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Abstract: This report shows the theoretical bases of the techniques
which will be used in implementation of declarative error diagnosers.
It starts with a reformulation of the program semantics in terms of
proof tree skeletons, which is suitable for declarative diagnosis studies.
The program semantics is explained in terms of positive and negative
semantics. Wrong answers are treated as incorrectness in the positive
semantics while missing ones are treated as incorrectness in the nega-
tive semantics. This will permit to present in an uniform and simplified
manner diagnosis algorithms of different kinds of errors.
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1 Introduction

The first motivation for a work on debugging is a computation producing a
result which is considered as incorrect. Since there is a result, it is not an
infinite computation. An incorrect result is called a symptom. This notion
of symptom depends on some expected properties of the program, so a symp-
tom is a result which is not expected. If the motivation is not debugging
but program proving, with expected properties defined by a specification,
the impossibility of producing a symptom is the definition of partial cor-
rectness. However our notion of expected properties may be more general
than a complete specification of the program semantics. From a conceptual
viewpoint we have only to presuppose an oracle which is able to decide that
a result is expected or not. In practice the presentation of a result can be
very intricate so the ability for deciding could seem unrealistic. However this
presupposition is necessary to give a meaning to debugging questions and
in fact it is the notion of expected properties which has to be realistic. In
practice the oracle can be embodied by the programmer or by other means,
(for example assertions [3, 5, 4]) and the expected properties can be defined
by using an abstract (approximate, graphical, ...) view of the computed
result (see task 2.2 and work package 3 of the project). This question is
relevant to the presentation problem ([15]).

Symptoms are caused by errors in the program. An error is a piece of code.
The first step of debugging is error diagnosis that is error localization. If
we carry on comparing with program proving, for example in Hoare style,
an error is a construction in the program which makes a proof of partial
correctness impossible and the proof method amounts to proving that there
is no error. That amounts to saying that if there is a symptom then there
is an error.

This paper deals with error diagnosis of Constraint Logic Programs. For
such high level languages traditional tracing techniques become difficult to
use because of the complexity of the computational behaviour. Moreover it
would be incoherent to use only low level debugging tools whereas theses
languages benefit from a declarative semantics (as opposed to operational
semantics).

Declarative Debugging (DD) was introduced in Logic Programming (LP) by
Shapiro (and called Algorithmic Program Debugging [24]) (see also [8, 14, 6,



7,21,5,18,19]). Declarative means that the user has no need to consider the
computational behaviour of the logic programming system, he needs only a
declarative knowledge of the expected properties of the program.

The previous reflections on symptoms and errors can be applied to Con-
straint Logic Programming (CLP). But because of the relational nature of
CLP languages we have to split the notion of (finite) computation in two
notions. That is to say that we have to split the notion of result in two
notions.

A goal being given, there is a first notion of result which is a computed answer
constraint, the computation being a success derivation. This is a first level
of computation. In the formal logical semantics for CLP ([11, 12, 16, 10])
the relation between the goal «— G and the computed answer constraint c is
formalized by using the implication ¢ — G. Even from a purely operational
viewpoint we can consider that ¢ — G is computed.

But there is a second level of computation that is to say another notion of
finite computation which is represented by a finite SLD tree (derivation tree
or search tree). Now if ¢1,--, ¢, are all the computed answer constraints
of this finite SLD tree, their relation with the goal « G is formalized by
the implication G — ¢; V -+ V ¢,. If n = 0 (finite failure) this implication
amounts to =G. To be more formal, G — ¢; V --- V ¢, occurs along with
the completion of the program and to be more precise with its only if part
(while at the first level ¢ — G occurs along with its if part that is the
program itself). Even from a purely operational viewpoint we can consider
that G — ¢; V--- V ¢, is computed at this second level of computation.

These remarks motivate that we call positive the first operational level and
negative the second one.

A symptom at the positive level will be called a positive symptom. To say
that ¢ — G is a positive symptom is an abstract way to say that c is a wrong
answer to G. If the expected semantics is defined in a logical framework
with respect to an intended interpretation, ¢ — G is not true in this intended
interpretation.

A symptom at the negative level will be called a negative symptom. To say
that G — ¢; V --- V ¢, is a negative symptom is an abstract way to say
that there is not enough answers to «— G, there are missing answers, G is
not covered by c1,---,c,. If the expected semantics is defined in a logical



framework with respect to an intended interpretation, then G — ¢ V---Ve,
is not true in this intended interpretation.

