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Introduction

This paper proposes a model for explanations in a set the-
oretical framework using the notions of closure or fixpoint.
In this approach, sets of rules associated with monotoric op
erators allow to define proof trees (Aczel 1977). The proof

science such agroof theory (Prawitz 1965) oropera-
tional semantics of programming languag@dotkin 1981,
Kahn 1987; Despeyroux 1986).

Arule h — B is merely a paifh, B) whereB is a set. If
B is empty the rule is éactdenoted by: <. In generah is

trees may be considered as a declarative view of the trace of called theheadand B is called thebodyof the ruleh — B.

a computation. We claim they are explanations of the result
of a computation.

First, the general scheme is given.

This general scheme is applied to Constraint Logic Pro-
gramming, two notions of explanations are given: positive
explanations and negative explanations. A use for declara-
tive error diagnosis is proposed.

Next, the general scheme is applied to Constraint Pro-
gramming. In this framework, two definitions of explana-
tions are described as well as an application to constraint
retraction.

Proof trees and fixpoint

Our model for explanations is based on the notiompmfof
tree. To be more precise, from a formal point of view we
see an explanation as a proof tree, which is built witles
Here is an example: the following tree

g
is built with 7 rules including the rule — {b, ¢, d}; the rule
b — {e}; the rulee «— () and so on. From an intuitive point
of view the rulea — {b, ¢, d} is an immediate explanation of
a by the set{b, c, d}, the rulee — ( is afactwhich means
thate is given as an axiom. The whole tree is a complete
explanation ot.

For legibility purpose, we do not write braces in the body
of rules: the rulea — {b,¢,d} is writtena < b,¢,d, the
facte «— () is writtene .

Rules and proof trees
Rules and proof trees (Aczel 1977) are abstract notions
which are used in various domains in logic and computer
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In some contexts is called theconclusiorand B the set of
premises

A tree iswell foundedf it has no infinite branch. In any
treet, with each node’ is associated a rule — B: h is
the label ofy and B is the set of the labels of the children
of v. Note thatB may be infinite. Obviously with &afis
associated &act

A set of rulesR defines a notion gbroof tree a treet is a
proof tree wrtR if it is well foundedand the rules associated
with its nodes are irR.

Monotonic operators, fixpoints and closures

In logic and computer science, interesting sets are often de
fined asleast fixpointof monotonic operatorsOur frame-
work is set-theoretical, so here an operator is merely a map
T : P(S) — P(S) whereP(S) is the power set of a sét.

T is monotonidf X C Y C S = T(X) C T(Y). From
now on,T" is supposed monotonic.

X is afixpointof T if T(X) = X. Note that if X is a
fixpoint of T'andY C X thenT(Y) C X (sinceT(Y) C
T(X)=X).SoT(T(Y)) C X,...,.T"(Y) C X forn > 0.

The leastX such thatl'(X) C X exists (it is the inter-
section of all theseX) and it isalso the least fixpointof
T, denoted byp(T) (it is a particular case of the classical
Knaster-Tarskiheorem). Sincéfp(T) is the leastX such
thatT(X) C X, to provelfp(T) C X itis sufficient to
proveT (X) C X. Itis theprinciple of proof by induction

Since® C lfp(T), T"(0) C lUp(T) forn > 0. This
gives approximations which will be used below for comput-
ing lfp(7T') by iterations.

Now let R be a given set of rules. In practice a $kts
supposed to be given such that S andB C S for each
rule (h < B) € R. Inthis context the set of rul&B defines
the operatoff’r : P(S) — P(S) by

Tr(X)={h|3BC X,(h— B) € R}

which is obviouslymonotonic



For exampleh € Tz (0) if and only if h — is a fact ofR;

h € Tr(Tr(0)) if and only if there is a ruléh +— Bin R
such thab < is a rule (fact) ofR for eachb € B; itis easy
to see that the members B () are proof tree roots.

Conversely, in this set-theoretical framework, each mono-
tonic operatofT' is defined by a set of rules, that is to say
T = Ty for someR (for example take the trivial rules
h < B such that, € T'(B)).

Now to provelfp(Tz) € X by induction that is to say to
prove merelyI'’z (X) C X, is exactly to proveB C X =
h € X foreachruleh — BinR.

A significant property is that the members of tkast fix-
point of T’z are exactly theproof tree rootswrt R. Let R
the set of theproof tree rootswrt R. It is easy to prove
Ifp(Tr) € R by induction R C lfp(Tr) is also easy to
prove: ift is a proof tree, by well-founded induction all the
labels of the nodes dfare inlfp(Tr).

