removalexplanations. Moreover 
lassi
al results [4, 7, 24℄ are proved again in this model.A way to 
ompute an approximation of the solutions is to asso
iate with the
onstraints a notion of lo
al 
onsisten
y whi
h is expressed here by some lo
al 
onsis-ten
y operators. The type of su
h an operator is (Win ;Wout) with Win ;Wout � V .A lo
al 
onsisten
y operator is applied to the whole domain. But in fa
t, the resultonly depends on a restri
tion of it to a subset of variables Win � V . Only thedomains of the variables of Wout are modi�ed by the appli
ation of this operatora

ording to the domains of the variables of Win . It eliminates from these domainssome values whi
h are in
onsistent with respe
t to the domains of Win and the lo
al
onsisten
y notion used. We introdu
e the use of lo
al 
onsisten
y operators by thefollowing examples.Example 2 Hyper-ar
 
onsisten
yLet 
 2 C with jvar(
)j � 2 and d � G . The property of hyper-ar
 
onsisten
y for
 and d is des
ribed by: 8x 2 var(
);8e 2 dx; 9t 2 T
; t � d and (x; e) 2 t. Now,8e 2 dx; 9t 2 T
; (x; e) 2 t and t � dm8e 2 dx; 9t 2 T
; (x; e) 2 t and t n f(x; e)g � dmdx � fe 2 Dx j 9t 2 T
; (x; e) 2 t and t n f(x; e)g � dgmd � G jV nfxg [ f(x; e) 2 G j 9t 2 T
; (x; e) 2 t and t n f(x; e)g � dg5



This motivates the de�nition of r(d) = G jV nfxg [ f(x; e) 2 G j 9t 2 T
; (x; e) 2 tand t n f(x; e)g � dg. So, we obtain that the property of hyper-ar
 
onsisten
y isequivalent to d � r(d). Here, Wout = fxg and we 
an take Win = var(
) n fxg (ingeneral, var(
) n fxg �Win ). There exist di�erent possibilities to 
hoose r, but forreasons whi
h appear later this one is the most 
onvenient. 4Example 3 Ar
 
onsisten
yAr
 
onsisten
y is a simple and parti
ular 
ase of hyper-ar
 
onsisten
y. Let 
 2 Cwith var(
) = fx; yg and d � G . The property of ar
 
onsisten
y for d is:(1) 8e 2 dx; 9f 2 dy; f(x; e); (y; f)g 2 T
,(2) 8f 2 dy ; 9e 2 dx; f(x; e); (y; f)g 2 T
.We 
an asso
iate with (1) the operator r de�ned by: r(d) = G jV nfxg [ f(x; e) 2 G j9(y; f) 2 d; f(x; e); (y; f)g 2 T
g. It is obvious that (1) , d � r(d). We 
an de�nein the same way an operator asso
iated with (2). 4These examples motivate the following de�nition.De�nition 1 A lo
al 
onsisten
y operator of type (Win ;Wout) with Win ;Wout �V , is a monotoni
 fun
tion r : P(G ) ! P(G ) su
h that: 8d � G ,� r(d)jV nWout = G jV nWout ,� r(d) = r(djWin ) �We 
an note that:� r(d)jV nWout does not depend neither on d, nor on r,� r(d)jWout only depends on djWin ,De�nition 2 We say a domain d is r-
onsistent if d � r(d), that is, djWout �r(d)jWout . �Example 4 Ar
 
onsisten
yLet us 
onsider the 
onstraint x < y and the global domain G de�ned in example 1.For d = G , the property of ar
 
onsisten
y (example 3) is asso
iated with: r1(d) =G jfy;zg [ f(x; 0); (x; 1)g and r2(d) = G jfx;zg [ f(y; 1); (y; 2)g. Note that d is notr1-
onsistent (and so d is not ar
 
onsistent) be
ause (x; 2) 62 r1(d). 4The solver is des
ribed by a set of su
h operators asso
iated with the 
onstraintsof the CSP. We 
an 
hoose more or less a

urate lo
al 
onsisten
y operators forea
h 
onstraint (in general, the more a

urate they are, the more expensive is the
omputation). Any notion of lo
al 
onsisten
y in the framework of domain redu
tionmay be expressed by su
h operators.Redu
tion operators are asso
iated with these operators in order to redu
e thedomains.De�nition 3 The redu
tion operator asso
iated with the lo
al 
onsisten
y operatorr is the monotoni
 and 
ontra
ting fun
tion d 7! d \ r(d). �All the solvers pro
eeding by domain redu
tion may be formalized by operatorswith this form. GNU-Prolog asso
iates with ea
h 
onstraint as many operators asvariables in the 
onstraint (Wout is always a singleton).6



Example 5 Partial ar
 
onsisten
y in GNU-PrologIn GNU-Prolog, these operators are written x in r [10℄, where r is a range depen-dent on the domains of a set of variables. GNU-Prolog has two kinds of lo
al 
on-sisten
y: hyper-ar
 
onsisten
y and partial hyper-ar
 
onsisten
y. The 
onstraintx #= y (partial ar
 
onsisten
y) is implemented by two GNU-Prolog rules x inmin(y)..max(y) and y in min(x)..max(x). The rule x in min(y)..max(y) usesthe lo
al 
onsisten
y operator of type (fyg; fxg) whi
h 
omputes fmin(dy);min(dy)+1; : : : ;max(dy)g where min(dy), max(dy) are respe
tively the smallest and thegreatest value in the domain of y. It is the lo
al 
onsisten
y operator de�nedby r(d)jfxg = f(x; e) j min(dy) � e � max(dy)g. The redu
tion operator asso
iatedwith this lo
al 
onsisten
y operator 
omputes the interse
tion with the domain ofx and is applied by a
tivation of the rule. 4The lo
al 
onsisten
y operators we use must not remove solutions from the CSP.We formalize it by the following de�nition.De�nition 4 A lo
al 
onsisten
y operator r is 
orre
t if, for ea
h d � G , for ea
hsolution t, t � d) t � r(d). �In pra
ti
e, a lo
al 
onsisten
y operator is asso
iated with a 
onstraint of theCSP. Su
h an operator must obviously preserve the solutions of the 
onstraint. Thisis formalized by the next de�nition and lemma.De�nition 5 Let 
 2 C and Wout � var(
). A lo
al 
onsisten
y operator r of type(Win ;Wout ) is 
orre
t with respe
t to the 
onstraint 
 if, for ea
h d � G , for ea
ht 2 T
, t � d) t � r(d). �Lemma 1 If r is 
orre
t with respe
t to 
, then r is 
orre
t.Proof. Let d � G and t � d be a solution of the CSP. tjvar(
) 2 T
,so tjvar(
) � r(d). Moreover tjV nvar(
) � G jV nvar(
) = r(d)jV nvar(
)be
ause Wout � var(
). �Obviously the 
onverse does not hold.Example 6 Partial ar
 