For the two levels, the basic principles of the diagnosis will be the same:
there exists some well founded relation such that the diagnosis amounts to
the search for a minimal symptom. A notion of error, called incorrectness,
is associated with each minimal symptom. An error at the positive (resp.
negative) level will be called a positive (resp. negative) incorrectness. In our
framework the well founded relation is very particular, it corresponds to a
parent relation of a tree. This tree is a proof tree for a system of inductive
rules.

We use a description of the operational semantics of CLP in terms of proof
skeletons which is an extension of the Grammatical View of LP ([2]) and
we take into account the possible incompleteness of the constraint solver.
This framework is well adapted to take advantage of the properties of con-
fluence (independence of the computation rule) and compositionality of this
semantics.

Confluence is basic to define notions which are declarative that is to say
which do not depend on a particular computational behaviour. (Moreover
the notion of skeleton gives prominence to the fact that the results computed
at the positive level are intrinsic in a sense which is stronger than only
independence of the computation rule in a top-down computation).

Our approach gives a new framework to understand and to generalize the
algorithm of [5, 17] (to what extent it depends on the standard computation
rule and how it can be generalized to CLP).

The paper is only devoted to the theoretical basis of the approach.

2 Abstract Notions of Symptoms and Errors for
Inductive Definitions

Symptom and errors can be defined in an abstract scheme ([7, 19]). They
have been first defined for definite programs by Shapiro ([24]) using es-
sentially an inductive framework: on the one hand least fixpoint, i.e. n-
duction, for the relation between incorrectness symptom (“wrong answer”)
and incorrectness (a kind of error), on the other hand greatest fixpoint,



i.e. co-induction, for the relation between insufficiency symptom (“missing
answer”) and insufficiency (another kind of error).

2.1 Induction

In an abstract inductive framework, the notions of symptom and error, and
the relation between them, come straightforwardly from fixpoint theory:

Let H be a set and T : 2% — 2" a monotonic operator. So Ifp(T) (the least
fizpoint of T') is defined, and it is the least I C H such that T'(I) C I. So
T(I) CI=Ifp(T) C I (it is the basis of the proof method by induction).

Let S C H and let us suppose that we are expecting that Ifp(T") C S but
that actually we see an h € Ifp(T) such that h ¢ S. Such an h shows that
something goes wrong in T. h is called a symptom (for T wrt S). But

Ifp(T)Z SsoT(S)ZS.

Now we have to define a convenient notion of error. Let us suppose that T’
is the operator defined by a set R of rules, i.e. T(I) is defined by: for any
h € H, h € T(I) if and only if there is a rule in R the head of which is h and
the body is a subset of I (a rule is a pair denoted by h « B where h € H
and B C H. h is the head and B is the body of the rule).

T(S) ¢ S means that there is a rule ' «— B’ in R with B’ C S and
h' ¢ S. The existence of such rules A’ «— B’ explains that Ifp(T) € S i.e.

the appearance of symptoms. So such a rule b’ « B’ is called an error (of

R wrt S).

Moreover, the set of rules defines a notion of proof tree and the members
of Ifp(T) are exactly the roots of proof trees. In particular if the rules are
finitary (i.e. their bodies are finite sets) a proof tree for R is merely a finite
tree where each node is (an occurrence of) a member of H and such that,
for each node h, if its children are by,---,b, then h < {by,---,b,} is a rule
of R; such a rule is said to be in the proof tree. (In particular if h is a leaf
of the proof tree then h « 0 is in R).

A relation of “causality” between an error and a symptom can be expressed
with the notion of proof tree. It is easy to see that each symptom is the root
of a proof tree in which there is a rule which is an error. This error can be
seen as a “cause” of the symptom.



In some sense, to localize an error amounts to localize a minimal symptom
in the proof tree. This notion of minimality refers to a well-founded relation
which is the parent relation. Note that the transitive closure of this relation is
also well-founded and it is a strict order. But it is exactly the parent relation
which has to be considered and not the strict order; because otherwise the
notion of error associated to a minimal symptom would not be a local notion
since not only the children but all the descendant should not be symptoms.

