
Positive and Negative Diagnosis for Constraint LogicPrograms in terms of proof skeletonsG�erard Ferrand and Alexandre TessierLIFO, Universit�e d'Orl�eans, BP 6759, 45067 Orl�eans Cedex 2, FrancefGerard.Ferrand,Alexandre.Tessierg@lifo.univ-orleans.fr,hhtp://www.univ-orleans.fr/~tessierAbstractThe paper is motivated by the declarative debugging of constraint logicprograms. It deals with the theoretical basis of declarative incorrectness diag-nosis. It starts with a reformulation of the program semantics in terms of prooftree skeletons, which is suitable for declarative diagnosis study. The programsemantics is explained in terms of positive semantics and negative semantics.The problem of wrong answer is treated as an incorrectness of the positivesemantics while the problem of missing answer is treated as an incorrectnessof the negative semantics. Incorrectness diagnosis is based on a well-foundedrelation over computation states.1 IntroductionThe �rst motivation for a work on debugging is a computation producing a resultwhich is considered as incorrect. Since there is a result, it is not an in�nite compu-tation. An incorrect result is called a symptom. This notion of symptom dependson some expected properties of the program, so a symptom is a result which is notexpected. If the motivation is not debugging but program proving, with expectedproperties de�ned by a speci�cation, the impossibility of producing a symptom isthe de�nition of partial correctness. However our notion of expected properties maybe more general than a complete speci�cation of the program semantics. From aconceptual viewpoint we have only to presuppose an oracle which is able to decidethat a result is expected or not. In practice the presentation of a result can be veryintricate so the ability for deciding could seem unrealistic. However this presuppo-sition is necessary to give a meaning to debugging questions and in fact it is thenotion of expected properties which has to be realistic. In practice the oracle can beembodied by the programmer or by other means (for example assertions [2, 4, 3]) andthe expected properties can be de�ned by using an abstract (approximate, graphi-cal, ...) view of the computed result. This question is relevant to the presentationproblem ([12]).Symptoms are caused by errors in the program. An error is a piece of code. The�rst step of debugging is error diagnosis that is error localization. If we carry oncomparing with program proving, for example in Hoare style, an error is a construc-tion in the program which makes a proof of partial correctness impossible and theproof method amounts to proving that there is no error. That amounts to sayingthat if there is a symptom then there is an error.



This paper deals with error diagnosis of Constraint Logic Programs. For suchhigh level languages traditional tracing techniques become di�cult to use becauseof the complexity of the computational behaviour. Moreover it would be incoher-ent to use only low level debugging tools whereas theses languages bene�t from adeclarative semantics (as opposed to operational semantics).Declarative Debugging was introduced in Logic Programming (LP) by Shapiro(and called Algorithmic Program Debugging [18]) (see also [11, 5, 6, 17, 4, 15, 16]).Declarative means that the user has no need to consider the computational behaviourof the logic programming system, he needs only a declarative knowledge of theexpected properties of the program.The previous re
ections on symptoms and errors can be applied to ConstraintLogic Programming (CLP). But because of the relational nature of CLP languageswe have to split the notion of (�nite) computation in two notions. That is to saythat we have to split the notion of result in two notions.A goal being given, there is a �rst notion of result which is a computed answerconstraint, the computation being a success derivation. This is a �rst level of com-putation. In the formal logical semantics for CLP ([8, 9, 13, 7]) the relation betweenthe goal  G and the computed answer constraint c is formalized by using theimplication c! G. Even from a purely operational viewpoint we can consider thatc! G is computed.But there is a second level of computation that is to say another notion of �nitecomputation which is represented by a �nite SLD tree (derivation tree or search tree).Now if c1; � � � ; cn are all the computed answer constraints of this �nite SLD tree, theirrelation