onsisten
y in GNU-PrologThe rule r : x in min(y)..max(y) of example 5 is 
orre
t with respe
t to the
onstraint 
 de�ned by var(
) = fx; yg and T
 = ff(x; e); (y; e)g j e 2 f0; 1; 2gg(Dx = Dy = f0; 1; 2g and 
 is the 
onstraint x = y written, for partial ar
 
onsis-ten
y, x #= y in GNU-Prolog). 4Intuitively, the solver applies the redu
tion operators one by one repla
ing thedomain with the one it 
omputes. The 
omputation stops when a domain of avariable be
omes empty (in this 
ase, there is no solution), or when the redu
tionoperators 
annot redu
e the domain anymore (a 
ommon �x-point is rea
hed).From now on, we denote by R a set of lo
al 
onsisten
y operators (the set oflo
al 
onsisten
y operators asso
iated with the 
onstraints of the CSP). A 
ommon�x-point of the redu
tion operators asso
iated with R starting from a domain d isa domain d0 � d su
h that 8r 2 R, d0 = d0 \ r(d0), that is 8r 2 R, d0 � r(d0). Thegreatest 
ommon �x-point is the greatest d0 � d su
h that 8r 2 R, d0 is r-
onsistent.To be more pre
ise:De�nition 6 The downward 
losure of d by R is maxfd0 � G j d0 � d ^ 8r 2R; d0 � r(d0)g and is denoted by CL # (d;R). �7



Note that CL # (d; ;) = d and CL # (d;R) � CL # (d;R0) if R0 � R.The downward 
losure is the most a

urate set whi
h 
an be 
omputed usinga set of 
orre
t lo
al 
onsisten
y operators in the framework of domain redu
tion.Obviously, ea
h solution belongs to this set. It is easy to 
he
k (see appendix)that CL # (d;R) exists and 
an be obtained by iteration of the operator d0 7!d0 \ Tr2R r(d0). There exists another way to 
ompute CL # (d;R) 
alled 
haoti
iteration that we are going to re
all.The following de�nition is taken up to Apt [3℄.A run is an in�nite sequen
e of operators of R, that is, a run asso
iates withea
h i 2 IN (i � 1) an element of R denoted by ri. A run is fair if ea
h r 2 Rappears in it in�nitely often, that is, 8r 2 R; fi j r = rig is in�nite.De�nition 7 The downward iteration of the set of lo
al 
onsisten
y operators Rfrom the domain d � G with respe
t to the run r1; r2; : : : is the in�nite sequen
ed0; d1; d2; : : : indu
tively de�ned by:1. d0 = d;2. for ea
h i 2 IN, di+1 = di \ ri+1(di).Its limit is \i2INdi.A 
haoti
 iteration is an iteration with respe
t to a fair run. �Note that an iteration starts from a domain d whi
h 
an be di�erent from G .This is more general and 
onvenient for a lot of appli
ations (dynami
 aspe
ts of
onstraint programming for example).The operator d0 7! d0\Tr2R r(d0) may redu
e more domains of variable at ea
hstep than a r alone. But the 
omputations are more intri
ate and some 
an beuseless. In pra
ti
e 
haoti
 iterations are preferred, they pro
eed by elementarysteps, using only one lo
al 
onsisten
y operator at ea
h step. The next well-knownresult of 
on
uen
e [4, 11℄ ensures that any 
haoti
 iteration rea
hes the 
losure.Note that, sin
e � is a well-founded ordering (i.e. G is a �nite set), every iterationfrom d � G (obviously de
reasing) is stationary, that is, 9i 2 IN;8j � i; dj = di.Lemma 2 The limit of every 
haoti
 iteration of the set of lo
al 
onsisten
y oper-ators R from d � G is the downward 
losure of d by R.Proof. Let d0; d1; d2; : : : be a 
haoti
 iteration of R from d with respe
tto r1; r2; : : :. Let d! be the limit of the 
haoti
 iteration.[CL # (d;R) � d!℄ For ea
h i, CL # (d;R) � di, by indu
tion: CL #(d;R) � d0 = d. Assume CL # (d;R) � di, CL # (d;R) � ri+1(CL #(d;R)) � ri+1(di) by monotoni
ity. Thus, CL # (d;R) � di \ ri+1(di) =di+1.[d! � CL # (d;R)℄ There exists k 2 IN su
h that d! = dk be
ause � is awell-founded ordering. The run is fair, hen
e dk is a 
ommon �x-point ofthe set of redu
tion operators asso
iated with R, thus dk � CL # (d;R)(the greatest 
ommon �x-point). �In�nite runs and fairness are a 
onvenient theoreti
al notion to state the previouslemma. Every 
haoti
 iteration is stationary, so in pra
ti
e the 
omputation endswhen a 
ommon �x-point is rea
hed. Moreover, implementations of solvers usevarious strategies in order to determine the order of invo
ation of the operators.These strategies are used to optimize the 
omputation, but this is out of the s
opeof this paper.In pra
ti
e, when a domain of variable be
omes empty, we know that there is nosolution, so an optimization 
onsists in stopping the 
omputation before the 
losureis rea
hed. In this 
ase, we say that we have a failure iteration.8