Note that for each monotonic operatbrthere are possi-
bly manyR such thatl’ = T». In each particular context
there is often on& that is natural, which can provide a no-
tion of explanation for the membership of the least fixpoint
of T'. Here, the operatdrf’ is associated to a program and

The upward closureof X by several operatord’; :
P(S) — P(S) (i € I) is the least” such thatX C Y and
T;(Y) C Y for eachi € I. Instead of computing this clo-
sure by usindl’'(X) = U,¢; T:(X), in practice, it is more
efficient to use ahaotic iteration(Cousot & Cousot 1977;
Fages, Fowler, & Sola 1995; Apt 1999) of the (i € 1),
where at each step only ofiéis chosen and appliedy =
X, Xpn41 =X, UT;, (Xp),--- wherei,, € I. The se-
quenceiy, is, - - - is calledrun and is a formalization of the
choices of thel;. If S is finite obviously for some natural
number we haveX,, = X, thatis to sayl;, ., (X,) C
X, butX,, is theclosureonly if T;(X,,) C X,, forall i € I.

If Iis alsofiniteitis easy to see thdinite runsiy, is, - - -, iy
exist such thafX,, is theclosure for example by choosing
eachi in turn.

In general, from a theoretical point of viewarnesscon-
dition on the (infinite) run is presupposed to ensure that the
closure is reached, such a run is call€diarun, but the de-
tails are beyond the scope of the paper. For the application
below toConstraint Satisfaction Problems and.S may be
supposed to bfnite.

there exists a set of rules that can be naturally deduced from pyality and negative information

the program and that give an interesting notion of explana-
tions for the members of the least fixpointBf

Sometimes an interesting set is not directly defined as
least fixpoint of a monotonic operator, it is definedurs
ward closureof a set by a monotonic operator, but it is ba-
sically the same machinery: thpward closureof X by T’
is the leastY” such thatX C Y and7T(Y) C Y, thatis
to say the least” such thatX U T'(Y) C Y, which is the
least fixpointof the operato” — X U T'(Y) (but it is not
necessarily a fixpoint df’ itself).

Several operatorg; : P(S) — P(S) (i € I) may be
considered together and the interesting set iscivamon
least fixpoint which is the least fixpoint of the operat®r
defined byl'(X) = U, Ti(X).

Iterations

The least fixpointof a monotonic operatof’ : P(S) —
P(S) can be computed bigerating 7' from the empty set:
Let Xg = 0, X,,11 = T(X,). Itis easy to see that we have
Xo C X; C--- C X, and thatX,, C lfp(T). If S is finite,
obviously for some natural numberwe haveX,, =
Itis easy to see thaX,, = lfp(T).

In the general case the iteration mustiaasfinite n» may
be anyordinal, and X,, = Uu<n X, if nis alimit ordinal.
Then for some ordinalv we haveX, = X,.1 which is
Ifp(T). The first suchy is the (upward) closure ordinabf
T

n+1-

In practiceS is not necessarily finite but oftéh = T’ for
a setR of rules which ardinitary, that is to say, in each rule
h «— B, Bisfinite. In that case thelosure ordinalbf T is <
w (w is the first limit ordinal) that is to salfp(7) = X, =
Uncw Xn = U, en Xn (intuitively, the natural numbers are
sufficient because eaghmoof treeis afinitetree).

More generally theupward closureof X by T can be
computed byiterating 7' from X by defining: X, =
X, Xpp1 =X, UT(X,), - -

Sometimes the interesting sets greatest fixpoinbr down-
ward closuref some monotonic operators.

Each monotonic operatar : P(S) — P(S) has agreat-
est fixpoint denoted bysfp(7'), that is to say the greatest
X such thatl'(X) = X. In factgfp(T) is alsothe great-
estX such thatX C T'(X). Itis the reason why to prove
X C gfp(T) itis sufficient to proveX C T'(X) (principle
of proof by co-induction)

Thedownward closuref X by T is the greatest” such
thatY C X andY C T(Y), that is to say the greate¥t
such that” C X N T(Y), which is thegreatest fixpoinof
the operato” — X N T(Y) (but it is not necessarily a
fixpoint of T' itself).

Several operator$; : P(S) — P(S) (i € I) may be
considered together and the interesting set isciimon
greatest fixpointwhich is also the greatest fixpoint of the
operatorT” defined byT'(X) = (o, T5(X).

Greatest fixpoinanddownward closure€an be computed
by iterations, similar to the iterations of the previous sub
section, but now iterations agownward(the previous it-
erations are said to bepward, reversingC, replacingu
by N and replacing) by S. Each monotonic operator has a
(downward) closure ordinalvhich is obviouslyfinite (natu-
ral number)if S is afinite set. IfS is infinite, thedownward
closure ordinalmay be> w even if theupward closure or-
dinal is < w, for example, it is the case for the application
to constraint logic programming (but it is outside the scope
of this paper).