with the goal G is formalized by the implication G! c1_� � �_cn. If n = 0(�nite failure) this implication amounts to :G. To be more formal, G! c1_� � �_cnoccurs along with the completion of the program and to be more precise with itsonly if part (while at the �rst level c ! G occurs along with its if part that is theprogram itself). Even from a purely operational viewpoint we can consider thatG! c1 _ � � � _ cn is computed at this second level of computation.These remarks motivate that we call positive the �rst operational level and neg-ative the second one.A symptom at the positive level will be called a positive symptom. To say thatc ! G is a positive symptom is an abstract way to say that c is a wrong answer toG. If the expected semantics is de�ned in a logical framework with respect to anintended interpretation, c! G is not true in this intended interpretation.A symptom at the negative level will be called a negative symptom. To say thatG! c1 _ � � � _ cn is a negative symptom is an abstract way to say that there is notenough answers to G, there are missing answers, G is not covered by c1; � � � ; cn. Ifthe expected semantics is de�ned in a logical framework with respect to an intendedinterpretation, then G! c1 _ � � � _ cn is not true in this intended interpretation.For the two levels, the basic principles of the diagnosis will be the same: thereexists some well founded relation such that the diagnosis amounts to the search fora minimal symptom. A notion of error, called incorrectness, is associated with eachminimal symptom. An error at the positive (resp. negative) level will be called apositive (resp. negative) incorrectness.We use a description of the operational semantics of CLP in terms of proofskeletons which is an extension of the Grammatical View of LP ([1]) and we take



into account the possible incompleteness of the constraint solver. This framework iswell adapted to take advantage of the properties of con
uence (independence of thecomputation rule) and compositionality of this semantics.Con
uence is basic to de�ne notions which are declarative that is to say whichdo not depend on a particular computational behaviour. (Moreover the notion ofskeleton gives prominence to the fact that the results computed at the positive levelare intrinsic in a sense which is stronger than only independence of the computationrule in a top-down computation).Because of compositionality, it is su�cient to consider positive symptoms c! Gwhere G is just an atom and negative symptoms G! c1 _ � � � _ cn where G is justthe conjunction of a constraint and an atom.In former works on declarative debugging ([18, 6, 11]) the duality positive / neg-ative was not introduced in the same way. From an abstract viewpoint the formernotions of incorrectness symptom and insu�ciency symptom can be de�ned in aninductive framework, to be more precise induction (least �xpoint) for incorrectnessand co-induction (greatest �xpoint) for insu�ciency. In (C)LP the notion of insuf-�ciency can be applied to missing answers because the �nite failure set of a de�niteprogram and the greatest �xpoint of the immediate consequence operator are dis-joint. In some sense in this paper we use only one abstract inductive scheme whichis based on a least �xpoint to de�ne a notion of symptom (incorrectness symptom)and error (incorrectness). But it is applied to two di�erent semantics levels: posi-tive level for wrong answers and negative level for missing answers. In fact the least�xpoint is only implicit and the inductive framework appears only through a wellfounded relation.Our approach gives a new framework to understand and to generalize the algo-rithm of [4, 14] (to what extent it depends on the standard computation rule andhow it can be generalized to CLP).The paper is only devoted to the theoretical basis of the approach. An exampleis developed in [19]. The justi�cations were not given in this previous paper, theyare now given in the present paper.2 Operational SemanticsLet us consider once and for all four sets which de�ne the program language: anin�nite set of variables V ; a set of function symbols �; a set of constraint predicatesymbols �c; a set of program predicate symbols �p. Each symbol is equipped withits arity. var(E) denotes the set of free variables of E, where E is a formula builtover the �rst order language L(V;�;�p [�c).An atom is a particular atomic formula p(~x) of L(V; ;;�p), where ~x is a sequenceof distinct variables. ATOM denotes the set of atoms.The set of basic constraints CONST is a subset of L(V;�;�c) closed under vari-able renaming. A store is a member of the least set which contains CONST andclosed under conjunction and existential quanti�cation. We denote by STORE theset of stores. For practical purpose a store is always written 9x1 � � � 9xnF , where Fis a conjunction of basic constraints using the usual transformations over formulas.We use the following notations to denote a store, where ~x = fx1; : : : ; xng is a se-quence of variables: 9~xF denotes 9x1 � � � 9xnF ; ~9F denotes 9var(F )F ; 9�~xF denotes