We have re
alled here a model of the operational semanti
s for the solvers on�nite domains using domain redu
tion. This model is language independent andgeneral enough to be applied to di�erent solvers. Furthermore it allows us to de�nea notion of explanation.Sometimes, when the domain of a variable be
omes empty or when a value issimply removed from a domain of a variable, the user wants an explanation of thisphenomenon [2, 19℄. The 
ase of failure is the parti
ular 
ase where all the valuesare removed. It is the reason why the basi
 event here is a value withdrawal. Letus 
onsider a 
haoti
 iteration, and let us assume that at a step a value is removedfrom the domain of a variable. In general, all the operators used from the beginningof the iteration are not ne
essary to explain the value withdrawal. It is possible toexplain the value withdrawal by a subset of these operators su
h that every 
haoti
iteration using this subset of operators removes the 
onsidered value.We 
an de�ne an explanation set [9℄, whi
h is a set of operators responsible fora value withdrawal during a 
omputation starting from a �xed domain d.De�nition 8 Let h 2 G and d � G . We 
all an explanation set for h wrt d a setof lo
al 
onsisten
y operators E � R su
h that h 62 CL # (d;E). �Sin
e E � R;CL # (d;R) � CL # (d;E). So an explanation set E is independentof any 
haoti
 iteration with respe
t to R in the sense of: if the explanation set isresponsible for a value withdrawal then whatever the 
haoti
 iteration used is, thevalue will always be removed.Note that when h 62 d, then the empty set is an explanation set for h. For someappli
ations (as debugging for example), we need a notion of explanation whi
h is�ner than explanation set. We are interested in the dependen
y between the valuesand the operators. This will be the purpose of se
tion 5, but before we need toasso
iate systems of rules with the operators.4 Dedu
tion rulesThe appli
ation of a lo
al 
onsisten
y operator 
an be 
onsidered as a basi
 event.But for the notion of explanation, we need to be more pre
ise. So in this se
tion,we attempt to explain in detail the appli
ation of a lo
al 
onsisten
y operator.Note that we are interested by the value withdrawal, that is, when a value is notin a domain but in its 
omplementary. So we 
onsider this 
omplementary and the\duals" of the lo
al 
onsisten
y operators. In this way, at the same time we redu
ethe domain, we build its 
omplementary. We asso
iate rules systems (indu
tivede�nition) with these dual operators. These rules will be the 
onstru
tors of theexplanations.First we need some notations. Let d = G n d. In order to help the understand-ing, we always use the notation d for a subset of G if intuitively it denotes the
omplementary of a domain.De�nition 9 Let r be an operator, we denote by er the dual of r (see [1℄) de�nedby: 8d � G ; er(d) = r(d). �We need to 
onsider sets of su
h operators as for lo
al 
onsisten
y operators.Let eR = fer j r 2 Rg. The upward 
losure of d by eR, denoted by CL " (d; eR) existsand is the least d0 su
h that d � d0 and 8r 2 R, er(d0) � d0 (see appendix).Next lemma establishes the 
orresponden
e between downward 
losure of lo
al
onsisten
y operators and upward 
losure of their duals.Lemma 3 CL " (d; eR) = CL # (d;R). 9



Proof. dedu
ed from appendix. �In the same way we de�ned a downward iteration of a set of operators from adomain, we de�ne an upward iteration of a set of dual operators.The upward iteration of eR from d � G with respe
t to er1; er2; : : : is the in�nitesequen
e Æ0; Æ1; Æ2; : : : indu
tively de�ned by:1. Æ0 = d,2. Æi+1 = Æi [gri+1(Æi).We 
an rewrite the se
ond item: Æi+1 = Æi [ ri+1(Æi), that is, we add to Æi theelements of Æi removed by ri+1.If we 
onsider the downward iteration from d with respe
t to r1; r2; : : :, then thelink between the downward and the upward iteration 
learly appears by noting that:Æi [ gri+1(Æi) = di \ ri+1(di), that is, Æi+1 = di+1, and [j2INÆj = CL " (d; eR) =CL # (d;R) = \j2INdi.We have shown two points of view for the redu
tion of a domain d with respe
tto a run r1; r2; : : :. In the previous se
tion, we 
onsidered the redu
ed domain, butin this se
tion, we 
onsider the 
omplementary of this redu
ed domain, that is, theset of elements removed of the domain.Now, we asso
iate rules (in the sense of [1℄, see appendix) with these dual op-erators. These rules are natural to build the 
omplementary of a domain and wellsuited to provide proof trees.De�nition 10 A dedu
tion rule of type (Win ;Wout) is a rule h  B su
h thath 2 G jWout and B � G jWin . �A dedu
tion rule h  B 
an be understood as follow: if all the elements of Bare removed from the domain, then h does not parti
ipate in any solution of theCSP and we 
an remove it.For ea
h operator r 2 R of type (Win ;Wout), we denote by Rr a set of dedu
tionrules of type (Win ;Wout ) whi
h de�nes er, that is, Rr is su
h that: er(d) = fh 2 G j9B � d; h  B 2 Rrg. For ea
h operator, this set of dedu
tion rules exists (seelemma 5 in appendix). There exists possibly many su
h sets, but in general one isnatural in our 
ontext (see examples).We provide illustrations of this model on di�erent 
onsisten
y examples. Let usbegin with the base 
ase of ar
 
onsisten
y.Example 7 Ar
 
onsisten
yLet us 
onsider the lo
al 
onsisten
y operator r de�ned in example 3 by:r(d) = G jV nfxg [ f(x; e) 2 G j 9(y; f) 2 d; f(x; e); (y; f)g 2 T
g.So er(d) = r(d) = f(x; e) 2 G j 8(y; f) 2 d; f(x; e); (y; f)g 62 T
g.Let B(x;e) = f(y; f) j f(x; e); (y; f)g 2 T
g. Then,B(x;e) � d , 8(y; f) 2 G ; [f(x; e); (y; f)g 2 T
 ) (y; f) 2 d℄, 8(y; f) 2 G ; [(y; f) 2 d) f(x; e); (y; f)g 62 T
℄, 8(y; f) 2 d; f(x; e); (y; f)g 62 T
So er(d) = f(x; e) 2 G j B(x;e) � dg.Finally, er is de�ned by Rr = f(x; e) B(x;e) j (x; e) 2 dg. 4Example 8 Ar
 
onsisten
yLet us 
onsider the CSP of examples 1 and 4. Two lo
al 
onsisten
y operators areasso
iated with the 
onstraint x < y: r1 of type (fyg; fxg) and r2 of type (fxg; fyg).The set of dedu
tion rulesRr1 asso
iated with r1 
ontains the three dedu
tion rules:10



� (x; 0) f(y; 1); (y; 2)g� (x; 1) f(y; 2)g� (x; 2) ; 4Note that for x 2 var(
), if (x; e) 2 G jfxg does not appear in any tuple of T
,then we have the trivial dedu
tion rule (x; e) ; (sometimes 
alled a fa
t).Example 9 Partial ar
 
onsisten
y in GNU-PrologLet us 
onsider the rule x in min(y)..max(y) of example 5 asso
iated with the
onstraint of GNU-Prolog x #= y. This rule is des
ribed by the lo
al 
onsisten
yoperator r of type (fyg; fxg) de�ned by: r(d)jWout = f(x; e) 2 G j min(dy) � e �max(dy)g. Then,er(d) = r(d)= f(x; e) 2 G j e < min(dy) or max(dy) > eg= f(x; e) 2 G j e < min(dy)g [ f(x; e) 2 G j max(dy) > ege < min(dy) , 8f 2 dy; e < f, 8(y; f) 2 G ; [(y; f) 2 d) e < f ℄, 8(y; f) 2 G ; [e � f ) (y; f) 2 d℄, Bmin(x;e) � d with Bmin(x;e) = f(y; f) 2 G j e � fgIn the same way, we 
an prove:max(dy) < e , Bmax(x;e) � d with Bmax(x;e) = f(y; f) 2 G j f � egThen er(d) = f(x; e) 2 G j Bmin(x;e) � dg [ f(x; e) 2 G j Bmax(x;e) � dg. So er is de�ned bythe two kinds of dedu
tion rules:� (x; e) Bmin(x;e)� (x; e) Bmax(x;e) 4In the framework of hyper-ar
 
