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heD1.1.1Abstra
tThe aim of this report is to provide the theoreti
al foundations of domain redu
-tion. The model is well suited to the solvers on �nite domains whi
h are used onthe respe
tive platforms of ea
h partner of the proje
t: GNU-Prolog (INRIA), CHIP(COSYTEC) and PaLM (EMN). A 
omputation is formalized by a 
haoti
 iterationof operators and the result is des
ribed as a 
losure. The model is well suited to thede�nition of tra
es and explanations whi
h will be useful for the debugging of 
on-straint programs. This report only deals with the redu
tion stage. It will be extendedto the labeling and the host language in next reports.1 Introdu
tionConstraint Logi
 Programming (CLP) [12℄ 
an be viewed as the reunion of two program-ming paradigms : logi
 programming and 
onstraint programming. De
larative debuggingof 
onstraints logi
 programs has been treated in previous works and tools have been pro-du
ed for this aim during the DiSCiPl (Debugging Systems for Constraint Programming)ESPRIT Proje
t [8, 15℄. But these works deal with the 
lausal aspe
ts of CLP. This reportfo
us on the 
onstraint level alone. The tools used at this level strongly depend on the
onstraint domain and the way to solve 
onstraints. Here we are interested in a wide �eldof appli
ations of 
onstraint programming: �nite domains and propagation.The aim of 
onstraint programming is to solve Constraint Satisfa
tion Problems (CSP)[16℄, that is to provide an instantiation of the variables whi
h is 
orre
t with respe
t tothe 
onstraints.The solver goes toward the solutions 
ombining two di�erent methods. The �rst one(labeling) 
onsists in partitioning the domains until to obtain singletons and, testing them.The se
ond one (domain redu
tion) redu
es the domains eliminating some values whi
h
annot be 
orre
t a

ording to the 
onstraints. Labeling provides exa
t solutions whereasdomain redu
tion simply approximates them. In general, the labeling alone is very expen-sive and a good 
ombination of the two methods is more eÆ
ient. In this paper labelingis not really treated. We 
onsider only one bran
h of the sear
h tree: the labeling part isseen as additional 
onstraint to the CSP. In future work, we plan to extend our frameworkin order to fully take labeling and the whole sear
h tree (instead of a single bran
h) intoa

ount. 1



This kind of 
omputation is not easy to debug be
ause CSP are not algorithmi
 pro-grams [13℄. The 
onstraints are re-invoked a

ording to the domain redu
tions until a�x-point is rea
hed. But the order of invo
ation is not known a priori and strongly de-pends on the strategy used by the solver.The main 
ontribution of this report is to formalize the domain redu
tion in orderto provide a notion of explanation for the basi
 event whi
h is \the withdrawal of avalue from a domain". This notion of explanation is essential for the debugging of CSPprograms. Indeed, the disappearan
e of a value from a domain may be a symptom of anerror in the program. But the error is not always where the value has disappeared andan analysis of the explanation of the value withdrawal is ne
essary to lo
ate the error.[9℄ provides a tool to �nd symptoms, this paper provides a tool whi
h 
ould be used to�nd errors from symptoms. Explanations are a tool to help debugging: we extra
t from a(wide) 
omputation a stru
tured part (a proof tree or an explanation tree) whi
h will beanalyzed more eÆ
iently.We are inspired by a 
onstraint programming language over �nite domains, GNU-Prolog [6℄, be
ause its glass-box approa
h allows a good understanding of the links betweenthe 
onstraints and the rules. But our model is suÆ
iently general to take the solver ofea
h partner into a

ount, that is GNU-Prolog (INRIA), CHIP (COSYTEC) and PaLM(EMN).We provide explanations in the general 
ase of hyper-ar
 
onsisten
y. Obviously, thisde�nition of explanations is 
orre
t for weaker 
onsisten
ies usually used in the imple-mented solvers. To be easily understandable, we provide examples in the ar
-
onsisten
y
ase.An explanation is a subset of operators used during the 
omputation and whi
h areresponsible for the removal of a value from a domain. Several works shown that detailedanalysis of explanations have a lot of appli
ations [10, 11℄. But these appli
ations of expla-nations are outside the s
ope of this report (see [11℄). Here, our de�nitions of explanationsare motivated by appli
ations to debugging, in parti
ular to error diagnosis.An aspe
t of the debugging of 
onstraint programming is to understand why we havea failure (i.e. we do not obtain any solution); this problem has been raised in [2℄. This
ase appears when a domain be
omes empty, that is no value of the domain belongs to asolution. So, an explanation of why these values have disappeared provides an explanationof the failure.Another aspe
t is error diagnosis. Let us assume an expe
ted semanti
s for the CSP.Consider we are waiting for a solution 
ontaining a 
ertain value for a variable, but thisvalue does not appear in the �nal domain. An explanation of the value withdrawal help usto �nd what is wrong in our program. It is important to note that the error is not alwaysthe 
onstraint responsible of the value withdrawal. Another 
onstraint may have madea wrong redu
tion of another domain whi
h has �nally produ
ed the withdrawal of thevalue. The explanation is a stru
tured obje
t in whi
h this information may be founded.The report is organized as follows. Se
tion 2 gives some notations and basi
 de�nitionsfor Constraint Satisfa
tion Problems. Se
tion 3 des
ribes a model for domain redu
tionbased on redu
tion operators and 
haoti
 iteration. Se
tion 4 asso
iates dedu
tion rulesto this model. Se
tion 5 uses dedu
tion rules in order to build explanations. Next se
tionis a 
on
lusion. 2