9var(F )n~xF ; 9�aF , where a is an atom, denotes 9�var(a)F .A clause is a 3-tuple, denoted by a c2A, where a is an atom, c is a store and Ais a �nite sequence of atoms. We de�ne: head (a c2A) = a, store(a c2A) = c.A program is a family of clauses. In this paper P is a program. The set of indexesof P is denoted by CN. A name of clause is a member of CN. The de�nition ofp 2 �p in P is the sub-family of clauses of P whose head predicate symbol is p; itis indexed by the subset CNp � CN. We assume CNp is �nite for each p 2 �p. Theclause whose name is u is denoted by clause(u).A goal is an atom a, written  a for \historical" reasons. We consider atomicgoals rather than general goals in order to simplify the framework and this is alwayspossible by adding a new clause whose body is the goal and head is a new relationover the free variables of the goal.A constrained atom is a pair a  c, where a is an atom and c is a store. Acovered atom is a pair a! C, where a is an atom and C is a disjunction of stores.A local cover of atom is a 3-tuple c2 a! C, where c is a store, a is an atom and Cis a set of stores.2.1 SkeletonsWe introduce the central tool of the reformulation: a skeleton is a tree which puttogether the clauses used along a derivation regardless of the computation rule.From an abstract viewpoint, a derivation is a top-down construction of a skeleton.This construction itself is a sequence of skeletons.De�nition 1 A skeleton is an oriented tree S labeled by CN [ �p, such that foreach node N , labS(N) denoting the label of N : if labS(N) 2 �p then N is a leaf;if labS(N) 2 CN and clause(labS(N)) = a  c2 p1( ~x1) � � � pn( ~xn) then N has nchildren N1; : : : ; Nn, and each child Ni is labeled by either pi, or a name of clauseof CNpi.The root of the skeleton S is denoted by root (S). The program predicate symbolassociated with a node N of a skeleton S is: labS(N) if labS(N) 2 �p; p if labS(N) 2CNp. We say that S is a skeleton for p (or  p(~x)) when the predicate symbolassociated with root (S) is p. We denote by undef (S) the set of nodes of S labeledby members of �p (it is the set of unde�ned nodes) and we denote by def (S) the setof the other nodes (it is the set of de�ned nodes). A complete skeleton is a skeletonS such that undef (S) = ;. If undef (S) 6= ; then S is an incomplete skeleton.For each u 2 CN, we denote by sq(u) the unique skeleton rooted by u such thatthe children of root (S) are labeled by members of �p. For each p 2 �p, we denoteby sq(p) the unique skeleton rooted by p.Now, we want to associate a global store to a skeleton which contains the storesof the clauses of the skeleton. But as usual we are confronted with the problem ofclause renaming.De�nition 2 Let S be a skeleton. A renaming function for S is a function renS(from def (S) to the set of renamed clauses of P ) such that:1. for each node N 2 def (S): renS(N) = clause(labS(N))�, where � is a renam-ing; let renS(N) = a c2 a1 � � � an and N1; : : : ; Nn be the children of N , foreach i = 1; : : : ; n, if Ni 2 def (S) then head (renS(Ni)) = ai;



2. for each pair of distinct nodes N1; N2 2 def (S), if renS(N1) = a1  c12A1and renS(N2) = a2  c22A2 then (var (c12A1) n var(a1)) \ (var (c22A2) nvar (a2)) = ;.A skeleton S of depth � 1 and a renaming function renS for S being given, foreach node N of S, the atom associated with N is: head (renS(N)) if N 2 def (S); aiif N 2 undef (S) is the ith child of N 0 and renS(N 0) = a c2 a1 � � � ai � � � an.The store system associated with a skeleton S and a renaming function renS forS is const(S; renS) = SN2def (S) store(renS(N)). When S is �nite the conjunctionof the stores of const(S; renS) is a store and we identify const(S; renS) and theconjunction of its members.The renaming function renS is said to be a renaming