But this apparent symmetry betweérast fixpointand
greatest fixpoinis misleadingoecause we are mainly inter-
ested in the notion gfroof treg as a model foexplanations
so we are interested iR, set ofrules which defines an op-
eratorT = Tg. Itis only theleast fixpointof Tx which
has the significant property that its members are exactly the
proof tree rootswrt R. The greatest fixpointan be also



described in terms of trees, but theses treemat@ecessar-
ily well foundedand they are not in the scope of this paper.
In this paper a tree must heell foundedn order to be an
explanation

However, concerningreatest fixpoinanddownward clo-
sure we are going to see thapaoof treecan be an explana-
tion for thenon-membershithat is to say to deal withega-
tive information It is possible because in this set-theoretical
framework we can useomplementatianfor X C S, the
complementaryS — X is denoted byX. The dual of
T : P(S) — P(S) is the operatofl” : P(S) — P(9)
defined byT’(X) = T(X). T' is obviously monotonic if
T is monotonic. X is a fixpoint of 77 if and only if X
is a fixpoint of 7. SinceX C Y ifandonlyifY C X,
gfp(T) = Up(T7) andgfp(T') = Up(T"). Soif R’ is a nat-
ural set of ruleddefiningT”, aproof treewrt R’ can provide
a natural notion of explanation for the membership of the
complementary of the greatest fixpoint Bfsince it is the
membership of the least fixpoint Gf.

Concerningterationsit is easy to see thatownward iter-
ationswhich computeagreatest fixpoinof 7" anddownward
closurescan be uniformly converted by complementation
into upward iterationswhich computeeast fixpointof 7"
andupward closures

Explanations for diagnosis

Intuitively, let us consider thatset of rulesR is an abstract
formalization of a computational mechanism so thpt@of
treeis an abstract view of lace. The results of the possible
computations arproof tree rootswrt R that is to say mem-
bers of theleast fixpointof a monotonic operatdl’ = T%.
Infinite computations related to non-well founded trees and
greatest fixpoinare outside the scope of this paper. For ex-
ample, in the application below tGonstraint Satisfaction
Problemsthe formalization uses greatest fixpoinbut in
fact by the previousluality we consideproof treesrelated
to aleast fixpoint

Now let us consider that the set of rul& may beer-
roneous producingnon expectedesults: some- € lfp(7T)
arenon expecte@nd some others € lfp(T") areexpected
From a formal viewpoint this is represented by a Bet S
such that, for each € S, r is expectedf and only if r € E.

r € lfp(T) — E (anon expectedesult) is called asymp-
tomwrt to E. If there exists a symptonifp(7') € E so
T(F) € E (otherwiselfp(T) C E by the principle of proof

by induction). T(E) ¢ E means that there exists a rule
h «— Bin R such thatB C FE buth ¢ E. Such a rule

is called arerror wrt to E. Intuitively it is the existence of
errors which explains the existence of symptoms. Diagnosis
consists in locating errors iR from symptoms.

Now the notion ofproof treecanexplainhow anerror can
be acauseof a symptomif r is asymptonit is the root of a
proof treet wrt R. In t we callsymptom noda node whose
label is a symptom (there is at leassymptom nod@hich
is the root). Since is well foundedthe relation parent-child
is well founded, so there is at leastranimal symptom node
wrt this relation. The rulé. — B associated with eninimal
symptom nodis obviously arerror sinceh is a symptom but

nob € B is a symptom. The proof tregis an abstract view

of atraceof a computation which has produced the symptom
r. Itexplains how erroneous information is propagated to the
root. Moreover by inspecting some nodeg iihis possible

to locate an error.

Constraint Logic Programming

We consider the general scheme of Constraint Logic Pro-
gramming (Jaffaet al. 1998) called CLPX), where X is

the underlying constraint domain. For examplemay be

the Herbrand domain, infinite trees, finite domaiNsR...

Two kinds of atomic formula are considered in this
scheme: constraints(with built-in predicates) andtoms
(with program predicates, i.e. predicates defined by the pro
gram).

A clauseis a formula

ag<—cNay N---Nap

(n > 0) where thes; are atoms and is a (possibly empty)
conjunction of constraints. In order to simplify, we assume
that eachu; is an atonp;(z}, . .., =}, ) and all the variables
2t (i =0,...,n, 7 = 1,..., k) are differents. This is
afways possible by adding equalities to the conjunction of
constraints:.

Each program predicateis defined by a set of clauses:
the clauses that have an atom with the predicate symbol
in the left part (the head of the clause), this set of clauses i
calledthe packebf p.

A constraint logic progranis a set of clauses.

Positive Answer

In Constraint Logic Programming, amswerto a goak— a

(a is an atom) is a formula — a wherec is a conjunction

of constraints¢ — a is alogical consequencef the pro-
gram. Considering the underlying constraint domain, i

a valuation solution of, thenv(a) belongs to the semantics
of the program. If no valuation satisfieshen the answer is
not interesting (becauseis false andfalse — a is always
true). A reject criteriontests the satisfiability of the con-
junction of constraints built during the computation in erd

to end the computation when it detects that the conjunction
is unsatisfiable. The reject criterion is often incomplatd a

it just ensures that rejected conjunctions of constrairgs a
unsatisfiable in the underlying constraint domain. From an
operational viewpoint, the reject criterion may be seenras a
optimization of the computation (needless to continue the
computation when the conjunction of constraints has no so-
lution).

A monotonic operator may be defined such that its least
fixpoint provides the semantics of the program. A candidate
is an operator similar to the well knowimmediate conse-
quence operatofoften denoted by{'r) in the framework of
pure logic programming (logic programming is a particular
case of constraint logic programming where unification is
seen as equality constraint over terms).