2 PreliminariesWe provide the 
lassi
al de�nition of a 
onstraint satisfa
tion problem as in [16℄. Thenotations used are natural to express basi
 notions of 
onstraints involving only somesubset of the set of all variables.Here we only 
onsider the framework of domain redu
tion as in [5, 6, 17, 18℄. Moregeneral framework is des
ribed in [4, 14℄.A Constraint Satisfa
tion Problem (CSP) is made of two parts, the synta
ti
 part:� a �nite set of variable symbols (variables in short) V ;� a �nite set of 
onstraint symbols (
onstraints in short) C;� a fun
tion var : C ! P(V ), whi
h asso
iates with ea
h 
onstraint symbol the set ofvariables of the 
onstraint;and a semanti
 part.For the semanti
 part, we need some preliminaries. We are going to 
onsider variousfamilies f = (fi)i2I . Su
h a family is identi�ed with the fun
tion i 7! fi, itself identi�edwith the set f(i; fi) j i 2 Ig.We 
onsider a family (Dx)x2V where ea
h Dx is a �nite non empty set 
alled the domainof the variable x (domain of x in short). In order to have simple and uniform de�nitionsof monotoni
 operators on a power-set, we use a set whi
h is similar to an Herbrand basein logi
 programming. We de�ne the global domain by G = Sx2V (fxg�Dx). We 
onsidersubsets d of G , i.e. d � G . We denote by djW the restri
tion of a set d � G to a set ofvariables W � V , that is djW = f(x; e) 2 d j x 2Wg.We use the same notations for the tuples. A global tuple t is a parti
ular d su
h thatea
h variable appears only on
e: t � G and 8x 2 V , tjfxg = f(x; e)g. A tuple t on W � V ,is de�ned by t � G jW and 8x 2W , tjfxg = f(x; e)g. So, a global tuple is a tuple on V .Then, the semanti
 part is de�ned by:� the family (Dx)x2V ,� the family (T
)
2C whi
h is de�ned by: for ea
h 
 2 C, T
 is a set of tuple on var(
)i.e. ea
h t 2 T
 is identi�ed with a set f(x; e) j x 2 var(
)g.A global tuple t is a solution of the CSP if 8
 2 C; tjvar (
) 2 T
.For any d � G , we need another notation: for x 2 V , we de�ne dx = fe 2 Dx j (x; e) 2dg. So, we 
an note the following points:� for d = G , dx = Dx,� d = Sx2V (fxg � dx);� for d; d0 � G , d � d0 , 8x 2 V; dx � d0x,� 8x 2 V , djfxg = fxg � dx;� for W � V , d � G jW , 8x 2 V nW;dx = ;.3



Example 1 CSPLet us 
onsider the CSP de�ned by:� V = fx; y; zg� C = fx < y; y < z; z < xg� var su
h that: var (x < y) = fx; yg, var (y < z) = fy; zg and var(z < x) = fx; zg.� Dx = Dy = Dz = f0; 1; 2g, that is:G = f(x; 0); (x; 1); (x; 2); (y; 0); (y; 1); (y; 2); (z; 0); (z; 1); (z; 2)g� T su
h that:Tx<y = ff(x; 0); (y; 1)g; f(x; 0); (y; 2)g; f(x; 1); (y; 2)ggTy<z = ff(y; 0); (z; 1)g; f(y; 0); (z; 2)g; f(y; 1); (z; 2)ggTz<x = ff(x; 1); (z; 0)g; f(x; 2); (z; 0)g; f(x; 2); (z; 1)ggFor a given CSP, one is interested in the 
omputation of the solutions. The simplestmethod 
onsists in generating all the tuples from the initial domains, then testing them.This generate and test method is 
learly expensive for wide domains. So, one prefers toredu
e the domains �rst (\test" and generate).To be more pre
ise, to redu
e the domains means to repla
e ea
h Dx by a subset ofDx. But in this 
ontext, ea
h subset of Dx 
an be denoted by dx for d � G . Su
h dxis 
alled the domain of x and d is 
alled the global domain. Dx is merely the greatestdomain of x. In fa
t, the redu
tion of domains will be applied to all domains, but sin
ed = Sx2V (fxg � dx), it amounts to the redu
tion of the global domain d.Here, we fo
us on the redu
tion stage. Let d the global domain. Intuitively, if tis a solution of the CSP, then t � d and we attempt to approa
h the smallest domain
ontaining all the solutions of the CSP. So this domain must be an \approximation" ofthe solutions a