function for S and  p(~x)if either root (S) 2 CNp or p(~x) = head (renS(root (S))). If S is �nite then thestore associated with S and p(~x) is AC(S; p(~x)) = 9�~xconst(S; renS). Note thatAC(S; p(~x)) does not depend on renS .Now we want to distinguish \satis�able" skeletons.2.2 Reject CriterionFrom an abstract viewpoint, a possibly incomplete constraint solver is a reject cri-terion verifying some monotonicity.De�nition 3 A reject criterion is an unary relation RC over STORE such that foreach c 2 RC: for each renaming �, c� 2 RC; for each c0 2 STORE, c ^ c0 2 RC;; 62 RC (; is the empty conjunction of stores).From a reject criterion RC, we de�ne a relation over the set of skeletons, alsodenoted by RC, in the following way: S 2 RC if there exists a �nite part c ofconst(S; renS), where renS is a renaming function for S, such that c 2 RC. Weemphasize this property does not depend on renS . Note that sq(p), p 2 �p, is notrejected. In this paper, a reject criterion RC is supposed to be given.De�nition 4 A (computation) state is a skeleton S such that S 62 RC.Note that in�nite computation states are convenient for studying in�nite com-putations.2.3 Positive Computation (SLD derivation), Positive AnswerDe�nition 5 Let ,! be the binary relation over the set of states, called transitionrelation between states, de�ned by: S ,! S0 if there exists a leaf N 2 undef (S) anda clause name u 2 CNlabS(N) such that S0 is obtained by grafting sq(u) on the nodeN in S. Then we say S0 derives from S by the leaf N .,! de�nes a transition system between (computation) states. S is an initial stateif there exists p 2 �p such that S = sq(p). S is a �nal state if S is �nite and foreach state S0: S 6,! S0; then S is a success state if S is complete, it is a failure stateotherwise.A SLD derivation for the goal  p(~x) (or for p) is a (�nite or in�nite) sequenceof states S1 � � �Si � � � such that S1 = sq(p), for each j = 2 � � � i � � �: Sj�1 ,! Sj and



the sequence is in�nite or the last state is a �nal state. A success (resp. failure) SLDderivation is a �nite SLD derivation which ends by a success (resp. failure) state.De�nition 6 A positive answer is the last state of a success SLD derivation.We denote by success(a) the set of positive answers for a goal  a.Lemma 7 S is a positive answer if and only if S is a �nite complete state.This is in our framework the basis of the result known as \independence of thecomputation rule" or \con
uence".If S is a positive answer for  a then AC(S; a) is a positive answer store for a.De�nition 8 A computation rule is a mapping r which provides a leaf of undef (S)for each incomplete state S.Given a computation rule r, we de�ne the binary relation ,!r included in ,! asfollow: S ,!r S0 if S0 derives from S by the leaf r(S).Lemma 9 The positive answers are independent of the computation rule.(see lemma 7)2.4 Negative Computation (SLD tree), Negative AnswerDe�nition 10 Let r be a computation rule and p 2 �p. Let ,!pr be the binaryrelation included in ,!r de�ned as follow: S,!prS0 if and only if S ,!r S0, where Sand S0 are skeletons for p.Lemma 11 Let dompr = fS j sq(p),!pr�Sg. (dompr ; ,!pr) is a tree: ,!pr has theproperty of a parent relation over dompr. It is the SLD tree for p (or for the goal p(~x)) according to the computation rule r. A branch of an SLD tree (dompr ; ,!pr)is a SLD derivation (according to r) for p.Lemma 12 The set of success leaves of a SLD tree for p does not depend on thecomputation rule. Given a computation rule r, S is a positive answer for  p(~x) ifand only if S is a success leaf of (dompr ; ,!pr).De�nition 13 A negative answer for the goal p(~x) is success(p(~x)) if there existsa computation rule r such that the SLD tree (dompr ; ,!pr) is �nite. Note that thenegative answer for  a does not depend on r. Then, the negative answer store forthe goal  p(~x) is WS2success(p(~x)) AC(S; p(~x)).From an operational viewpoint, only �nite computation are interesting. That isthe reason we assume the existence of a �nite SLD tree to de�ne the negative answer.In the de�nition of the positive answer, we have no hypothesis on the �niteness ofa SLD tree, but we also consider �nite computation only. But it is another level ofcomputation: the SLD derivations.We have de�ned two levels of answers corresponding to two levels of computation:positive answers (SLD derivations, positive computations) and negative answers(SLD trees, negative computations).