A set of rulesmay be associated with this monotonic
operator. For example, a convenient set of rules is the
set of all thev(ap) «— v(ai1),...,v(a,) such thatay «—



cAai -+ -Aay, is aclause of the program ands a valuation
solution ofc. This set of rules basically provides a notion of
explanation. Because of the clausey(ifi1 ), . .., v(a,) be-
long to the semantics of the program, the,) belongs to
the semantics of the program. The point is that the expla-

the notion of skeleton of partial explanations), but theleza
may find details about some systems of negative rules and
the explanations of negative answers in (Ferrand & Tessier
1997; 1998; Tessier 1997).

The nodes of a negative explanation are negative answers:

nations defined by this set of rules are theoretical because formulaC < a, where(C'is a disjunction of conjunctions of

they cannot always be expressed in the language of the pro-

gram (for example, if the constraint domairiiseach value

constraints.

of the domain does not correspond to a constant of the pro- Links between explanations and computation
gramming language). Moreover it is better to use the same [n this article, the notion of answer is defined when the com-

language for the program answers and their explanations.

Anothermonotonic operatomay be defined such that its
least fixpoint is the set of answers{ a), that is the oper-
ational semantics of the program.

Again, we can give aet of rulesvhich inductively defines
the operator. The rules come directly from the clauses of the
program and the reject criterion (Ferrand & Tessier 1997).
The rules may be defined as follows:

o for all renamed clausey < cAay A---Aay,

e for all conjunction of constraints,, ..., ¢,
we have the rule:
(co = ag) «— (c1 — a1),...,(cn — an)

wherecy is not rejected by the reject criterion anglis de-
fined bycy = I_4,(c Aer A+ A ep), 34, denotes the
existential quantification except on the variableggf

These rules provide another notion of explanation. For
each answet — a, there exists an explanation rooted by
¢ — a. Moreover, each node of an explanation is also an
answer: a formula — a. An answer is explained as a

putation is finite, that is to say when the computation ends
and provides a result.

The notion of positive computation corresponds to the no-
tion of CSLD-derivation (Lloyd 1987; Jaffaat al. 1998), it
corresponds to the computation of a branch of the CSLD-
search tree. With each finite branch of the CSLD-search tree
is associated a positive answer (even when the CSLD-search
tree is not finite).

The notion of negative computation corresponds to the
notion of CSLD-resolution (Lloyd 1987; Jaffat al. 1998),
it corresponds to the computation of the whole CSLD-search
tree. Thus a negative answer is associated only with a finite
CSLD-search tree.

A positive explanation explains an answer computed by a
finite CSLD-derivation (a positive answer) while a negative
explanation explains an answer computed by a finite CSLD-
search tree (negative answer).

The interesting point is that the nodes of the explanations
are answers, that is, an answer is explained as a consequence
of other answers.

The explanations defined here may be seen as a declara-

consequence of other answers using a rule deduced from ative view of the trace: it contains all the declarative infor

clause of the program. This notion of explanation has been
successfully used for declarative error diagnosis (Tegsie
Ferrand 2000) in the framework of algorithmic debugging
(Shapiro 1982) as shown later.

Negative Answer

Because of the non-determinism of constraint logic pro-
grams, another level of answer may be considered. It is built
from the answers of the first level. i — a,...,c, — a

are the answers of the first level to a geal a, we have
c1V---Ve, — ainthe program semantics. For the second
level of answer we now consider V - -- V ¢, < a.

The answers of the first level (thg — a) are calledpos-
itive answersbecause they provide positive information on
the goals (each solution ofais a solution of:) whereas the
answers of the second level (thev - - - V¢, < a) are called
negative answensecause they provide negative information
on the goals (there does not exist a solution afich is not
a solution of a;).

Again, the set of negative answers is the least fixpoint of a
monotonic operatarA set of ruleamay be naturally associ-

mation of the trace without the operational details. This

is important because in constraint logic programming, the
programmer may write its program using only a declarative

knowledge of the problem to solve. Thus it would be such a
great pity that the explanations of answers used operdtiona
aspects of the computation.

Declarative Error Diagnosis

An unexpected answer of a constraint logic program is the
symptonmof an error in the program. Because we have an
(unexpected) answer the computation is finite. If we have
a positive symptoirthat is an unexpected positive answer,
the finite computation corresponds to a finite branch of the
CSLD-search tree. If we haveregative symptojthat is

an unexpected negative answer, then the CSLD-search tree
is finite.

Given some expected properties of a constraint logic pro-
gram, given a (positive or negative) symptom, using the pre-
vious notions of explanations (positive explanations a-ne
ative explanations), using the general scheme for diagnosi
given before, we can locate an error (or several errors) in a

ated with the operator, each rule is defined using the packet constraint logic program. The diagnoser asks an oracle (in
of clauses of a program predicate. The set of rules provides practice, the user or a specification of the program) in order

a notion ofnegative explanatian

It is not possible to give in few lines the set of (negative)
rules because it requires several preliminary definitions (
needs to define very rigorously the CSLD-search tree with

to know if a node of the explanation is a symptom. The di-
agnoser searches for a minimal symptom in the explanation.
A minimal symptom exists because the root of the explana-
tion is a symptom and the explanation is well founded (it is



finite). The rule that links the minimal symptom to its chil-
dren is erroneous in some sense:

If the symptom is a positive symptom, then it is a positive
rule and the clause used to define the rule {soaitive
error: the clause isncorrectaccording to the expected
properties of the program. Moreover the constraint in the
minimal symptom provides a context in which the clause
is not correct.