2.2 Co-Induction

Fixpoint theory has also a dual aspect: gfp(T) (the greatest fizpoint of T)
is defined also, and it is the greatest I C H such that I C T'(I). So I C
T(I) =1 C gfp(T) (it is the basis of the proof method by co-induction).

Let S C H and let us suppose that we are expecting that S C gfp(T) but
that actually we see an h € S such that h & gfp(T'). Such an h shows that
something goes wrong in T. h is called a co-symptom (for T wrt S). But

S & gfp(T) so S £ T(S).

Let us suppose again that T is the operator defined by a set R of rules.
S ¢ T(S) means that there is a h' € S such that in R there is no rule
h' — B' with B’ C S. Such a A’ is called an co-error (of R wrt S).

There is again a relation between a co-error and a co-symptom that can be
expressed with a notion of “partial proof tree” which cannot be “completed”.

Lastly we can note that no error and no co-error means S is a fizpoint of
T, and this implies Ifp(T) C S C gfp(T') (the converse is not valid).

3 Constraint Logic Programs

3.1 Language

Let us consider once and for all four sets which define the program language:

e an infinite set of variables V;

e a set of function symbols X;



e a set of constraint predicate symbols =;

e a set of program predicate symbols I1.

Each symbol is equipped with its arity.

3.2 Atoms

A pure atom (in short atom) is an atomic formula p(z) built over the first
order language £(V,0,1II), where  is a sequence of distinct variables. ATOM
denotes the set of atoms.

3.3 Stores

The set of basic constraints is a subset of the first order language £(V, X, Z)
closed under variable renaming. A store is a member of the least set which
contains the set of basic constraints and is closed under conjunction and
existential quantification. We denote by STORE the set of stores.

3.4 Clauses

A body is a member of the least set which contains STORE U ATOM and
is closed under conjunction and existential quantification. We denote by

BODY the set of bodies.

A clause is the V-closure of a formula a «— b, where a € ATOM and b €
BODY.

3.5 Notations

We use the following notations, where e is a first order formula built over
the language L(V, X, ITUE), 2 = {x1,...,2,} CV and a € ATOM:

e var(e) denotes the set of free variables of e;

e Ve denotes the universal closure of e;
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Je denotes the existential closure of e;

dze denotes dxq - - - dxpe;

J_ze denotes Jy4p(c)\z€;

J-qe denotes 3_,4,(q)e-
For practical purpose, using usual transformations over formulas,
e a store will be always identified with a formula 3z - - - Jz,c, where ¢

is a conjunction of basic constraints;

e a body will be always identified with a formula 3z - - - 3z, (cAb), where
¢ is a conjunction of basic constraints, b is a conjunction of atoms;

e a clause will be always identified with a formula V(a < ¢Ab), where a is

an atom, ¢ is a conjunction of basic constraints and b is a conjunction

of atoms'.

3.6 Program

A program is a family of clauses. In this paper P is a program. The set of

indexes of P is denoted by 6(P).

A name of clause is a member of §(P). The definition of p € II in P is the
sub-family of clauses of P whose head predicate symbol is p; it is indexed
by the subset 6,(P) C §(P). We assume 6,(P) is finite for each p € II. The
clause whose name (i.e. index) is f is denoted by clause(P, f).

3.7 If, Only-if, If-and-only-if Part

For each p € II, let

IF(P,p) =Y(a — \/ (3-4,b5)07)
feép(P)

!Note that ¥(a < c A b) is equivalent to V(a «— I_a(c A b)).
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where for each f € 6,(P): clause(P, f) = V(as < by) and 6y is a renaming
such that a;0; = a.

For each p € II, let FI(P, p) be the formula obtained from IF(P,p) using the
reverse implication, i.e.

FI(P,p) =VY(a— \/ (3-a,b5)07)
fes, P)

For each p € II, let be IFF(P, p) be the formula obtained from IF(P, p) using
an equivalence instead of the implication, i.e.

IFF(P,p) = IF(P,p) AFI(P,p) =V(a = \/ (3_a,bs)0))
f€6p(P)

Remark. When the definition of p is empty: IFF(P,p) =
V(=p(2)). <

We define the if-part of P (equivalent to P), the only-if-part of P and finally
the if-and-only-if-part of P (the completion without constraint theory) as
follows:

o IF(P) ={IF(P,p) [ p € II};

o FI(P) = {FI(P,p) | p € II};

e IFF(P) = {IFF(P,p) | p € II}.