This two levels of computation can be considered for every languages using anon deterministic computations. Note that, at each level, each computation is de-terministic.The second level is said negative because it insures that there is no more answersof the �rst level (called positive).2.5 Success SetsDe�nition 14 The positive success set is SS+ = Sa2ATOMfa  AC(S; a) j S 2success(a)g. SS+ is a set of constrained atoms.The negative success set is SS� = fa ! WS2success(a) AC(S; a) j a 2 ATOM andthere exists a negative answer for  ag. SS� is a set of covered atoms.The two success sets are the success sets of the two levels of computation. Weemphasize that it is not possible to deduce a success set from the other one. We canjust deduce a part of SS+ from SS�.The negative computation is a generalization of the �nite failure usually consid-ered to express the negative semantics of a program. Finite failure corresponds tothe particular case where there exists a negative answer for a but success(a) = ;;then a implies the empty disjunction in SS� (in a logical view :a is in SS�).3 Declarative Diagnosis3.1 A General Scheme based on a Well-founded RelationLet E be a set and R be a well-founded relation over E2. Let I � E be the set ofexpected members of E, we assume I 6= E.De�nition 15 A symptom of R wrt I is a member of E n I.While R is well-founded, E n I has at least one minimal element according toR+ (the transitive closure of R).De�nition 16 A minimal symptom of R wrt I is a minimal member of E n Iaccording to R+.So, if there exists a symptom of R wrt I then there exists a minimal symptomof R wrt I.For example an obvious diagnosis algorithm is to build a sequence x0 � � � xi � � � ofsymptoms such that, for each i, xi+1Rxi. The sequence is �nite because R is well-founded. If the last element of the sequence has no predecessor which is in I thenit is a minimal symptom. But every other strategy to detect a minimal symptomcould be a good strategy.3.2 Positive Partial Correctness (wrong positive answer)Let S be the �nal state of a success SLD derivation for the goal  a and let usassume that the positive answer store AC(S; a) to  a is not expected.



The positive answer S can be built from the skeletons grafted on the nodes ofS. Each skeleton grafted on a node of S is a complete and non rejected skeleton, soa positive answer.Let <+ be the binary relation over the set of positive answers de�ned as follow:S0 <+ S if S0 is grafted on a child of root (S) in S.Lemma 17 <+ is a well-founded relation.An oracle being given, which points out if a positive answer is expected, wecan trivially apply the de�nition of the previous section. For example, given apositive answer S for  a, the oracle can answer considering the constrained atoma  AC(S; a). That is, the oracle is a relation over the success set associated withpositive computations: SS+.From an abstract viewpoint, we can consider that the expected properties ofthe program at the positive level are formalized by a set of expected constrainedatoms I. Obviously this set must be in accordance with the reject criterion RC. Forexample, if the expected properties are given by an expected interpretation I thenI is an expansion of the interpretation D of the