onsisten
y, the tuples may 
ontain more thantwo variables. For a 
onstraint 
 2 C and a variable x 2 var(
), if one value of ea
htuple 
ontaining (x; e) has disappeared of the domain, then (x; e) 
an be removedfrom the domain. For (x; e), we have as many dedu
tion rules as possibilities totake one element (ex
ept (x; e)) in ea
h tuple of T
 
ontaining (x; e).Example 10 Hyper-ar
 
onsisten
yLet us 
onsider the lo
al 
onsisten
y operator r de�ned in example 2 by: r(d) =G jV nfxg [ f(x; e) 2 G j 9t 2 T
; (x; e) 2 t and t n f(x; e)g � dg. Then,er(d) = r(d)= f(x; e) 2 G j 8t 2 T
; (x; e) 62 t or t n f(x; e)g 6� dg= f(x; e) 2 G j 8t 2 T
; (x; e) 62 t or 9h 2 t n f(x; e)g; h 62 dg= f(x; e) 2 G j 8t 2 T
; 9h 2 t n f(x; e)g; (x; e) 62 t or h 62 dg= f(x; e) 2 G j 8t 2 T
; 9h 2 t n f(x; e)g; (x; e) 2 t) h 2 dgWe denote by Choi
e the set of all the fun
tions g de�ned on T
 and su
h that8t 2 T
; g(t) 2 t n G jfxg . Then,er(d) = f(x; e) 2 G j 9g 2 Choi
e;8t 2 T
; (x; e) 2 t) g(t) 2 dg= Sg2Choi
ef(x; e) 2 G j 8t 2 T
; (x; e) 2 t) g(t) 2 dg= Sg2Choi
ef(x; e) 2 G j fg(t) j t 2 T
 and (x; e) 2 tg � dgThen, with B(x; e; g) = fg(t) j t 2 T
 and (x; e) 2 tg,er(d) = Sg2Choi
ef(x; e) 2 G j B(x; e; g) � dgThat is, er is de�ned by the set of dedu
tion rules (x; e) B(x; e; g) where (x; e) 2 Gand g 2 Choi
e. 411



Note that for the parti
ular 
ase of ar
 
onsisten
y, Choi
e 
ontains only onefun
tion 
hara
terized by: 8t 2 T
; t = f(x; e); g(t)g. So B(x; e; g) 
an be denotedby B(x; e) as in example 7.Example 10 is the general 
ase of hyper-ar
 
onsisten
y, the next example is anappli
ation of it.Example 11 Hyper-ar
 
onsisten
y in GNU-PrologLet us 
onsider the 
onstraint \x #=# y+z" (full hyper-ar
 
onsisten
y) in GNU-Prolog. It is implemented by the three GNU-Prolog rules:� x in dom(y)+dom(z)� y in dom(x)-dom(z)� z in dom(x)-dom(y)Let G = f(x; 3); (y; 1); (y; 2); (z; 1); (z; 2)g. A

ording to the previous example, we
an asso
iate with x in dom(y)+dom(z) a lo
al 
onsisten
y operator r su
h that eris de�ned by a set of dedu
tion rules R.We 
an eliminate (x; 3) from d if for ea
h tuple 
ontaining (x; 3), one value amongtwo (for y and z) is removed from d. (x; 3) appears in two tuples: t1 = f(x; 3); (y; 1); (z; 2)gand t2 = f(x; 3); (y; 2); (z; 1)g. Then there exists four 
hoi
e fun
tions:� f1 su
h that f1(t1) = (y; 1) and f1(t2) = (y; 2);� f2 su
h that f2(t1) = (y; 1) and f2(t2) = (z; 1);� f3 su
h that f3(t1) = (z; 2) and f3(t2) = (y; 2);� f4 su
h that f4(t1) = (z; 2) and f4(t2) = (z; 1);Then R 
ontains the four dedu
tion rules:� (x; 3) f(y; 1); (y; 2)g� (x; 3) f(y; 1); (z; 1)g� (x; 3) f(y; 2); (z; 2)g� (x; 3) f(z; 1); (z; 2)g 45 Value withdrawal explanationsIn this se
tion, we re
all the de�nition of proof trees [1℄ (some de�nitions abouttrees are re
alled in appendix), then we extra
t from a proof tree a set of lo
al
onsisten
y operator. We prove that this set is an explanation set. Finally, webuild proof trees from a 
haoti
 iteration and we state some important propertiesfor our notion of explanations.First, we use the dedu
tion rules in order to build proof trees. We 
onsiderthe set of all the dedu
tion rules for all the lo
al 
onsisten
y operators r 2 R: letR = [r2RRr.We use the same notations as in appendix: 
ons(h; T ) is the tree de�ned by: his the label of its root and T the set of its sub-trees. The label of the root of a treet is denoted by root(t). Let us re
all the de�nition of a proof tree for an indu
tivede�nition (set of rules). 12



(x; 0)(y; 1)(z; 2) (y; 2) (x; 0)(y; 1)(x; 0) (y; 2) (x; 0)
Figure 1: Proof trees for (x; 0)De�nition 11 A proof tree with respe
t to R is indu
tively de�ned by: 
ons(h; T )is a proof tree if h froot(t) j t 2 Tg 2 R and T is a set of proof trees with respe
tto R. �Our set of dedu
tion rules is not 
omplete: we must take the initial domain intoa