3.8 Expected Properties

To be more understandable, we assume that the expected properties are
formalized by a D-interpretation I, where D is an interpretation of the
constraint language.

I is expected to be a D-model of IFF(P).
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4 Positive Side (Positive Diagnosis)

Following the ideas of [9] we consider two level of semantics: positive seman-
tics and mnegative semantics. At the positive level, we consider formulae of

the form V(b < ¢) (b € BODY, c € STORE).

Remark. N(co Aay A--+ Aa, — c) is equivalent to V(cy «—
¢) A Ni=1,..n V(a; < c). So at the positive level it is sufficient to
consider formulae of the form V(a « c). <&

4.1 Skeletons

Ignoring constraint solver, the operational semantics of CLP can be seen as
a search for proofs.

The formulae of the form V(a « ¢) are proved inductively using skeletons:

a skeleton is a typed term built over §(P), i.e. the functions symbols are the
names of clauses.

For each f € 6(P), let clause(P, f) =VY(p(Z) «— ¢ Ap1(Z1) A+ A pn(Zn)),

e the arity of f is n;
e the type of fispy X --- X p, — p.

The formula proved by a skeleton is defined inductively as follow: let s be a
skeleton,

e if sis a constant (i.e. clause(P,s) is a fact V(a < ¢)) then the formula
proved by s is
clause(P, s)

e if s = f(s1,...,5,) and the formula proved by each s; is V(a; < ¢;)
and clause(P, f) =V(a < ¢Aay A--- Aay,) then the formula proved
by s is

V(e —cANI ge1 Ao~ ATy, cn)

13



Lemma 1 IfV(a < c¢) is the formula proved by a skeleton then IF(P) |=
V(a < ¢).

Corollary 2 Let D be a constraint interpretation and T be a constraint
theory? :

1. if V(a < ¢) is the formula proved by a skeleton then IF(P) |=p (Va «—
c).

2. ifV(a « ¢) is the formula proved by a skeleton then IF(P), 7T | (Va «
c).

4.2 Partial Skeletons

A derivation is a top-down construction of a skeleton.

In order to describe derivations, we define partial skeletons (i.e. with unde-
fined sub-terms) by adding constants which represent undefined sub-terms:
previous skeletons are now called complete skeleton. We generalize the no-
tion of skeleton by adding for each p € II, p itself as a constant symbol
whose type is — p.

The formula proved by a skeleton s is defined inductively as follow:

e if s is a constant and s € II then the formula proved by s is

V(s(#) — s(2))

e if s is a constant and s € §(P) then the formula proved by s is

clause(P, s)

e if s = f(s1,...,8,) and for each 7 = 1,...,n the formula proved by
s; is Y(a; < b;) and clause(P, f) =V(a < ¢ANay A--- A ay), then the
formula proved by s is

V(e —cANI_gby A= ATy, bn)

2A constraint interpretation (resp. theory) is an interpretation (resp. theory) of the
constraint language.
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Note that the formula proved by a skeleton is a clause which is a fact when
the skeleton is complete.

In a skeleton s, an occurrence v of the symbol denoted by symbol(s,v) is a
symbol p € II only if v is a leaf of s. Such a leaf is said undefined.

undef (s) denotes the set of all the undefined leaves in the skeleton s. def(s)
denotes the set of the other occurrences.

Each atom of the body of the clause proved by s is associated to a v €
undef (s). So each conjunction of atoms is associated with a subset of

undef (s).

Let ¥Y(a < ¢ A b) be the formula proved by a skeleton s, then the store
associated with s is store(s) = Jc and the store associated with s and a set
of free variables  is store(s,z) = 3_zc.

For each f € §(P), we denote by sk(f) the skeleton f(py,...,p,) where each
p; €11

Let C be a partial order over the set of states defined by s C s if:

e cach occurrence of s is an occurrence of s';

e for each occurrence v € def(s): symbol(s,v) = symbol(s',v).

4.3 Reject Criterion

From a practical viewpoint, there is no need to compute something like
V(a < ¢ Ab) if ¢ is unsatisfiable: V(a < ¢ A b) is always true and does not
depend on the program. It does not provide information on the relation p.

The CLP systems use a constraint solver which detect some unsatisfiable
stores in order to stop useless computations. For decidability or efficiency
purpose constraint solvers are often incomplete.

