
Declarative Debugging inConstraint Logic ProgrammingAlexandre TessierLIFO, Universit�e d'Orl�eans, BP 6759, 45067 Orl�eans Cedex 2, FranceAlexandre.Tessier@lifo.univ-orleans.fr, http://www.univ-orleans.fr/~tessierAbstract. This paper is motivated by the declarative insu�ciency di-agnosis of constraint logic programs, but focuses only on theoreticalviewpoints. Constraint logic program semantics is rede�ned in terms ofproof trees using a cover relation. We give a theoretical framework wheredeclarative diagnosis method can be studied thanks to the inductive na-ture of the semantics. We de�ne the notions of symptoms and errors andprove that if there exists a symptom then there exists an error.1 IntroductionA great strength of Constraint Logic Programming (CLP) is its declarative na-ture. For a declarative language (with a semantics independent of its executionmodel), it is essential to consider a declarative error notion. Indeed, it is inco-herent to use only low level debugging tools based on an understanding of theoperational behaviour of the system and to give up a high level knowledge of thedeclarative meaning of the programs. But, the success of a declarative debuggingtool is directly related to the language declarativity level. From this viewpoint,CLP is used in a much more declarative way than LP. In particular, the avail-ability of global constraints and disequations makes useless: \cut", \is", \var",negation (by failure), etc. Declarative means that the user does not need to un-derstand the operational behaviour of the system; it is evident that a computercannot diagnose errors in a program without being told a part of what should becomputed by the program. But, only the expected declarative semantics of theprogram is required.Declarative error diagnosis in Logic Programming (LP) was introduced byE.Y. Shapiro [18] under the name of algorithmic debugging. But, declarativediagnosis of constraint logic programs is relatively unexplored. We focus in thispaper on the theoretical aspects of the declarative insu�ciency diagnosis of con-straint logic programs. That is, how to declaratively point a small piece of erro-neous code when an answer is lacking (see [13] for the wrong answer problem).Declarative debugging algorithms usually proposed in LP strongly use the Her-brand's models properties. They cannot be straightforwardly lifted to CLP: InCLP, Herbrand's interpretations do not represent program semantics any more.Some elements of the constraint domain are not �nitely expressible in the pro-gram language (e.g. � in CLP(R) [10]). In fact, they are only handled throughconstraints. In LP, each answer, which is a logical consequence of the program, is



covered by a single more general computed answer. (the Herbrand's domain hasthe INC property [15]). In CLP, there is no single cover any more. For example,let us consider the CLP(R) program: fp(x)  x < 0; p(x)  x � 0g. Assumewe expect the answer true to the goal  p(x). It is not because true does notoccur (in the less general sense) in fx < 0; x � 0g that an answer is lacking. Wemust consider the whole answer set and check if it covers the expected answer.In fact, the IR-theory has for logical consequence 8x(true! (x < 0 _ x � 0)).Practical implementations use incomplete constraint solvers with regard totheoretical framework [11] based on a constraint theory or interpretation. Ourprogram semantics abstract the constraint semantics: a constraint interpretationD or a (non satisfaction complete) constraint theory T or an (incomplete) con-straint solver A are particular cases. We show that classical program semantics[11, 8, 15, 12, 19] are instance of our own. We can remark that the three previouspossible constraint semantics have not the same behaviours:T or D vs. A : For example, the constraint solver of CLP(R) provides threekinds of answers: yes (satis�able constraint), no (unsatis�able constraint),maybe (it cannot decide). It answers yes for x � x = 1 ^ x = 1 and maybefor x�x = 1, nevertheless j= 9x(x�x = 1^x = 1)! 