ount. If we 
ompute a downward 
losure from the global domain G , then its
omplementary is the empty set (in this 
ase, R is 
omplete). But if we 
ompute adownward 
losure from a domain d � G , then its dual upward 
losure starts withd. We need to add fa
ts (rules with an empty body) in order to dire
tly dedu
e theelements of d: let Rd = fh ; j h 2 dg. The next theorem ensures that, with thisnew set of dedu
tion rules, we 
an build proof trees for ea
h element of CL " (d; eR).Theorem 1 CL # (d;R) is the set of the roots of proof trees with respe
t to R[Rd.Proof. by lemma 6 in appendix. �Example 12 Proof treesLet us 
onsider the CSP de�ned in example 1 (
ontinued in examples 4 and 8). Sixlo
al 
onsisten
y operators are asso
iated with the 
onstraints of the CSP:� r1 of type (fyg; fxg) and r2 of type (fxg; fyg) for x < y.� r3 of type (fzg; fyg) and r4 of type (fyg; fzg) for y < z.� r5 of type (fzg; fxg) and r6 of type (fxg; fzg) for z < x.Figure 1 shows three di�erent proof trees rooted by (x; 0). For example, the �rst onesays: (x; 0) may be removed from the domain if (y; 1) and (y; 2) may be removedfrom the domain (thanks to a dedu
tion rule of Rr2). (y; 1) may be removed fromthe domain if (z; 2) may be removed from the domain (thanks to Rr4). (y; 2) and(z; 2) may be removed from the domain without any 
ondition (thanks to Rr4 andRr6). 4Ea
h dedu
tion rule used in a proof tree 
omes from a pa
ket of dedu
tion rules,either a pa
ket Rr de�ning a lo
al 
onsisten
y operator r, or the pa
ket Rd. We
an asso
iate sets of lo
al 
onsisten
y operators with a proof tree.De�nition 12 Let t be a proof tree. A set of lo
al 
onsisten
y operators asso
iatedwith t is a set X su
h that, for ea
h node of t: let h be the label of the node and Bthe set of labels of its 
hildren:� either h 62 d and B = ;;� or there exists r 2 X;h B 2 Rr. �13



Note that there exist several sets asso
iated with a proof tree be
ause, for ex-ample, a dedu
tion rule may appear in several pa
kets or ea
h super-set is also
onvenient. It is important to re
all that the root of a proof tree does not belongto the 
losure of d by the set of lo
al 
onsisten
y operators. So there exists anexplanation set (de�nition 8) for this value. The biggest one is the whole set R oflo
al 
onsisten
y operators, but we prove in the next theorem that the sets de�nedabove are also explanation sets for this value. In fa
t, su
h a set of operators isresponsible for the withdrawal of the root of the tree:Theorem 2 If t is a proof tree, and X a set of lo
al 
onsisten
y operators asso
iatedwith t, then X is an explanation set for root(t).Proof. By theorem 1. �We proved that we 
an �nd explanation sets in proof trees. So it remains to �ndproof trees. We are going to show that some proof trees are \
omputed" by 
haoti
iterations, but it is important to note that some proof trees do not 
orrespond toany 
haoti
 iteration. We are interested in the proof trees whi
h 
an be dedu
edfrom a 
omputation.Example 13 Proof trees and 
haoti
 iterationThe �rst and third proof trees of �gure 1 
orrespond to some 
haoti
 iterations.But the se
ond one does not 
orrespond to any (be
ause (x; 0) 
ould not disappeartwi
e). 4From now on, we 
onsider a �xed 
haoti
 iteration d = d0; d1; : : : ; di; : : : ofR with respe
t to the run r1; r2; : : :. In this 
ontext we 
an asso
iate with ea
hh 62 CL # (d;R), one and only one integer i � 0. This integer is the step in the
haoti
 iteration where h is removed from the domain.De�nition 13 Let h 62 CL # (d;R). We denote by step(h), either the integer i � 1su
h that h 2 di�1 n di, or the integer 0 if h 62 d = d0. �A 
haoti
 iteration 
an be seen as the in
rementaly 
onstru
tion of proof trees.We de�ne the set of proof trees Si whi
h 
an be built at a step i 2 IN. Obviously,before any 
omputation, it only 
ontains the trees redu
ed to a leaf rooted by anelement whi
h is not in d. At ea
h step, we build the new trees with the trees of theprevious steps and the lo
al 
onsisten
y operator used at this step. More formally,the family (Si)i2IN is de�ned by:� S0 = f
ons(h; ;) j h 62 dg,� Si+1 = Si [ f
ons(h; T ) j h 2 di; T � Si; h froot(t) j t 2 Tg 2 Rri+1g.We prove that the roots of the trees of Si are exa
tly the elements removed fromthe domain at a step j � i of the 
haoti
 iteration.Lemma 4 froot(t) j t 2 Sig = di.Proof. By indu
tion on i: S0 obviously 
he
ks this property.We suppose froot(t) j t 2 Sig = di and we prove1. froot(t) j t 2 Si+1g � di+1. Let h be the root of t su
h thatt 2 Si+1. There exists two 
ases:� t 2 Si, then h 2 di, then h 2 di+1 be
ause di � di+1.� t 62 Si. There exists h  B 2 Rri+1 ; h 2 di and 8b 2 B; b =root(tb); tb 2 Si. So b 2 di, thus h 2 gri+1(di) = ri+1(di) �di+1. 14



2. di+1 � froot(t) j t 2 Si+1g. Let h 2 di+1. There exists two 
ases:� h 2 di, then h 2 froot(t) j t 2 Sig � froot(t) j t 2 Si+1g.� h 2 di, then h 2 gri+1(di), then 9h  B 2 Rri+1 and 8b 2B; b 2 di. So there is a T su
h that B = froot(t) j t 2 Tg and
ons(h; T ) 2 Si+1, that is, h 2 froot(t) j t 2 Si+1g. �The previous lemma is reformulated in the following 
orollary whi
h ensuresthat ea
h element removed from d during a 
haoti
 iteration is the root of a tree of[i2INSi.Corollary 1 froot(t) j t 2 [i2INSig = CL # (d;R).Proof.froot(t) j t 2 [i2INSig = [i2INfroot(t) j t 2 Sig= [i2INdi by lemma 4= \i2INdi= CL # (d;R) �This 
orollary is important be
ause it ensures that, whatever the 
haoti
 itera-tion used is, we 
an in
rementaly 
ompute the proof trees for ea
h element whi
his not in the 
losure. All proof trees do not 
orrespond to a 
haoti
 iteration, butfor ea
h root of a proof tree we 
an �nd (in [i2INSi) a proof tree rooted by thesame element whi
h 
orrespond to the 
haoti
 iteration. Consequently, we will 
allexplanation a proof tree and 
omputed explanation a proof tree of [i2INSi.From a proof tree, we 
an obtain the lo
al 
onsisten
y operators used thanksto the fun
tion step. Let t 2 [i2INSi, so a

ording to de�nition 12 and theorem 2,the set of lo
al 
onsisten
y operators frstep((x;e)) j (x; e) has an o