In our framework, the constraint solver is formalized by a property called
the reject criterion verifying some monotonicity.

Definition 3 A reject criterion is a set RC which formalize a property of
conjunctions of basic constraints such that if ¢ € RC:

15



e for each renaming 0, cf € RC;
e for each basic constraint ', c A ¢ € RC;

e )  RC (B is the empty conjunction of stores).

The reject criterion RC is correct wrt D (resp. 7) if ¢ € RC implies |=p —e
(resp. c € RC =T = —¢).

From a reject criterion RC, we define a property of the set of skeletons, also
denoted by RC, in the following way: a skeleton s € RC if store(s) = Je
and ¢ € RC (¢ is a conjunction of basic constraints).

Remark.
1. A skeleton p, p € II, is not rejected.

2. If s € RC then for each skeleton s’ such that s C s": s’ €
RC.

3. If s € RC then for each skeleton s’ such that s is a sub-term
of s: s’ € RC.
&

4.4 Positive Computation (SLD derivation)

Definition 4 A (computation) state is a skeleton s such that s ¢ RC.

Definition 5 Let < be the binary relation over the set of states, called
transition relation between states, defined by: s — s' if there exists v €
undef (s) and a clause name f € Syympoi(s,)(P) such that s" is s[v < sk(f)]
(grafting at the occurrence v ).

We say s' derives from s by the occurrence v.

— defines a transition system between (computation) states.
An inatial state is a skeleton p, where p € II.

A state s is a final state when for each state s’: s & s’. Then s is a success
state if s is complete, it is a failure state otherwise.
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A SLD derwation for p, p € II, is a (finite or infinite) sequence of states
5182 ---s;--- such that s; = p, for each j =2,...,7,...: 5,1 < s; and the
sequence is infinite or the last state is a final state. A success (resp. failure)
SLD derivation is a finite SLD derivation which ends by a success (resp.
failure) state.

4.5 Positive Answer

Definition 6 A sk-positive answer s the last state of a success SLD deriva-
tion.

In our framework the basis of the result known as “independence of the
computation rule” or “confluence” is the following lemma:

Lemma 7 s is a sk-positive answer if and only iof s is a complete state.

We denote by ansp(p) the set of sk-positive answers of type — p, p € II.

A member of ansp(p) is a sk-positive answer to p.

Definition 8 If s is a sk-positive answer to p then the formula proved by s
is a positive answer formula to the goal V(+— p(Z)).

Definition 9 A computation rule is a mapping r which provides an occur-
rence of undef (s) for each incomplete state s.

Given a computation rule r, we define the binary relation <, included in
— as follow: s—,s" if s’ derives from s by the occurrence r(s). We say s’
derives from s according to the computation rule . Obviously, we define
the notions of sk-positive answer according to r and positive answer formula
according to 7.

Lemma 10 Sk-positive answers are independent of the computation rule.

17



4.6 Positive Partial Correctness (wrong positive answer)

Definition 11 A positive symptom is a positive answer formula V(a < c)
which 1s not true in I.

Let V(p(Z) « ¢) be a positive symptom. This formula is proved by a skeleton
s.

Each sub-term of s is a sk-positive answer, thus each sub-term proves a
positive answer formula.

Definition 12 A positive incorrectness is a name of clause f of arity n and
n positive answer formula ¥(ay «— c1),...,V(a, < ¢,) such that for each
i=1,...,n: Y(a; «— ¢;) is true in I but Y(a «— cA3I_gc1 A -+~ ANI_y, ) 1S
not true in I, where clause(P, f) =VY(a «—cANay A--- Aay).

The clause of a positive incorrectness is not valid I and the n positive answer
formulae explain the reason of the incorrectness of the clause.

Lemma 13 If there exists a positive symptom then there exists a positive
incorrectness.

4.7 Positive Diagnosis

The diagnosis consists in checking the formulae proved by the sub-terms
of the original symptom sk-positive answer in order to find a sk-positive
answer s’ = f(sq,...,8,) such that s’ is a symptom but the s;’s are not.
Obviously f and the positive answer formulae proved by each s; is a positive
incorrectness.

Each strategy in order to locate a positive incorrectness can be considered,
for example the top-down strategy [24, 6, 14, 19]. Usually the search ter-
minates when the first incorrectness is found, so changing the strategy can
optimize the number of queries. Strategies better than the top-down (or
bottom-up) are for example the divide-and-query strategy [24, 1], or some
heuristics based strategies [22, 20].