constraint language and the rejectcriterion RC is assumed to be correct wrt D, that is, if c 2 RC then c is unsatis�ablein D.De�nition 18 A positive incorrectness symptom is a constrained atom a  c ofSS+ n I.The cause of a symptom of <+ is a minimal symptom, but what caused theminimal symptom?Let S be a minimal symptom and clause(labS(root (S))) = a  c2 a1 � � � an. Sis a symptom, thus a AC(S; a) 2 SS+ n I. It is minimal, thus if S1; : : : ; Sn are theanswers grafted on the child of root (S) in S then ai  AC(S; ai) 2 I. The reason ofthe appearance of the minimal symptom is that a 9�a(c^Vi2f1;:::;ng AC(Si; ai)) 2SS+ n I but each a1  AC(Si; ai) 2 SS+\ I. The clause a c2 a1 � � � an caused thesymptom and the store Vi2f1;:::;ng AC(Si; ai) provides the reason of the incorrectnessof the clause.De�nition 19 A positive incorrectness is a n+1-tuple ha c2 a1 � � � an; c1; : : : ; cniwhere a  c2 a1 � � � an 2 P and the ci's are stores, such that fai  ci j i 2f1; : : : ; ngg � I, but a 9�a(c ^ c1 ^ � � � ^ cn) 62 I.Lemma 20 If there exists a positive incorrectness symptom then there exists a pos-itive incorrectness.The positive incorrectness diagnosers deduced from this framework are thosedescribed in an inductive framework in [10]; and several optimisations can improvedthe diagnosers but this is out of the scope of the paper.3.3 Negative Partial Correctness (wrong negative answer)Consider a negative answer store C for  p(~x) and assume that C is not expectedwrt some expected properties of the program. Then we can distinguish two cases:a member c of C should not be in C; or a store c is missing in C.
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an extension of (0; S) an extension of (1; S)Ni = r(S); N1 � � �Nn is the sibling of r(S); S0 is a (possibly in�nite) completeskeleton; S00 is a set of n (possibly in�nite) complete skeletons.Figure 1: Extension of a b-state.The �rst case is a problem of partial positive correctness. The store c, whichshould not be in C, is a positive answer store for  p(~x) then it is obviously aproblem of wrong positive answer; c is the store associated with the last state of asuccess SLD derivation that is an erroneous (�nite) positive computation.For the second case we cannot study a single SLD derivation. Something goeswrong in the SLD tree. It is an erroneous (�nite) negative computation. We focuson this case now.Let (dompr ; ,!pr) be the the �nite SLD tree which provides the incorrect negativeanswer store.Intuitively an incomplete state S 2 dompr can be seen in two di�erent ways:depending on whether we consider either r(S) or r(S) and its sibling. For thispurpose, we use the disjoint sum of the set of states with itself.Let E0 = fS j sq(p),!pr �S; undef (S) 6= ;g and E1 = fS j sq(p),!pr +Sg (,!pr �and ,!pr + are respectively the re