urren
e in t andstep((x; e)) > 0g is an explanation set for root(t). From a theoreti
al point of view,the fundamental obje
t is the explanation t.6 Con
lusionThis paper has laid theoreti
al foundations of value withdrawal explanations in theframework of 
haoti
 iteration. We were interested in domain redu
tion for �nitedomains. But this work 
ould be extended to interval 
onstraints [8℄: our approa
his general enough for any notion of lo
al 
onsisten
y and the domain is a (�nite) setof 
oating point values. Furthermore, labeling 
ould be in
luded in this frameworkif we 
onsider it as 
onstraint addition. But dynami
 aspe
ts are not in the s
opeof this paper, the fo
us is on pure domain redu
tion by 
haoti
 iterations.Domain redu
tion 
an be 
onsidered as a parti
ular 
ase of 
onstraint redu
tion[3℄ be
ause domains 
an be seen as unary 
onstraints. This work 
ould also beextended to 
onstraint redu
tion. To extend G , it would be enough to 
onsider theset of all possible tuples for the 
onstraints of the CSP. The operators should thenredu
e this set, that is remove tuples from the 
onstraints.First, we have shown how ea
h solver based on some notions of lo
al 
onsisten
y
an be des
ribed in our formalism in term of lo
al 
onsisten
y operators. In systemslike GNU-Prolog, these operators 
orrespond to the implementation of the solver(the X in r s
heme [10, 12℄). The asso
iated redu
tion operators redu
e the do-mains of variables a

ording to a 
onstraint and a notion of lo
al 
onsisten
y. Theorder of appli
ation of these operators depends on the strategy used by the solver.15



But the notion of 
haoti
 iteration ensures to always rea
h the same redu
ed do-mains: the 
losure of the domains by this set of operators. From this formalizationof domain redu
tion, we have de�ned explanation sets. An explanation set for avalue withdrawal is a set of lo
al 
onsisten
y operators su
h that the value does notbelong to the 
losure of the domain by any super-set of the explanation set. Fromthis set one 
an �nd the 
onstraints asso
iated to the operators. An explanationset is then independent of any 
omputation. If C is the set of 
onstraints asso
iatedto the operators of an explanation set for a value v of a variable x, then there doesnot exist any solution of C whi
h assign v to x.In other works, CSP resolution is des
ribed by 
onsidering the redu
ed domainsinstead of the removed values. Indeed, users are interested in the solutions (whi
hbelong to the redu
ed domains) and the removed values are forgotten. So a naturalview of domain redu
tion is to 
onsider the values whi
h remains in the domains.But this does not re
e
t the solver me
hanism. The solver keeps in the domains val-ues for whi
h it 
annot prove that they do not belong to a solution (in
ompletenessof solvers). In other words, it 
omputes proof only for value removals. So, we 
laimthat domain redu
tion is based on negative information and we have des
ribed itfrom the natural view point of removed values.Note that by 
onsidering d in pla
e of d we reverse an ordering: d � d0 , d0 � d.This inversion must not be mistaken for another inversion: the inverse ordering �de�ned by d0 � d , d � d0 i.e. d gives more information that d0, the least �x-point of an operator be
omes the greatest �x-point of the same operator (and vi
eversa). To 
hoose � or � is just a matter of taste. But in this paper we do notuse the same idea: we 
annot freely 
hoose the ordering be
ause it is only for the� ordering that the least �x-point of an operator is a set of proof tree roots. Here,the 
omplementary of a greatest �x-point be
omes a least �x-point by the use ofdual operators.A monotoni
 operator 
an always be de�ned by a set of rules in the sense ofindu
tive de�nitions of [1℄. We have shown that there always exists su
h a systemwhi
h has a natural formulation for 
lassi
al notions of 
onsisten
y (partial andhyper-ar
 
onsisten
y of GNU-Prolog for example). These rules express a valueremoval as a 
onsequen
e of other value removals. A notion of explanation, morepre
ise than explanation sets, has been de�ned: the linking of these rules allowsto indu
tively de�ne proof trees. These proof trees explain the removal of a value(the root of the tree), so we 
alled them value withdrawal explanations. Finallywe have shown how to build in
rementaly a proof tree from a 
haoti
 iteration, inother words, how to obtain an explanation from a 
omputation.There already exists another explanation tree notion de�ned in [15℄ but it ex-plains solutions obtained by inferen
e in a parti
ular 
ase. In [15℄ the problem isassumed to have only one solution and the resolution of the problem must not re-quire any sear
h. The inferen
e rules used to build explanations are de�ned thanksto 
liques of disequalities.There exists another formalization of solvers by domain redu
tion in terms ofrules in [5℄. The body of su
h a rule 
ontains positive information (that is themembership of a domain) and the head 
ontains negative information (that is nonmembership of a domain). So they have not the appropriate form to indu
tivelyde�ne proof trees. Furthermore, the s
ope of these rules is to des
ribe a new form of
onsisten
y 
alled rule 
onsisten
y. This 
onsisten
y 
oin
ides with ar
 
onsisten
yin some 
ases and has been implemented thanks to Constraint Handling Rules[16℄.In this paper semanti
s is based, as in logi
 programming, on indu
tive notionsof �x-points and proof trees. But semanti
s is here negative. In logi
 programming,logi
al 
onsequen
es of a program are proved, whereas we obtain, in our framework,proof of removals. It is important to note that the proof of value removals des
ribedthe domain redu
tion. Then value withdrawal explanations 
an be 
onsidered as16



the essen
e of domain redu
tion.Explanation sets have been proved useful in many appli
ations: dynami
 
on-straint satisfa
tion problems [25℄, over-
onstrained problems [6℄, dynami
 ba
ktra
k-ing [9, 17℄, . . . ).Explanations may be an interesting notion for the debugging of 
onstraints pro-grams (already used for failure analysis in [20℄). Constraints programs are not easyto debug be
ause they are not algorithmi
 programs [22℄. Negative semanti
s pro-vided by explanations 
an be a useful tool for debugging. An approa
h of 
onstraintprogram debugging 
onsists in 
omparing expe
ted semanti
s (what the user wantto obtain) with the a
tual semanti
s (what the solver has 
omputed). The symp-toms, whi
h express the di�eren
es between the two semanti
s, 
an be either awrong answer, or a missing answer. The role of diagnosis is then to lo
ate the error(for example an erroneous 
onstraint) from a symptom. In logi
 programming, it iseasier to understand a wrong answer than a missing answer be
ause a wrong answeris a logi
al 
onsequen
e of the program then there exists a proof of it (whi
h shouldnot exist). Here, it is easier to understand missing answer be
ause explanationsare proof of value removals. Explanations provide us with a de
larative view of the
omputation and we plan to use their tree stru
ture to adapt de
larative diagnosis[26℄ to 
onstraint programming.In [14℄ a framework for de
larative debugging was des
ribed for the CLP s
heme[18℄. Symptom and error are 
onne
ted via some kind of proof tree using 
lauses ofthe program. The diagnosis amounts to sear
h for a kind of minimal symptom inthe tree. In [14℄, the solver was only seen as a (possibly in
omplete) test of unsatis-�ability (well-behaved solver of [18℄) so 
onstraint solving was not fully taken intoa