18



Finally, we have considered positive answer formula as positive symptom,
but we can use also another definition of positive symptom: V(a < c¢Ac’) not
valid in I such that V(a <« ¢) is a sk-positive answer. Then the algorithm
is adapted and the notion of positive incorrectness founded is more precise
(less general) (see previous papers [13, 25, 9, 8)]).

4.8 Positive Partial Insufficiency (missing positive answer)

We do not develop this approach of diagnosis for missing answers here.

The general scheme, developed in [24, 7, 8|, is based on co-induction and
the positive semantics.

This method will be studied among the solutions proposed for the declarative
diagnosis part of the DiSCiPI project.

We prefer to show in this deliverable another approach based on a megative
semantics of the program and called negative partial incorrectness.

For a detailed comparison between positive partial insufficiency and negative
partial incorrectness see [26].

5 Negative Side (Negative Diagnosis)

At the negative level, we consider formulae of the form V(b — ¢; V -+ V ¢,)
(b € BODY, {c1,...,¢,} CSTORE).

5.1 Negative Computation (SLD tree)

Definition 14 Let r be a computation rule and p € II. Let —P be the binary
relation included in <, defined as follow: s—Ps' if and only if s—,s', where
the types of s and s’ are — p.

Lemma 15 Let p € II and r be a computation rule. —P has the property
of a parent relation over the set {s | p—P*s} (where —P* is the reflexive
transitive closure of <P ).
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It is the SLD tree for p according to the computation rule .

Remark. A branch of the SLD tree is a SLD derivation (accord-
ing to r) for p. &

Lemma 16 The set of success leaves of a SLD tree for p, p € 11, does not
depend on the computation rule. Given a computation rule v, s 1s a sk-
positive answer to p, p € I, of and only if s 1s a success leaf the SLD tree

for p.

5.2 Negative Answer

Definition 17 A sk-negative answer to p, p € I1, is ansp(p) if there exists
a computation rule r such that the SLD tree for p according to r is finite.

Remark. The sk-negative answer to p does not depend on r. &

This is the “independence of the computation rule” of the negative compu-
tation.

Definition 18 If ansp(p) is a sk-negative answer to p then, the negative
answer formula to the goal Y(«— p(Z)) is Y(p(Z) — V{store(s,z) | s €

ansp(p)})-

From an operational viewpoint, only finite computation are interesting.
That is the reason why we assume the existence of a finite SLD tree to
define the sk-negative answer. In the definition of the sk-positive answer,
we have no hypothesis on the finiteness of a SLD tree, but we also consider
only finite computation. But it is another level of computation: the SLD
derivations.

We have defined two levels of answers corresponding to two levels of com-
putation: sk-positive answers (SLD derivations, positive computations) and
sk-negative answers (SLD trees, negative computations).
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This two levels of computation can be considered for every languages us-
ing a non deterministic computations. Note that, at each level, each finite
computation is the computation of exactly one formula.

The second level is said negative because it insures that there is no more
answers of the first level (called positive).

Lemma 19 Let T be a constraint theory and D be a model of T such that
RC s correct wrt T. If¥Y(a — ¢1 V -+ V ¢,) is a negative answer formula
then:

1. FI(P) Ep VY(a — c1 V-V eyp);

2. FI(P), T EVY(a —c1 V- -+ V).

The positive computations are the kind of computation which is usually
considered, but we can note that for the operational semantics of Prolog IV
[23] and Escher [15] the definition of answer is similar to our definition of
negative answer formula.

5.3 Extensions

We define the set of extensions of a state s for a subset g C undef(s) by:

ansp(s,g) = {s' | s C ', undef (s) \ g = undef(s')}

Remark. for each state s and each constant state p € II:
e ansp(s,0) = {s}
e ansp(p,undef(s)) = ansp(p)
&

The extensions we consider are not any. We consider extensions of pairs
(s,g) where s is a state of the SLD tree and ¢ = 0 or g = {r(s)} or ¢ =
{r(s)} U{v | v € undef(s),v and r(s) are siblings}. In the following, each
pair (s, g) has the previous property.
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Lemma 20 If the SLD tree for p according to r s without co-routining and
finite then, for each pair (s,g):
1. all the states of ansp(s,qg) are in the SLD tree;

2. ansp(s,q) is finite.