9x(x�x = 1) (wherej= F means that F is a logical consequence of the empty theory); it answersno for x = 1 ^ x = 0 and maybe for x � x = 1 ^ x � x = 0, neverthelessj= :9x(x = 1 ^ x = 0)! :9x(x � x = 1 ^ x� x = 0).T vs. D : Let us consider the program fint(x)  x = 0 ; int(x)  x =y + 1; int(y)g. When constraint semantics is based on the domain IN, thedeclarative answer true to the goal  int(x) is not covered by a �nite partof the computed answers fx = 0; x = 1; : : : ; x = i; : : :g. But when con-straint are interpreted through a theory, a model of which is IN, true is not adeclarative answer to int(x), because of some non standard models of theIN-theory. When constraint semantics is based on a theory, if a constraint iscovered by an in�nite set of constraints, it is covered by a �nite part of theset (compactness theorem of the �rst order logic).We introduce a cover relation between a constraint c and a constraint setC, denoted by c ` C and read: c is covered by C. The cover relation abstractsthe di�erent previous cover notions. We �nd the entailment relation when Cis a singleton, [17] shows the interest of a framework based on the underlyinginference relation rather than a constraint interpretation or theory.We reformulate program semantics bases. Our approach, in terms of prooftrees based on a cover relation, is an extension of the grammatical view of LP[4]. Proof trees give an intrinsic de�nition to the answers provided by a pro-gram. They are built on two kinds of rules: program rules and cover rules. Prooftrees determine the declarative semantics while proof trees which only use pro-gram rules are an abstraction of the operational semantics. Relations betweendeclarative semantics and operational semantics is then better explained.The inductive nature of our semantics is adapted to study declarative diagno-sis in the algorithmic debugging way. In this framework, where we just considermissing answers, two notions of symptoms are de�ned: incompleteness symptoms



and insu�ciency symptoms. Two associated kinds of errors are de�ned: non cov-ered constrained atoms and non completely covered constrained atoms. We provethat if there exists a symptom then there exists an error. We propose a diagnosisalgorithm which, given a computed symptom, localizes an error in the programthrough implementation independent interaction with the expected semantics.The paper is organized as follow: Sect. 2 de�nes the program language; Sect. 3de�nes the semantics, it presents the cover relation; Sect. 4 studies the declarativeinsu�ciency diagnosis; and the conclusion recapitulates main ideas.2 PreliminariesLet us consider once and for all four sets which de�ne the program language:an in�nite set of variables V ; a set of function symbols �; a set of constraintpredicate symbols �c; a set of program predicate symbols �p. Atomic formulasbuild on (V;�p) of the form p(x1; : : : ; xn), where x1; : : : ; xn are distinct vari-ables, are called atoms. The constraint language CONST is a subset of the �rstorder language build on (V;�;�c). We assume that it is closed under variablerenaming, conjunction and existential quanti�cation. A constraint is a formulaof CONST. A clause is a (n + 2)-tuple (0 � n) denoted by a0  c2 a1; : : : ; an,where each ai is an atom and c is a constraint. A program is a set of clauses. Aconstrained atom is a pair a[c] where a is an atom and c is a constraint. If F is aformula then var(F ) denotes the free variables of F . If c is a constraint and a isan atom, then 9�ac denotes the existential closure of c except on the variablesof a. In order to simplify, we consider atomic goals rather than general goals.Indeed, given a general goal  g, we can add the clause p(var(g))  g (p is anew predicate symbol) and consider answers to the atomic goal  p(var(g)).This paper is illustrated by an example in Prolog III, due to A. Colmerauer[2]. The reader must not confuse our aim which is to diagnose error in a programand the example which detects a defective component in a binary adder.Example 1. We are interested in detecting the single defective components of abinary adder which computes the binary sum of three bits X1,X2,X3 in the formof a binary number given in two bits Y1,Y2. See [2] for further explanation.X1X3X2 P1ANDP4XOR P2AND P3ORP5XORU1U3 U2 Y1Y2go(C,E,S) :- circuit(C,E,S),enu(E) {C=[0',0',0',0',1'],S=[1',1']}.circuit(C,E,S) :- at_most_1(C,X) {C=[P1,P2,P3,P4,P5],E=[X1,X2,X3],S=[Y1,Y2],X=1',~P1=>(U1<=>(X1&X3)),~P2=>(U2<=>(X2&U3)),~P3=>(Y1<=>(U1|U2)),~P4=>(U3<=>~(X1<=>X3)),~P5=>(Y2<=>~(X2<=>U3))}.at_most_1(L,X) {L=[],X=0'}.at_most_1(L,X) :- at_most_1(Q,Z) {L=[Y|Q],X=Y|Z,Y&Z=0'}.