ount. But, for CLP in �nite domains, 
onstraint solving involves domain redu
-tion for whi
h we have de�ned in this paper another kind of proof tree: explanationtrees. In a future work we plan to integrate these two kinds of proof trees in orderto have �ner 
onne
tions between symptom and error.A
knowledgmentsThis paper has bene�tted from works and dis
ussions with Patri
e Boizumault andNarendra Jussien.Referen
es[1℄ P. A
zel. An introdu
tion to indu
tive de�nitions. In J. Barwise, editor, Hand-book of Mathemati
al Logi
, volume 90 of Studies in Logi
 and the Foundationsof Mathemati
s, 
hapter C.7, pages 739{782. North-Holland Publishing Com-pany, 1977.[2℄ A. Aggoun, F. Bueno, M. Carro, P. Deransart, M. Fabris, W. Drabent, G. Fer-rand, M. Hermenegildo, C. Lai, J. Lloyd, J. Ma luszy�nski, G. Puebla, andA. Tessier. CP debugging needs and tools. In M. Kamkar, editor, Interna-tional Workshop on Automated Debugging, volume 2 of Link�oping Ele
troni
Arti
les in Computer and Information S
ien
e, pages 103{122, 1997.[3℄ K. R. Apt. The essen
e of 
onstraint propagation. Theoreti
al Computer S
i-en
e, 221(1{2):179{210, 1999.[4℄ K. R. Apt. The role of 
ommutativity in 
onstraint propagation algorithms.ACM TOPLAS, 22(6):1002{1034, 2000.17



[5℄ K. R. Apt and E. Monfroy. Automati
 generation of 
onstraint propagationalgorithms for small �nite domains. In Constraint Programming CP'99, number1713 in Le
ture Notes in Computer S
ien
e, pages 58{72. Springer-Verlag, 1999.[6℄ V. Bari
hard and N. Jussien. The PaLM system: explanation-based 
onstraintprogramming. In Pro
eedings of TRICS: Te
hniques foR Implementing Con-straint programming Systems, a post-
onferen
e workshop of CP 2000, pages118{133, 2000.[7℄ F. Benhamou. Heterogeneous 
onstraint solving. In M. Hanus andM. Rofr��guez-Artalejo, editors, International Conferen
e on Algebrai
 andLogi
 Programming, volume 1139 of Le
ture Notes in Computer S
ien
e, pages62{76. Springer-Verlag, 1996.[8℄ F. Benhamou and W. J. Older. Applying interval arithmeti
 to real, integerand boolean 
onstraints. Journal of Logi
 Programming, 32(1):1{24, 1997.[9℄ P. Boizumault, R. Debruyne, and N. Jussien. Maintaining ar
-
onsisten
ywithin dynami
 ba
ktra
king. In Prin
iples and Pra
ti
e of Constraint Pro-gramming (CP 2000), number 1894 in Le
ture Notes in Computer S
ien
e,pages 249{261. Springer-Verlag, 2000.[10℄ P. Codognet and D. Diaz. Compiling 
onstraints in 
lp(fd). Journal of Logi
Programming, 27(3):185{226, 1996.[11℄ P. Cousot and R. Cousot. Automati
 synthesis of optimal invariant asser-tions mathemati
al foundation. In Symposium on Arti�
ial Intelligen
e andProgramming Languages, volume 12(8) of ACM SIGPLAN Not., pages 1{12,1977.[12℄ Y. Deville, V. Saraswat, and P. Van Hentenry
k. Constraint pro
essing in

(fd). Draft, 1991.[13℄ G. Ferrand, W. Lesaint, and A. Tessier. Value withdrawal explanation in CSP.In Pro
eedings of the Fourth International Workshop on Automated Debugging,2000. http://xxx.lanl.gov/html/
s/0010035.[14℄ G. Ferrand and A. Tessier. De
larative diagnosis in the CLP s
heme. InP. Deransart, M. Hermenegildo, and J. Ma luszy�nski, editors, Analysis andVisualisation Tools for Constraint Programming, volume 1870 of Le
ture Notesin Computer S
ien
e, 
hapter 5, pages 151{176. Springer-Verlag, 2000.[15℄ E. C. Freuder, C. Likitvivatanavong, and R. J. Walla
e. A 
ase study inexplanation and impli
ation. In CP 00 Workshop on Analysis and Visualizationof Constraint Programs and Solvers, 2000.[16℄ T. Fr�uhwirth. Constraint handling rules. In A. Podelski, editor, ConstraintProgramming: Basi
s and Trends, volume 910 of Le
ture Notes in ComputerS
ien
e, pages 90{107. Springer-Verlag, 1995.[17℄ M. Ginsberg. Dynami
 ba
ktra
king. Journal of Arti�
ial Intelligen
e Re-sear
h, 1:25{46, 1993.[18℄ J. Ja�ar, M. J. Maher, K. Marriott, and P. J. Stu
key. Semanti
s of 
onstraintlogi
 programs. Journal of Logi
 Programming, 37(1-3):1{46, 1998.[19℄ N. Jussien. Relaxation de Contraintes pour les Probl�emes dynamiques. PhDthesis, Universit�e de Rennes 1, 1997.18