For each pair (s,g) we define the formula?:

FP(37 g) = v(vaar(Ag)c A Ag - \/ E|711a7"(Ag)cS’)

s'€ansp(s,g)

where

e for each s’ € ansp(s,g): V(a « cy A A) is the formula proved by s';
e V(a — cANANA,) is the formula proved by s;

e A, is the conjunction of atoms associated to g in s (A is the conjunction
of atoms associated to undef(s) \ g in s).

Remark. Fp(s,0) = V(store(s) — store(s)) is always valid. <

5.4 Negative Proof tree

A SLD tree can be seen as a proof of the negative answer formula by consid-
ering that its sub-trees are proofs of formulae of the form V(cAayA---Aa,, —
1V Vep)h

Whereas at the positive level the formulae computed by the systems have
the form V(cAaj; A+ Aa, « ) and can be obviously reduced to formulae
of the form V(a « ), the formulae computed at the negative level of the
form V(cAayA---Aay, — ¢1 V- Vepy,) cannot reduce to something referring
to only one atom on the left part of the implication. This seems to be a

3Intuitively, in the formula Fp(s,g) = V(b — V, ¢i) the ¢;’s are the computed answer
to the goal b and b is the goal denoted by (s,g) (the store of s and the atoms associated
to g).

‘eANai A---Aa, is the current goal and c1,...,cn are the computed answers to this
goal.
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real problem because it appears very intricate to consider negative answers
formula to intermediate goals which could be very large.

We consider other proofs of negative answer formulae.
A way to prove Y(cAay A---ANa; A+ Aa, — C) is to prove:
V(ieNa; —c1 V- V)
and for each j =1,...,m to prove
VeANT gciNag A= Naj—1 Najpg A=+ Nap, — Cj)
where

c=\{c¢li=1...,m}

In this way, we show that we can consider only formulae of the form V(cAa —
c1V-+-Vep). Unfortunately it requires the existence of an SLD tree without
co-routining (see [9]).

A finite SLD tree for p according to r, without co-routining, is supposed to
be given.

Let us consider the following set of rules®, for each pair (s, g):

e ifg=10
0

Fp(s,0)
e if g={r(s)}

{Fp(s', undef (s") \ undef (s)) | s—,s'}
Fr(s, {r(s)})

o if g #0 and g # {r(s)}

{Fp(s,{r(s)D} VU{FP(s', g \ {r(s)}) | s" € ansp(s, {r(s)})}
fP(Sag)

Remark. To each pair (s, g) corresponds exactly one rule. <

®The premises of the rules are multi-set (because a formula can have several occur-
rences), but we use the set notations for legibility.
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Lemma 21 To each pair (s,g) corresponds exactly one proof tree of the
formula Fp(s,g).

Lemma 22 The proof tree which corresponds to (p,undef(p)) is rooted by
the negative answer formula to the goal ¥V(— p(x)).

Lemma 23 If e is the formula at the root of a proof tree then FI(P) Ep e
(FI(P), T = e), where RC is correct wrt D (wrt T ).

It is possible to define a kind of skeleton for the proof trees whose function
symbols would be the pair (s, g), but this is useless here.

An important point is to note that some of the rules are tautologies. That
is, if the premises hold then the conclusion holds. They are the rules with

conclusion Fp(s,g), g # {r(s)}:
Lemma 24 For each state s in the SLD tree:

1. 0= Fp(s,0)
2. for each pair (s,g), g # 0, g # {r(s)}:
0 Fp(s,{r(s)}) A A Fp(s',g \ {r(s)}) = Fp(s,9)

s'e€ansp(s,{r(s)})

5.5 Negative Partial Correctness (wrong negative answer)

Let us assume that the negative answer formula computed by the SLD tree
is not valid in I.

Nevertheless the negative answer formula is proved by the proof tree.
For the time being we define a notion of negative symptom:

A symptom is a formula Fp(s,g) not valid in I, (where s is a state of the
SLD tree and (s, g) is pair with the property describes before).

The proof tree is rooted by a symptom consequently a rule of the proof tree
is not valid: its premises are not symptoms but its conclusion is a symptom.
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We saw that the rules whose conclusion is Fp(s,g) with g # {r(s)} are
always valid, thus a minimal symptom has the form Fp(s, {r(s)}).