boolean(X) {X=0'}. boolean(X) {X=1'}.enu(L) {L=[]}. enu(L) :- boolean(X),enu(Q) {L=[X|Q]}.?- go(C,E,S).{C = [0',0',0',0',1'], E = [0',1',1'], S = [1',1']}{C = [0',0',0',0',1'], E = [1',0',1'], S = [1',1']}{C = [0',0',0',0',1'], E = [1',1',0'], S = [1',1']}{C = [0',0',0',0',1'], E = [1',1',1'], S = [1',1']}circuit(C,E,S) expresses the relation between inputs, outputs and the defec-tive component. C is the component list, a component is defective when its valueis 1', E is the input list and S is the output list. go(C;E; S) provides the inputswhen the component P5 is defective and the outputs are 1',1'. The last answerappears because a defective component does not always provide an erroneousoutput (implications in the program).3 SemanticsIn LP, a declarative answer to the goal a is a substitution � such that P j= a�.For each declarative answer, there exists a single more general computed answer.The similar results in CLP should be that, if P j= c ! a (or P; T j= c ! a orP j=D c! a) then there exists a single computed answer to the goal a \moregeneral" than c. In general this is wrong. Nevertheless, we would keep a similarproperty which links declarative answer and computed answer. In fact, eachdeclarative answer is covered by a (possibly in�nite) set of computed answers.This relation is called the cover relation.De�nition 1. A cover relation ` is a binary relation over CONST � 2CONST.It veri�es, for each constraint c, such that c ` C, the six following properties:CONJ let c0 be a constraint and C 0 be a constraint sets such that c0 ` C 0, thenc ^ c0 ` fc00 ^ c000 j c00 2 C; c000 2 C 0g;REFL c ` fcg;EXIS let x be a variable, then 9x c ` f9x c0 j c0 2 Cg;TRAN let (Cc0)c02C be a constraint set family such that c0 ` Cc0 , c0 2 C, thenc ` Sc02C Cc0 ;MONO let C 0 � C, then c ` C 0;RENA let � be a variable renaming, then c� ` fc0� j c0 2 Cg.(CONST;`) de�nes a constraint system in a sense similar to [17, 9], exceptwe do not assume C is �nite (e.g. when constraint semantics is an interpretation).In general, the cover relation is deduced from: a constraint interpretation D,denoted by `D, c `D C if each solution of c is solution of a constraint of C; aconstraint theory T , denoted by `T , c `T C if, for each model D of T , c `D C;a constraint solver A, denoted by `A and de�ned by the least relation verifyingthe six properties, such that c `A ; if the constraint solver answers no for c.



Our declarative semantics has no logical nature. It is de�ned inductively bytwo kinds of rules. First rules stem from clauses of the program and the secondones are de�ned from the cover relation.De�nition 2. For each renamed clause a  c2 a1; : : : ; an of P and each con-straint c1; : : : ; cn, we de�ne the program rule:fa1[c1]; : : : ; an[cn]ga[9�a(c ^ c1 ^ � � � ^ cn)] (when n = 0 we deduce axiom ;a[9�a c] )For each atom a, each constraint c and each constraint set C such that c ` C,we de�ne the cover rule:fa[c0] j c0 2 Cga[c] (when C = ; we deduce axiom ;a[c] )As to each rule system, we associate, in the classical way, a notion of well-founded proof trees [1] (see Ex. 2). Proof trees determine the declarative seman-tics while proof trees which only use program rules determine an abstraction ofthe operational semantics (these one are �nite):De�nition 3. An answer to the goal a is the root a[c] of a well-founded prooftree. A computed answer to the goal a is the root a[c] of a well-founded prooftree which only use program rules (thus the tree is �nite).Remark. When c ` ;, for each atom a, a[c] is a trivial answer. It is independentof the program. The system tries to eliminate, as far as possible, these trivialanswers which have no interest for the user. For example, consider the CLP(R)program: fp(x; y) x > y2 ; q(x; y) v = x� x ^ w = y � y2 p(v; w); r(x)  x = y2 p(x; y); r(x)  x = y2 q(x; y)g. There exists two answers to the goal r(x): r(x)[x > x] and r(x)[x � x > x� x]. According to IR, both constraintsare unsatis�able. Only the �rst one is removed.Example 2. go(C;E; S)[C = [00; 00; 00; 00; 10] ^ S = [10; 10] ^ E = [00; 10; 10]] is acomputed answer to the goal go(C;E; S). See the following proof, denoted byA, where constraints are simpli�ed for further legibility. There exists a similarproof, denoted by B, for the computed answer go(C;E; S)[C = [00; 00; 00; 00; 10]^S = [10; 10] ^ E = [10; 10; 00]].