If the symptom is a negative symptom, then it is a nega-
tive rule and the packet of clauses used to define the rule
is anegative error the packet of clauses iscomplete
according to the expected properties of the program.

Thanks to the diagnosis, the programmer knows the clause
or the packet of clause that is not correct and can fix its pro-
gram.

A positive symptom is a wrong positive answer. A nega-
tive symptom is a wrong negative answer, but it is also the
symptom of a missing positive answer. Another kind of neg-
ative error diagnosis has been developed for pure logic pro-
grams. It needs the definition of infinite (positive) explana
tions. The set of roots of infinite positive explanationdis t
greatest fixpoint of the operator defined by the positivesule
Note that, if the programmer can notice that a positive an-
swer is missing then the CSLD-search tree is finite (there is a
negative answer). Thus, if a positive answer is missing) the
it is not in the greatest fixpoint of the operator defined by the
positive rules (in that case, the missing positive answeois
also in the least fixpoint of the operator). Note however,that
in this context, the good notion refers to the greatest fixpoi
and infinite positive explanations. The principle of thikext
error diagnosis for missing positive answer (Ferrand 1987;
1993) consists in trying to build an infinite positive expdan
tion rooted by the missing positive answer. Because it is not
in the greatest fixpoint, the building of the infinite positiv
explanation fails. When it fails, it provides an error: a batc
of clausesnsufficientaccording to the expected properties of
the program.

Constraint Satisfaction Problems

Constraint Satisfaction Problem&spP (Tsang 1993; Apt
2003; Dechter 2003) have proved to be efficient to model
many complex problems. Most of modern constraint solvers
(e.9. CHIP, GNUPROLOG, ILOG SOLVER CHOCO) are
based on domain reduction to find the solutions afse.

for the application to correctness of constraint retrattt
gorithms. A more detailed model of these explanations for
constraint programming over finite domains is proposed in
(Ferrand, Lesaint, & Tessier 2002) and a more precise pre-
sentation of their application to constraint retraction te
found in (Debruynest al. 2003).

cspPand solutions

Following (Tsang 1993), &onstraint Satisfaction Problem

is made of two parts: a syntactic part and a semantic part.
The syntactic part is a finite s&t of variables, a finite sef'

of constraints and a functiorar : C — P(V), which asso-
ciates a set of related variables to each constraint. Ingeed
constraint may involve only a subset Bf For the seman-

tic part, we need to consider various familigs= (f;)ics-
Such a family is referred to by the function— f; or by the
set{(i. f;) | i € I}.

(D.)zev is a family where eaclv, is a finite non empty

set of possible values far. We define thalomain of com-
putationby D = J . ({z} x D). This domain allows
simple and uniform definitions of (local consistency) oper-
ators on a power-set. For reduction, we consider sulbkets
of . Such a subset is called @mvironment Letd C D,
W C V, we denote byl|y the set{(z,e) e d | z € W}.
d is actually a family(d,.),ecv with d, C D,: forx € V,
we defined, = {e € D, | (z,e) € d}. d, is thedomainof
variablez.

Constraintsare defined by their set of allowed tuples. A
tuplet on W C V is a particular environment such that
each variable ofV” appears only once: C D|y andVz €
W,3e € Dy, t|(zy = {(z,e)}. Foreache € C, T, is a set
of tuples onvar(c), called the solutions of. Note that a
tuplet € T. is equivalent to a familye, ), cvar(c) @ndt is
identified with{(z, e,) | © € var(c)}.

We can now formally define aspand a solution:

A Constraint Satisfaction Problerfcsp is defined by:

a finite setV of variables, a finite se€’ of constraints, a
functionvar : C — P(V), afamily (D,).cv (the domains)
and a family(T¢).c¢ (the constraints semantics).sélution
foracsp(V,C,var, (Ds)zev, (T¢)cec) IS a tuplet on'V
such as’c € C, tlyar(c) € Te-

Domain reduction
To find the possibly existing solutions, solvers are often

But these solvers are often black-boxes whereas the needbased ordomain reduction In this framework, monotonic

to understand the computations is crucial in many appli-
cations. Explanations have already prove their efficiency
for such applications. Furthermore, they are useful for
Dynamic Constraint Satisfaction Problems (Bessiere 1991
Schiex & Verfaillie 1993; Boizumault & Jussien 1997),
over-constrained problems (Jussien & Ouis 2001), search
methods (Prosser 1993; Ginsberg 1993; Boizumault, De-
bruyne, & Jussien 2000), declarative diagnosis (Ferraad, L
saint, & Tessier 2003)...