Definition 25 A negative symptom is a formula Fp(s,{r(s)}) not valid in
I, where s s a state of the SLD tree.

We give some preliminary definitions in order to define the notion of error
which corresponds to a minimal symptom.

Definition 26 A fact ¥(p(Z) < c¢) is covered (by P) if:

1. for each f € 6,(P), let clause(P, f) =V(p() «— ¢/ A a{ A a,{f)

2. for each f € 6,(P), there exists ny stores c{, ..., ¢l such that for each

) nf
i=1,...,n5: V(alf <—cf) 1s valid in I;

T

3. for each f € 6,(P), Y(a +— 3_4(c/ A Ni=1,..n; cf) is valid in I;
4- Y(e = Vyes,(p) J_4(c A Ni=t,...n; cf)) is true in the constraint inter-
pretation D.

Definition 27 A conjunction cAa is completely covered (by P) if, for each
store ¢ such that ¥(c' — ¢ A a) is expected (i.e. ¥(c' — ¢) is valid in D and
V(a « ) is valid in I), V(a < ') is covered.

Note that the previous definition is more intricate that in pure logic pro-
gramming because there is no more independence of negated constraints [16].
But, if each valuation v is the unique solution of a store ¢, then V(p(Z) < ¢)
(in some sense v(p(Z))) is covered if there exists a clause V(p(z) « b) of the
definition of p such that v is a solution of the body b of the clause in Z. cAa
is completely covered if for each valuation v solution of cAa in Z, V(a < ¢,)
is covered.

Now, we define the notion of error associated with a minimal symptom.

Definition 28 A negative incorrectness #s a conjunction ¢ A a which is not
completely covered.

25



Lemma 29 LetV(cAa — C) be a minimal symptom then cAa is a negative
incorrectness.

Corollary 30 If there exists a negative symptom then there exists a negative
incorrectness.

5.6 Negative Diagnosis

Let < be the relation over the set of nodes of the proof tree labeled by
a formula of the form Fp(s,{r(s)}) defined as follow: N’ < N if N' is a
descendant of N (in the proof tree) and each node N” descendant of N and
ancestor of N’ is labeled by a formula of the form Fp(s”, ¢"), ¢" # {r(s")}.

Remark. < is well-founded (finite) and it is a parent relation
which defines a tree. &

The diagnosis consists in checking the nodes of the proof tree labeled by
formulae Fp(s,{r(s)}) in order to find a negative symptom such that all
the predecessors according to < are not labeled by negative symptoms.

As for the positive case, each strategy can be considered: top-down, bottom-
up, divide-and-query, etc.

The novel framework (negative proof trees and incorrectness diagnosis for
missing answers) define a wide family of algorithms for negative diagnosis.

The algorithm proposed in [26] is a member of this family and is a lifting
of the algorithm proposed in [5] for pure logic programs. But the family of
diagnosers described by the novel framework is more general:

e they relax the requirement of the existence of a finite standard SLD
tree and replace it by the existence of a finite SLD tree without co-
routining;

e any order of the queries is allowed, not only the order of the strategy
used to build the SLD tree because all the whole search space has been
identified.
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6 Conclusion

We have described a theoretical basis for an approach of declarative diag-
nosis of constraint logic programs in terms of proof skeletons. This abstract
framework can be applied to various notion of expected properties.

Other notions of errors for missing positive answers can be considered in
the same framework. Already in LP, two insufficiency notions was defined:
a non covered atom ([24, 7, 14]) and a non completely covered atom ([5]).
For example, [26] studies a generalisation of the two previous insufficiency
notions.

We have clearly defined the set of questions to the oracle. Moreover ev-
ery order of the questions is suitable provided that a minimal symptom is

founded.

We emphasize that our approach takes into account the possible incom-
pleteness of the constraint solver of the system (but for the negative side
the solver is assumed to be correct). It is worth noting that the incom-
pleteness of the constraint solver cannot be the cause of the appearance of
a symptom.
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FI(P), 12
afp(T), 9
F(P), 12

IFF(P), 12
p(T), 8

P, 11

1, 10

RC, 15
sk(f), 15
STORE, 10
store(s), 15
store(s, x), 15
5, 9
symbol(s,v), 15
T, 14

undef (s), 15