[20℄ N. Jussien and S. Ouis. User-friendly explanations for 
onstraint programming.In ICLP'01 11th Workshop on on Logi
 Programming Environments, 2001.[21℄ K. Marriott and P. J. Stu
key. Programming with Constraints: An Introdu
tion.MIT Press, 1998.[22℄ M. Meier. Debugging 
onstraint programs. In U. Montanari and F. Rossi, ed-itors, International Conferen
e on Prin
iples and Pra
ti
e of Constraint Pro-gramming, volume 976 of Le
ture Notes in Computer S
ien
e, pages 204{221.Springer-Verlag, 1995.[23℄ U. Montanari. Networks of 
onstraints: Fundamental properties and appli
a-tions to pi
ture pro
essing. Information S
ien
es, 7(2):95{132, 1974.[24℄ U. Montanari and F. Rossi. Constraint relaxation may be perfe
t. Arti�
ialIntelligen
e, 48:143{170, 1991.[25℄ T. S
hiex and G. Verfaillie. Nogood Re
ording fot Stati
 and Dynami
 Con-straint Satisfa
tion Problems. International Journal of Arti�
ial Intelligen
eTools, 3(2):187{207, 1994.[26℄ E. Y. Shapiro. Algorithmi
 Program Debugging. ACM Distinguished Disserta-tion. MIT Press, 1982.[27℄ E. Tsang. Foundations of Constraint Satisfa
tion. A
ademi
 Press, 1993.[28℄ M. H. Van Emden. Value 
onstraints in the CLP s
heme. In International Logi
Programming Symposium, post-
onferen
e workshop on Interval Constraints,1995.[29℄ P. Van Hentenry
k. Constraint Satisfa
tion in Logi
 Programming. Logi
 Pro-gramming. MIT Press, 1989.A AppendixWe re
all here some basi
 notions about monotoni
 operators, 
losures, rules andproof trees [1℄, adapted to our set theoreti
al framework.Let r : P(E)! P(E) be a monotoni
 operator and F � E.fX � E j F � X and r(X) � Xg has a minimum (least element wrt �), be
ausethe monotoni
 operator X 7! F [ r(X) has a least �x-point whi
h is also the leastX su
h that F [ r(X) � X .minfX � E j F � X and r(X) � Xg is the upward 
losure of F by r and it isdenoted by CL " (F; r).In the same way (or by duality) maxfX � E j X � F and X � r(X)g exists, itis the downward 
losure of F by r and it is denoted by CL # (F; r).er, the dual of r, is the (monotoni
) operator de�ned by er(X) = r(X) whereX = E �X .It is easy to 
he
k that CL " (F; r) is maxfX � E j X � F and X � er(X)g, soCL " (F; r) = CL # (F ; er).Sin
e the dual of er is r, CL # (F; r) = CL " (F ; er).A rule is a pair h B where B is a set, 
alled the set of premises and h is the
on
lusion. In our 
ontext h 2 E and B � E.Let R be a set of rules. The operator r is said to be de�ned by R if r(X) = fh j9B; h B 2 R and B � Xg. r is obviously monotoni
.The least �x-point of r is said to be indu
tively de�ned by R.19



Lemma 5 Let r : P(E)! P(E) be a monotoni
 operator. Let Fin; Fout � E su
hthat 8X � E; r(X) � Fout and r(X) = r(X \Fin). There is at least one set of rulesR su
h that r is de�ned by R and, for ea
h h B of R, h 2 Fout and B � Fin.Proof. Let R be the set of the rules h  B su
h that B � Fin andh 2 r(B) (so h 2 Fout). Let r0 the operator de�ned by R. We 
he
kthat r = r0:� r(X) � r0(X) be
ause if h 2 r(X) = r(X \ Fin) then (h  X \Fin) 2 R.� r0(X) � r(X) be
ause if h B 2 R and B � X then h 2 r(B) �r(X) sin
e r is monotoni
.In general this set R is not the most interesting. For example if Fin = Eit is the biggest set of rules de�ning r. There are some other sets of ruleswhi
h are more natural. �Let L be a set. Trees on L are de�ned as follows:A node is a non empty �nite sequen
e [l1; : : : ; ln℄(n � 1) with li 2 L. It isa root node if n = 1. The 
on
atenation is denoted by �. The label of a node��[l℄ is de�ned by label(��[l℄) = l. The parent of a non root node is de�ned byparent(��[l℄) = �.A tree t is a non empty set of nodes su
h that:� the parent of ea
h non root node of t is also a node of t.� all the nodes of t have the same �rst element. This �rst element is 
alled theroot of t and is denoted by root(t).Note that root(t) 2 L and that [root(t)℄ is a node of t, whi
h is 
alled the rootnode of t.Let T be a set of trees on L and l 2 L. The set f[l℄�� j 9t 2 T; � 2 tg [ f[l℄g isobviously a tree, whi
h is denoted by 
ons(l; T ). Note the base 
ase 
ons(l; ;) = f[l℄gwhi
h has only one node labeled by l.The set of labels L may be any set but now we take L = E and we 
onsider rulesh B (h 2 E;B � E) as previously.Let R be a set of rules. The proof trees wrt R are indu
tively de�ned by: if T isa set of proof trees wrt R and h  froot(t) j t 2 Tg is a rule of R then 
ons(h; T )is a proof tree wrt R. Note the base 
ase T = ; when the rule is h ;.Let r be the operator de�ned by R. The least �x-point of r is froot(t) jt proof tree wrt Rg. More generally:Lemma 6 Let F � E and RF = R [ fh ; j h 2 Fg.Then CL " (F; r) is froot(t) j t proof tree wrt RF g.Proof. froot(t) j t proof tree wrtRF g � minfX � E j F � X and r(X) �Xg by indu
tion on the proof trees.froot(t) j t proof tree wrt RF g � minfX � E j F � X and r(X) � Xg:Let Y = froot(t) j t proof tree wrt RF g. It is easy to 
he
k that F � Yand r(Y ) � Y . Hen
e Y � minfX � E j F � X and r(X) � Xg. �Let R be a set of monotoni
 operators P(E)! P(E) and F � E.By 
onsidering �(X) = Sr2R r(X) and CL " (F; �), it is easy to see thatminfX � E j F � X and 8r 2 R; r(X) � Xg exists. It is 
alled upward 
lo-sure of F by R and it is denoted by CL " (F;R).By duality, or in the same way by 
onsidering a new operator �(X) = Tr2R r(X)and CL # (F; �), maxfX � E j X � F and 8r 2 R;X � r(X)g exists, it is thedownward 
losure of F by R and it is denoted by CL # (F;R).20



Let eR = fer j r 2 Rg.As previously for only one operator it is easy to 
he
k that CL " (F;R) ismaxfX � E j X � F and 8r 2 R;X � er(X)g so CL " (F;R) = CL # (F ; eR).In the same way CL # (F;R) = CL " (F ; eR).The least �x-point of a monotoni
 operator r : P(E) ! P(E) is the limit ofa (possibly trans�nite) iteration of r so CL " (F; r) is the limit of a (possiblytrans�nite) iteration of the monotoni
 operator X 7! F [ r(X).It is easy to 
he
k that CL " (F; r) is also the limit of the sequen
e de�ned by:F0 = F; F�+1 = F� [ r(F�); F� = S�<� F� if the ordinal � is limit.In the same way CL # (F; r) is the limit of the sequen
e de�ned by: F0 =F; F�+1 = F� \ r(F�); F� = T�<� F� if the ordinal � is limit.This 
an be applied to CL # (F;R) if R is a set of monotoni
 operators, by re-pla
ing r by � de�ned by �(X) = Tr2R r(X). However in pra
ti
e 
haoti
 iterationsare preferred (se
tion 3).
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