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go(C,E,S)[ A (C=[0’,0’,0’,0’,1’]We de�ne the program semantics as two constrained atom sets called thesuccess sets, the �rst one describes the operational semantics while the secondone describes the declarative semantics:De�nition 4. The success set associated to the program P{ is SS(P ) = fa[c] j a[c] is a computed answerg;{ and the cover relation ` is SS`(P ) = fa[c] j a[c] is an answerg.Remark. Let SS`;(P ) = fa[c] j a[c] 2 SS(P ); not(c ` ;)g, then SS`T ;(P ) =SS(P; T ) of [11], SS`D;(P ) = lfp(SDP ) of [12], SS`D;(P ) = SS3(P;D) of [8].Success sets can also be de�ned as least �xed point of immediate consequenceoperators (from constrained atom sets to constrained atom sets):De�nition 5. TP (I) = fa[c] j there exists a program rule fa1[c1]; : : : ; an[cn]ga[c] ,ai[ci] 2 I; i = 1; : : : ; ngT`(I) = fa[c] j there exists a cover rule fa[c0] j c0 2 Cga[c] ; a[c0] 2 I; c0 2 CgT [̀;P (I) = TP (I) [ T`(I)T �̀;P (I) = T`(TP (I))Lemma6. 1. lfp(TP ) = TP " ! = SS(P )2. SS`(P ) = fa[c] j there exists C, c ` C and a[c0] 2 SS(P ), c0 2 Cg3. lfp(T [̀;P ) = T`(lfp(TP )) = T`(SS(P )) = SS`(P ) = T [̀;P " ! + 14. lfp(T [̀;P ) = lfp(T �̀;P )Proof. 1. is a consequence of the Knaster-Tarski's theorem; 2. is shown by in-duction on rules using the ` properties; 3. is a corollary of 2.; 4.� lfp(T [̀;P ) =T`(lfp(TP )) and the REFL property of `; 4.� for each ordinal number � thereexists an ordinal number � such that T �̀;P " � � T [̀;P " �.The least �xed point of TP corresponds to roots of proof trees only usingprogram rules, the least �xed point of T [̀;P correspond to roots of proof treesand the least �xed point of T �̀;P correspond to roots of proof trees which useprogram rules at even depth and cover rules at odd depth. Note that proof treesare well-founded but may be in�nite (SS`(P ) = T [̀;P " ! + 1).On the one hand, for each proof tree, there exists a proof tree with sameconclusion which uses a single cover rule, and it is used at the proof tree root(well known results when ` is deduced from D or T ). On the other hand, foreach proof tree, there exists a proof tree with same conclusion which alternatesprogram rules and cover rules. The previous results are essential because theyassert that, on the one hand, answers de�ned by covering computed answersand, on the other hand, answers de�ned by applying alternately program rulesand cover rules are exactly all the declarative answers. Equality of the three setsguarantees consistency of de�nitions and results of Sect. 4. We emphasize that,in general, gfp(T �̀;P ) 6= T`(gfp(TP )) 6= gfp(T [̀;P ).