Here, two notions of explanations are described:
explanation-tree and explanation-set. The first one corre-
sponds to the notion of proof tree. But the second one,
which can be deduced from explanation-tree, is sufficient

operators are associated with the constraints of the proble
with respect to a notion of local consistency (in genera, th
more accurate is the consistency, the more expensive is the
computation). These operators are calechl consistency
operators In GNU-Prolog for example, these operators cor-
respond to the: in r (Codognet & Diaz 1996).

For the sake of clarity, we will consider in our presenta-
tion that each operator is applied to the whole environment,
butin practice, it only removes from the environments of one
variable some values which are inconsistent with respect to
the environments of a subset 16t

A local consistency operatds a monotonic functiom :
P(D) — P(D).



Classically (Benhamou 1996; Apt 1999), reduction oper- following application to the correctness of constraintaiet
ators are considered as monotonic, contracting and idempo- tion algorithms.
tent functions. However, on the one hamodntractances Let R be the set of all local consistency operators. Let
not mandatory because environment reduction after apply- h € D andd € D. We callexplanation-sefor h w.r.t. d
ing a given operatar can be forced by intersecting its result  a set of local consistency operatdfsC R such thath ¢
with the current environment, thatdsn (d). On the other CL | (d,E).
hand,jdempotencés useless from a theoretical point of view Explanation-sets allow a direct access to direct and indi-
(it is only useful in practice for managing the propagation rect consequences of a given constraintFor eachh ¢
queue). This is generally not mandatory to design effec- CL | (d, R), expl(h) represents any explanation-set for
tive constraint solvers. We can therefore use engnotonic Notice that forany: € CL | (d, R), expl(h) does not exist.
functions to define the local consistency operators. Several explanations generally exist for the removal of a
The solver semantics is completely described by the set given value. (Jussien 2001) show that a good compromise
of such operators associated with the handled constraints. between precision (small explanation-sets) and ease of com
More or less accurate local consistency operators may be se-putation of explanation-sets is to use the solver-embedded
lected for each constraint. Moreover, this framework is not knowledge. Indeed, constraint solvers always know, al-

limited to arc-consistency but may handley local consis- though it is scarcely explicitwhythey remove values from
tencywhich boils down to domain reduction as shown in the environments of the variables. By making that knowl-
(Ferrand, Lesaint, & Tessier 2002). edge explicit and therefore kind ¢facing the behavior of

Of course local consistency operators shouldcbeect the solver, quite precise explanation-sets can be computed
with respect to the constraints. In practice, to each cairstr Indeed, explanation-sets are a compact representatitie of t
c € C'is associated a set of local consistency operatges. necessary constraints to achieve a given domain reduction.
The setR(c) is such that for each € R(c), d € D and A more complete description of the interaction of the con-
teT.tCd=tCr(d). straints responsible for this domain reduction can be intro

From a general point of view, domain reduction consists duced througIexplanation-treewhich are closely related to
in applying these local consistency operators according to actual computation.

a chaotic iterationuntil to reach theicommon greatest fix- According to the solver mechanism, domain reduction

point Note that finite domains and chaotic iteration ensure must be considered from a dual point of view. Indeed, we

to reach this fixpoint. are interested in the values which may belong to the solu-
Obviously, the common greatest fixpoint is an environ- tions, but the solver keeps in the domains value_s for which it

ment which contains all the solutions of thsp It is the cannot prove that they do not belong to a solution. In other

most accurate set which can be computed using a set of lo- words, it only computes proofs for removed values.

cal consistency operators. With each local consistency operator considered above,

In practice, constraint propagation is handled through a ¢an be associated its dual operator (the one removing val-
propagation queue The propagation queue contains local ues). Then, these dual operators can be def!ned by sets of
consistency operators that may reduce the environment (in rules. Note that for each operator there can exists many such
other words, the operators which are not in the propagation Systems of rules, but in general one is more natural to ex-
queue cannot reduce the environment). Informally, startin  Press the notion of local consistency used. Examples for
from the giveninitial environment for the problem, a local classical notions of consistency are developed in (Fefrand
consistency operator is selected from the propagationgueu Lesaint, & Tessier 2002). First, we need to introduce the
(initialized with all the operators) and applied to the eoni notion of deduction rule related to dual of local consistenc
ment resulting to a new one. If a domain reduction occurs, Operators. _
new operators are added to the propagation queue. Note that A deduction ruleis a ruleh — B such that: € D and
the operators selection corresponds to the fair run. -

Of course in practice, the computations needs to be finite. 1 he intended semantics of a deduction rule- B can be
Terminationis reached when: presented as follows: if all the elements Bfare removed

. _ _ . _ ) from the environment, thelndoes not appear in any solution
o adomain of variable is emptied: there is no solution to the  of the cspand may be removed harmlessly. elements of
associated problem; B represent the support set fof

e the propagation queue is emptied: a common fix-point A Set of deduction rulek, may be associated with each