exive transitive and transitive closures of ,!pr).Let E0 � E1 be the disjoint sum of E0 and E1. This set is isomorphic to (f0g �E0)[ (f1g �E1) and we identify them in order to simplify notations. A member ofE0 � E1 is a pair (b; S), where b 2 f0; 1g and S 2 E0 if b = 0 or S 2 E1 if b = 1.(b; S) is called a b-state; if b = 0 it is a 0-state, if b = 1 it is a 1-state.Lemma 21 For each 1-state (1; S) there exists a unique S0 such that S0 ,!r S. S0is called the parent of S and will be denoted by parent(S).De�nition 22 (see Fig. 1) Let (0; S) be a 0-state. The state S0 is an extension of(0; S) if S0 is obtained by grafting a complete skeleton on r(S) in S.Let (1; S) be a 1-state. The state S0 is an extension of (1; S) if S0 is obtained bygrafting complete skeletons on some unde�ned nodes of S in S such that:undef (parent (S)) n fr(parent (S))g = undef (S0)We denote by prol b(S) the set of the extensions of (b; S).Note that prol 0(sq(p)) = success(p(~x)); if r(parent (S)) has no sibling thenprol 1(S) = fSg, where (1; S) is a 1-state; if r(S) has no unde�ned sibling thenprol 0(S) = prol 1(S), where S is an incomplete non initial state.Lemma 23 Let (1; S) be a 1-state:prol 1(S) = fS0 2 prol 0(parent (S)) j labS0(r(parent (S))) = labS(r(S0))gLet (0; S) be a 0-state: prol 0(S) = SS,!rS0 prol 1(S0)



A computation rule r is without co-routining if, for each incomplete state S,r(S) is an unde�ned leaf in the set of the deepest unde�ned leaves. For example,the standard strategy of Prolog is without co-routining.Now, let us assume that the computation rule r is without co-routining.Lemma 24 Let (b; S) be a b-state. prol b(S) � dompr.Moreover, for each S0 2 prol b(S): S0 is a descendant of S in (dompr ; ,!pr) (or S0 = Sif b = 1 and r(parent (S)) has no child in S).The previous lemma shows a noteworthy property of the SLD-trees without co-routining. For example, we deduce that if (dompr; ,!pr) is �nite then, for each b-state(b; S): prol b(S) is a �nite set of �nite states.Let <� be the binary relation over E0 �E1 de�ned as follow:� for each 0-state (0; S), if S,!prS0 then: (1; S0) <� (0; S);� for each 1-state (1; S), if r(parent(S)) has a child in S (i.e. prol 1(S) 6= fSg)then: (0; S) <� (1; S)� for each 1-state (1; S), if r(parent (S)) has a child in S then for each S0 2prol 0(S): (1; S0) <� (1; S)Lemma 25 <� is a well-founded relation (because of the �niteness of the SLD tree(dompr; ,!pr)).We introduce, for the time being, a notion of positive answer store for a body ofclause that is a pair c2A, where c is a store and A is a �nite sequence of atoms.De�nition 26 A positive answer store for c2 a1 � � � an is c^ c1^� � �^ cn, such that,for each i = 1; : : : ; n, ci is a positive answer store for ai and (c^c1^� � �^cn) 62 RC.We denote by ans(c2A) the set of positive answer stores for c2A. When ans(c2A)is �nite we identify it with the disjunction of its members.Note that if c 62 RC then ans(c2 ") = fcg (" is the empty sequence of atoms); ifc 2 RC then for each �nite sequence of atoms A: ans(c2A) = ;; ans(;2 a) = fc ja c 2 SS+g.Lemma 27 For each store c, for each �nite sequences of atoms A1 and A2, for eachatom a: ans(c2A1 � a �A2) = Sc02ans(c2 a) ans(c ^ c02A1 � A2)We associate a pair c2A to each b-state (b; S) in the following way:� let (0; S) be a 0-state, renS be a renaming function for S, a be the atomassociated with r(S), the pair associated with (0; S) is 9�aconst(S; renS)2 a;� let (1; S) be a 1-state, renS be a renaming function for S and A be the sequenceof atoms associated with the children of r(parent (S)), the pair associated with(1; S) is 9�var(A)const(S; renS)2A.The pair associated with a b-state is de�ned up to a renaming.