4 Declarative Insu�ciency DiagnosisThis section extends, to CLP, works on declarative error diagnosis for LP basedon the Shapiro's method. Answers provided by a program are sometimes symp-tom of errors in the program. Error diagnosis is error localization when a symp-tom (missing answer in this paper) is observed. Our purpose is to elaboratean algorithm which assists the user, as well as possible, to search errors in theprogram when an answer is missing.Example 3. In order to illustrate this section, we consider the program DE-TECT2 which is an erroneous implementation of program DETECT1 of Ex. 1:go(C,E,S) :- circuit(C,E,S),enu(E) {C=[0',0',0',0',1'],S=[1',1']}.circuit(C,E,S) :- at_most_1(C,X) {C=[P1,P2,P3,P4,P5],E=[X1,X2,X3],S=[Y1,Y2], X=1', ~P1=>(U1<=>(X1&X3)), ~P2=>(U2<=>(X2&U3)), ~P3=>(Y1<=>(U1|U2)), ~P4=>(U3<=>(~X1&~X3)), ~P5=>(Y2<=>(~X2&~U3))}.at_most_1(L,X) {L=[],X=0'}.at_most_1(L,X) :- at_most_1(Q,Z) {L=[Y|Q],X=Y|Z,Y&Z=0'}.boolean(X) {X=0'}. boolean(X) {X=1'}.enu(L) {L=[]}. enu(L) :- boolean(X),enu(Q) {L=[X|Q]}.?- go(C,E,S).{C = [0',0',0',0',1'], E = [0',1',0'], S = [1',1']}{C = [0',0',0',0',1'], E = [1',0',1'], S = [1',1']}{C = [0',0',0',0',1'], E = [1',1',1'], S = [1',1']}The expected semantics of a program P is formalized by a set of expectedconstrained atoms denoted by I .We say that the program P is �nitely incomplete according to I for the atoma if there exists a �nite SLD-tree for the goal a whose set of successes is C andthere exists a constraint c such that a[c] 2 I but not(c ` C). Then, a[c] is called acomputed symptom. Thus, a computed symptom is an element of I which is not inT`(lfp(TP )). We recall, once more, that T`(lfp(TP )) = lfp(T [̀;P ) = lfp(T �̀;P ).Example 4. go(C;E; S)[9A (C = [00; 00; 00; 00; 10]^S = [10; 10]^E = [A; 10;� A])]is a computed symptom for the program DETECT2 (see Ex. 2 and Ex. 3).De�nition 7. P is complete (resp. su�cient) for the constrained atom a[c]according to I if, for each constraint c0 such that c0 ` fcg and a[c0] 2 I :a[c0] 2 lfp(T �̀;P ) (resp. a[c0] 2 gfp(T �̀;P )).a[c] is covered by P according to I if a[c] 2 T �̀;P (I).a[c] is completely covered by P according to I if, for each constraint c0 suchthat c0 ` fcg and a[c0] 2 I : a[c0] is covered by P according to I .A strong insu�ciency is a constrained atom a[c] 2 I non covered by Paccording to I (i.e. a[c] 2 I � T �̀;P (I)).A weak insu�ciency is a constrained atom a[c] non completely covered by Paccording to I (i.e. there exists c0, c0 ` fcg and a[c0] is a strong insu�ciency).



a[c] is an incompleteness symptom (resp. insu�ciency symptom) of P accord-ing to I if a[c] 2 I � lfp(T �̀;P ) (resp. a[c] 2 I � gfp(T �̀;P )).The interest is that the de�nitions are formulated in a uniform frameworkand extend existing de�nitions of LP [18, 6, 5, 14, 3, 7, 16]. Thus, they are betterunderstood, particularly thanks to proof trees and T �̀;P . In the particular caseof LP: our framework contributes to the comparison between above papers.Lemma8. 1. If a[c] is a strong insu�ciency then a[c] is a weak insu�ciency.2. There exists a strong insu�ciency i� there exists a weak insu�ciency.3. If a[c] is an insu�ciency symptom then a[c] is an incompleteness symptom.4. There exists a strong insu�ciency if there exists an insu�ciency symptom.Proof. 1. and 2. follows the de�nitions; 3. because lfp(T �̀;P ) � gfp(T �̀;P ); 4. ifI 6� gfp(T �̀;P ) then I is not a post �xed point of T �̀;P .Lemma8 is essential inasmuch as it expresses links between the di�erentnotions. The particular case where the error is the symptom establishes the cor-respondence between strong insu�ciency and insu�ciency symptom, betweenweak insu�ciency and incompleteness symptom. It emerges from this that thereexists two families of de�nitions concerning missing answers. The two familiesexists in LP and constraint introduction makes clear subtleties in their di�er-ences, thanks to T �̀;P , because its least �xed point is equal to T`(lfp(TP )) (thetwo sets are proved equal to lfp(T [̀;P )) and because there is not the single coverproperty any more. It is interesting to note that T �̀;P has been selected in thede�nitions, whereas it is not the most natural to de�ne SS`(P ).Lemma9. If a[c] is a computed symptom then a[c] is an insu�ciency