(or a desired consistency state) is reached ensuring that dual of local consistency operater Itis intuitively obvi-
further propagation will not modify the result. ous that this is true for arc-consistency enforcement but it

has been proved in (Ferrand, Lesaint, & Tessier 2002) that
for any dual of local consistency which boils down to do-
main reduction it is possible to associate such a set of rules
Now, we detail two notions of explanations for CSP: (moreover it shows that there exists a natural set of rules
explanation-seandexplanation-treeThese two notions ex-  for classical local consistencies). Note that, in the gaher
plain why a value is removed from the environment. Note case, there may exist several rules with the same head but
that explanation-trees are both more precise and genaralth  different bodies. We consider the setof all the deduction
explanation-sets, but explanation-sets are sufficientHer rules for all the local consistency operatorsitiefined by

Explanations



R= UTERRT-

The initial environment must be taken into account in the
set of deduction rules: the iteration starts from an environ
mentd C I; it is therefore necessary to add facts (deduction
rules with an empty body) in order to directly deduce the
elements ofl: let R? = {h — () | h € d} be this set.

A proof treewith respect to a set of rule8UR? is a finite
tree such that for each node labelledgyet B be the set of
labels of its childrenh «— B € R UR?.

Proof trees are closely related to the computation of do-
main reduction. Letl = d°,...,d’, ... be an iteration. For
eachi, if h & d’ thenh is the root of a proof tree with re-
spect toR U R<. More generallyC'L | (d, R) is the set of
the roots of proof trees with respect®U R*.

Each deduction rule used in a proof tree comes from a
packet of deduction rules, either from a packgt defining
a local consistency operateyor fromR<.

In fact, expl(t) is expl(h) previously defined where is
rooted byh.

Obviously explanation-trees are more precise than
explanation-sets. An explanation-tree describes theevah
moval thanks to deduction rules. Each deduction rule comes
from a set of deduction rules that defines an operator. The
explanation-set just provides these operators.

Note also that in practice explanation-trees can easily be
extracted from a trace following the process described in
(Ferrand, Lesaint, & Tessier 2004).

In the following, we will associate a single explanation-
tree, and therefore a single explanation-set, to each eleme
h removed during the computation. This set will be denoted

by expl(h).

Constraint Retraction
We detail an application of explanations to constraintretr

A set of local consistency operators can be associated with tion algorithms (Debruynet al. 2003). Thanks to explana-

a proof tree:

Lett be a proof tree. Aset X of local consistency op-
erators associated with is such that, for each node of
let h be the label of the node an# the set of labels of
its children: eitherh ¢ d (and B = (); or there exists
re X,h— BeR,.

tions, necessary conditions to ensure the correctnessyof an
incremental constraint retraction algorithms are given.
Dynamic constraint retraction is performed through the
three following steps (Georget, Codognet, & Rossi 1999;
Jussien 2001)disconnectingi.e. removing the retracted
constraint) setting back value@.e. reintroducing the values

Note that there may exist several sets associated with a removed by the retracted constraint) asgropagating(i.e.

proof tree. Moreover, each super-set of a set associatéd wit
a proof tree is also convenienk (s associated with all proof
trees). It is important to recall that the root of a proof tree
does not belong to the closure of the initial environmeént
by the set of local consistency operatdis So there exists
an explanation-set for this value.

If ¢ is a proof tree, then each set of local consistency op-
erators associated withis an explanation-set for the root of
t.

From now on, a proof tree with respect®UR? is there-
fore called arexplanation-treeAs we just saw, explanation-
sets can be computed from explanation-trees.

Let us consider a fixed iteratioth = d°,d*,....d°,...
of R with respect tor',r2,.... In order to incrementally
define explanation-trees during an iteration, (I6t);cy be
the family recursively defined as (whetens(h,T) is the
tree defined by is the label of its root and’ is the set of its
subtrees, and whereot(cons(h,T)) = h):

o SY = {cons(h,0) | h & d};

o Sl = Sty {cons(h,T) | h € d',T C S’ h «

{root(t) |t € T} € Ryit1}.

It is important to note that some explanation-trees do not
correspond to any iteration, but when a value is removed
there always exists an explanation-tree(iy S’ for this
value removal.

Among the explanation-sets associated with an
explanation-tre¢ € S¢, one is preferred. This explanation-
set is denoted byxpl(t) and defined as follows (where
t = cons(h, T)):

o if t € SO thenexpl(t) = 0;

e else there exists > 0 such thatt € S*\ S, then
expl(t) = {r'} U Uy cpexpl(t’).

some of the reintroduced values may be remove by other
constraints).

Disconnecting The first step is to cut the retracted con-
straintsC’ from the constraint network.C’ needs to be
completely disconnected (and therefore will never get prop
agated again in the future).

Disconnecting a set of constrai@f amounts to remove
all their related operators from the current set of active op
erators. The resulting set of operatordi®“™ C R, where
R = {J.co\cr R(c). Constraint retraction amounts to

compute the closure efby RV,

Setting back values The second step, is to undo the past
effects of the retracted constraints. Both direct (eactetim
the constraint operators have been applied) and indirect (f
ther consequences of the constraints through operators of
other constraints) effects of that constraints. This step r
sults in the enlargement of the environment: values are put
back.