Lemma 28 Let (0; S) be a 0-state and c2 a be the pair associated with (0; S):ans(c2 a) = f9�aconst(S0; renS0) j S0 2 prol 0(S); a is the atom associated withr(S)g.Let (1; S) be a 1-state, c2 a1 � � � an be the pair associated with (1; S) and N1 � � �Nnbe the children of r(parent(S)) in S:ans(C 2 a1 � � � an) = f9�var(a1���an)const(S0; renS0) j S0 2 prol 1(S); ai is the atomassociated with Nig.A b-state is expected if c2A ! ans(c2A) is expected. Intuitively a b-state isexpected if no positive answer store for c2A is missing in ans(c2A).In order to motivate the de�nition we consider that the expected properties ofP are given by an expected interpretation I; I is an extension of the constraintinterpretation D and RC is correct wrt D.But our theoretical framework can be extended to a more general notion of \ex-pected" assuming that the relation \expected" has the following natural properties:for each store c, c2 "! fcg is expected (ans(c2 ") does not depend on P ); for eachstore c, for each set of stores C, for each family of set of stores fRc0gc02C , for each�nite sequences of atoms A1 and A2, for each atom a, if c2 a! C is expected and,for each c0 2 C, c^ c02A1 �A2 ! Rc0 is expected then c2A1 � a �A2 ! Sc02C Rc0 isexpected.Lemma 29 For each 1-state (1; S), if the predecessors of (1; S) by <� are expectedthen (1; S) is expected.So, if (b; S) is a minimal symptom (according to <�) then b = 0.De�nition 30 A pair c2 a is a negative incorrectness symptom if c2 a! ans(c2 a)is not expected.De�nition 31 A constrained atom a c is covered if:1. let a  ci2 a1i � � � anii , i = 1; : : : ; n, be the (renamed) clauses of the de�nitionof the predicate symbol of a;2. for each i = 1; : : : ; n, there exists ni stores c1i ; : : : ; cnii such that aji  cji isexpected, j = 1; : : : ; ni;3. for each i = 1; : : : ; n, a 9�a(ci ^Vj=1;:::;ni cji ) is expected;4. c! Wi=1;:::;n 9�a(ci ^Vj=1;:::;ni cji ) is true in the constraint interpretation.A pair c2 a is completely covered if, for each store c0 such that c0 ! c2 a is expected(i.e. c0 ! c is true in the constraint interpretation and a  c0 is expected), a  c0is covered.Note that the previous de�nition is more intricate that in pure logic programmingbecause there is no more independence of negated constraints [13]. But, if eachvaluation v is the unique solution of a store cv then v(a) is covered if there exists aclause of the de�nition of a such that v is a solution of the body of the clause in I.And c2 a is completely covered if for each valuation v solution of c2 a in I, v(a) iscovered.Now, we de�ne the notion of error associated with a minimal negative incorrect-ness symptom.



De�nition 32 A negative incorrectness is a pair c2 a which is not completely cov-ered.Lemma 33 If there exists a negative incorrectness symptom then there exists anegative incorrectness.Note that the de�nition of negative incorrectness symptom and negative incor-rectness are identical to the de�nition of incompleteness symptom and weak insuf-�ciency given in [19] (in [19] they are compared with the de�nition of insu�ciencysymptom and strong insu�ciency). The novel framework (negative computationand diagnosis wrt a well-founded relation) de�ne a wide family of algorithms fornegative incorrectness diagnosis.The algorithm proposed in [19] is a member of this family and is a lifting ofthe algorithm proposed in [4] for pure logic programs. But the family of diagnosersdescribed by the novel framework is more general:� they relax the requirement of the existence of a �nite standard SLD tree andreplace it by the existence of a �nite SLD tree without co-routining;� any order of the questions is followed, not only the order of the strategy usedto build the SLD tree.4 ConclusionWe have described a theoretical basis for an approach of declarative diagnosis ofconstraint logic programs in terms of proof skeletons. This abstract framework canbe applied to various notion of expected properties.Other notions of errors for missing positive answer can be considered in the sameframework. Already in LP, two insu�ciency notions was de�ned: a non covered atom([18, 6, 11]) and a non completely covered atom ([4]). For example, [19] studies ageneralisation of the two previous insu�ciency notions.We have clearly de�ned the set of questions to the oracle. Moreover every orderof the questions is suitable provided that a minimal symptom is founded.We emphasize that our approach takes into account the possible incompletenessof the constraint solver of the system (but the solver is assumed to be correct). It isworth noting that the incompleteness of the constraint solver cannot be the causeof the appearance of a symptom.References[1] P. Deransart and J. Ma luszy�nski. A Grammatical View of Logic Programming.MIT Press, 1993.[2] W. Drabent and J. Ma luszy�nski. Inductive assertion method for logic programs.Theoritical Computer Science, 59:133{155, 1988.[3] W. Drabent, S. Nadjm-Tehrani, and J. Ma luszy�nski. The Use of Assertions inAlgorithmic Debugging. In Fifth Generation Computer Systems, pages 573{581, 1988.
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