symptom.Proof. The proof needs to de�ne SLD-tree which is out of scope. It fully usesinduction and ` properties and is based on the three following lemmas: 1. If thereexists a �nite SLD-tree for the goal  a with successes c1; : : : ; cm then thereexists an integer k such that, for each constraint c, if a[c] 2 TP # k then c ` ; orc 2 fc1; : : : ; cmg. 2. For each integer n, if a[c] 2 T �̀;P # n then there exists C suchthat c ` C and, for each constraint c0 2 C, a[c0] 2 TP # n. 3. If a[c] 2 T �̀;P # !and there exists a �nite SLD-tree for the goal  a with success c1; : : : ; cm thenthere exists C � fc1; : : : ; cmg such that c ` C (i.e. a[c] 2 SS`(P )).Consequently, if there exists a computed symptom then there exists a stronginsu�ciency and a weak insu�ciency (regardless of the computation rule). Now,we propose an algorithm inspired from [5]. The input is a computed symptomaccording to the standard strategy and the output is a weak insu�ciency. Thusthe user just answers yes or no while it has to answer by constraint in analgorithm which searches a strong insu�ciency.The search forest for a consists of a tree for each non-unary clause R 2 P , ofthe de�nition of the predicate symbol of a, such that if a  c12 b1; : : : ; bn is avariant of R then not(c1 ^ 9�ac ` ;). The tree is rooted by hb1; c1 ^ 9�aci. Let



hbi; cii be the label of a node and C = fc00 j bi[c00] is an answer and not(c00 ^ ci `;)g then, for each c0 2 C, hbi; cii, has a node labeled by hbi+1; c0i if i < n andlabeled by h2; c0i if i = n.We call incompleteness question for the node N labeled by hbi; cii: \Is thereexist c0 such that a[c0] 2 I , c0 ` fcig, not(c0 ` fc00 j hx; c00i labels a child of Ng)?"Let a[c] be the algorithm input, we ask incompleteness question for nodeslabeled by hbi; cii (bi 6= 2) of the search forest of a[c]. If the answer is yes thenthe algorithm is recursively called with bi[9�bi ci]. If the answer is no for everynode then the algorithm terminates with output a[c] which is a weak insu�ciency.Note that incompleteness questions of our algorithm are �nite because theinput is a computed symptom (i.e. the standard SLD-tree is �nite).Example 5. Insu�ciency diagnosis session for the program DETECT2. Con-straint are simpli�ed by Prolog III.Symptom: go(C;E; S)[9A(C = [00; 00; 00; 00; 10] ^ E = [A; 10;� A] ^ S = [10; 10])]Is there exist a constraint c such that go(C;E; S)[c] expected, c ` f9A(C =[00; 00; 00; 00; 10] ^ E = [A; 10;� A] ^ S = [10; 10])g and not(c ` ;)? YESIs there exist a constraint c such that circuit(C;E; S)[c] expected, c ` f9A(C =[00; 00; 00; 00; 10] ^ E = [A; 10;� A] ^ S = [10; 10])g and not(c ` ;)? YESIs there exist a constraint c such that at most 1(C;X)[c] expected, c ` fC =[00; 00; 00; 00; 10] ^X = 10g and not(c ` fC = [00; 00; 00; 00; 10] ^X = 10g)? NOError: circuit(C;E; S)[9A(C = [00; 00; 00; 00; 10] ^E = [A; 10;� A] ^ S = [10; 10])]The algorithm has isolated a de�nition which is responsible for the symptom.Error is due to the de�nition of circuit (XOR has been coded by NOT OR).5 ConclusionWe reformulate operational semantics and declarative semantics of constraintlogic programs in a uniform formal framework. Computed answers and declara-tive answers are straightforwardly linked through an abstract cover relation. Theprogram semantics can be de�ned in reference to a constraint interpretation ortheory, and can also take into account incompleteness of constraint solvers.The interest of this novel reformulation is to study error diagnosis. We havede�ned insu�ciency symptoms and incompleteness symptoms and the two asso-ciated kinds of errors in a uniform framework contributing to their comparison.Thanks to the reformulation in terms of proof trees, the results becomes morenatural and straightforward.The diagnosis algorithm behaves as an intelligent trace following the straightpath toward the error, generates only relevant information, provides a limitedpiece of erroneous code (predicate de�nition) which makes correction easier.Since the two families of symptoms and errors are de�ned in a single frame-work, we can study algorithms in which they collaborate.References1. P. Aczel. An Introduction to Inductive De�nitions, chapter 7, pages 739{782. In
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