Here, we want to benefit from the previous computation
of d’ instead of starting a new iteration froth Thanks
to explanation-sets, we know the valuesdf d' which
have been removed because of a retracted operator (that is
an operator ofR \ R™*V). This set of values is defined by
d ={hed|3Ire R\R"Y,r € expl(h)} and must
be re-introduced in the domain. Notice that all incremen-
tal algorithms for constraint retraction amount to compute
a (often strict) super-set of this set. The next result (proo
in (Debruyneet al. 2003)) ensures that we obtain the same
closure if the computation starts froor from d* U d’ (the
correctness of all the algorithms which re-introduce a supe
set ofd’):

CL | (d,R™) =CL | (d"ud,R"")



Repropagating Some of the put back values can be re- The paper shows two different domains where these no-
moved applying other active operator®( operators asso- tions apply: Constraint Logic Programming (CLP) and Con-
ciated with non retracted constraints). Those domain reduc straint Satisfaction Problems (CSP).

tions need to be performed and propagated as usual. Atthe Obviously, these prooftrees are explanations because they
end of this process, the system will be in a consistent state. can be considered as a declarative view of the trace of a com-
It is exactly the state (of the domains) that would have been putation and so, they may help to understand how the results
obtained if the retracted constraint would not have been in- are obtained. Consequently, debugging is a natural appli-

troduced into the system.

In practice the iteration is done with respect to a sequence
of operators which is dynamically computed thanks to a
propagation queue. At thé" step, before setting values
back, the set of operators which are in the propagation queue
is R’. Obviously, the operators @’N R"*™ must stay in the
propagation queue. The other operatd?8{” \ R?) cannot
remove any element af, but they may remove an element
of d’ (the set of re-introduced values). So we have to put
back in the propagation queue some of them: the operators
ofthe setR’ = {r € RV | 3h — B € R,,h € d'}. The
next result (proof in (Debruynet al. 2003)) ensures that the
operators which are not iR’ U R’ do not modify the envi-
ronmentd’ U d’, so it is useless to put them back into the
propagation queue (the correctness of all algorithms which
re-introduce a super-set & in the propagation queue):

Vr € RV \ (RPUR'),d"ud Cr(dud)

Therefore, by the two results, any algorithm which
restarts with a propagation queue includiRgu R’ and an
environment includingl’ U d’ is proved correct.

Note that the presented constraint retraction process
encompasses both information recording methods and
recomputation-based methods. The only difference refies o
the way values to set back are determined. The first kind
of methods record information to allow an easy computa-
tion of values to set back into the environment upon a con-
straint retraction. (Bessiere 1991) and (Debruyne 1986) u
justifications for each value removal the applied responsi-
ble constraint (or operator) is recorded. (Fages, Fowler, &

Sola 1998) uses a dependency graph to determine the por-

tion of past computation to be reset upon constraint retrac-
tion. More generally, those methods amount to record some
dependency information about past computation. A gener-
alization (Boizumault, Debruyne, & Jussien 2000) of both
previous techniques rely upon the use of explanation-sets.

Note that constraint retraction is useful for Dynamic Con-
straint Satisfaction Problems but also for over-consgdin
problems. Indeed, users often prefer to have a solution to a
relaxed problem than no solution for their problem. In this
case, explanation does not only allow to compute a solu-
tion to the relaxed problem but it may also helps the user
to choose the constraint to retract (Boizumault & Jussien
1997).

Conclusion

The paper recalls the notions of closure and fixpoint. When
program semantics can be described by some notions of clo-
sure or fixpoint, proof trees are suitable to provide explana
tions: the computation has proved the result and a proof tree
is a declarative explanation of this result.

cation for explanations. Considering the explanation of an
unexpected result it is possible to locate an error in the pro
gram (in fact an incorrect rule used to build the explanation
but this rule can be associated to an incorrect piece of pro-
gram). As an example, the paper presents the declarative
error diagnosis of constraint logic programs. But the same
method has also been investigated for Constraint Program-
ming in (Ferrand, Lesaint, & Tessier 2003). In this frame-
work, a symptom is a removed value which was expected to
belong to a solution and the error is a rule associated with a
local consistency operator.

It is interesting to note the difference between the appli-
cation to CLP and CSP. In CLP, it is easier to understand a
wrong (positive) answer because a wrong answer is a logi-
cal consequence of the program then there exists a proof of
it (which should not exists). In CSP, it is easier to under-
stand a missing answer because explanations are proofs of
value removals. A finite domain constraint solver just tries
to prove that some values cannot belong to a solution, but it
does not prove that remaining values belong to a solution.

In Constraint Programming, when a constraint is removed
from the set of constraints, a first possibility is to resthg
computation of the new solutions from the initial domain.
But, it may be more efficient to benefit of the past compu-
tations. This is achieve by a constraint retraction aldonit
The paper has shown how explanations can be used to prove
the correctness of a large class of constraint retraction al
gorithm (Debruyneet al. 2003). In practice, such algo-
rithms use explanations, for dynamic problems, for intelli
gent backtracking during the search, for failure analysis.
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