ording to an ordering whi
h is exa
tly the subset ordering �.We des
ribe in the next se
tion a model for the 
omputation of su
h approximations.3 Domain redu
tionWe propose here a model of the operational semanti
s for the 
omputation of approxima-tions. It will be well suited to de�ne notions of basi
 events ne
essary for tra
e analysis,and explanations useful for debugging. Moreover main 
lassi
al results [4, 5, 14℄ are provedagain in this model.A set of operators (lo
al 
onsisten
y operators) is asso
iated to ea
h 
onstraint. Theinterse
tion between the global domain and the domain obtained by appli
ation of a lo
al
onsisten
y operator provides a new global domain. Finally, in order to always rea
h a�x-point (that is the approximation we look for), all the operators will be applied, as manytime as ne
essary, a

ording to a 
haoti
 iteration.A way to 
ompute an approximation of the solutions is to asso
iate with the 
onstraintssome lo
al 
onsisten
y operators. A lo
al 
onsisten
y operator is applied to the wholeglobal domain. But in fa
t, the result only depends on a restri
tion of it to a subset of4



variables Win � V . The type of su
h an operator is (Win ;Wout ) with Win ;Wout � V .Only the domains of Wout are modi�ed by the appli
ation of this operator. It eliminatesfrom these domains some values whi
h are in
onsistent with respe
t to the domains ofWin .De�nition 1 A lo
al 
onsisten
y operator of type (Win ;Wout ), with Win ;Wout � V is amonotoni
 fun
tion r : P(G ) ! P(G ) su
h that: 8d � G ,� r(d)jV nWout = G jV nWout ,� r(d) = r(djWin )We 
an note that:� r(d)jV nWout is independent of d,� r(d)jWout only depends on djWin ,� a lo
al 
onsisten
y operator is not a 
ontra
ting fun
tion.De�nition 2 We say a domain d is r-
onsistent if d � r(d), that is djWout � r(d)jWout .We provide an example in the obvious 
ase of ar
-
onsisten
y.Example 2 Ar
-
onsisten
yLet 
 2 C with var (
) = fx; yg and d � G . The property of ar
-
onsisten
y for d is:(1) 8e 2 dx;9f 2 dy; f(x; e); (y; f)g 2 T
,(2) 8f 2 dy;9e 2 dx; f(x; e); (y; f)g 2 T
.The lo
al 
onsisten
y operator r asso
iated to (1) has the type (fyg; fxg) and is de�nedby: r(d) = G jV nfxg [ f(x; e) 2 G j 9(y; f) 2 d; f(x; e); (y; f)g 2 T
g. It is obvious that (1)() d � r(d), that is d is r-
onsistent. We 
an de�ne in the same way the operator oftype (fxg; fyg) asso
iated to (2).Example 3 Continuation of example 1Let us 
onsider the 
onstraint x < y de�ned in example 1. For d = G , the property of ar
-
onsisten
y provided in the example above is asso
iated to: r1(d) = G jfy;zg[f(x; 0); (x; 1)gand r2(d) = G jfx;zg [ f(y; 1); (y; 2)g.The solver is des
ribed by a set of su
h operators asso
iated with the 
onstraints of theCSP. We 
an 
hoose more or less a

urate lo
al 
onsisten
y operators for ea
h 
onstraint(in general, the more a

urate they are, the more expensive is the 
omputation).We asso
iate to these operators, redu
tion operators in order to 
ompute the interse
-tion with the 
urrent global domain.De�nition 3 The redu
tion operator asso
iated to the lo
al 
onsisten
y operator r is themonotoni
 and 
ontra
ting fun
tion d 7! d \ r(d).5



All the solvers pro
eeding by domain redu
tion use operators with this form. For GNU-Prolog, we asso
iate to ea
h 
onstraint as many operators as variables in the 
onstraint.Example 4 GNU-PrologIn GNU-Prolog, su
h operators are written x in r [6℄, where r is a range dependent ondomains of a set of variables. The rule x in 0..max(y) is the lo
al 
onsisten
y opera-tor of type (fyg; fxg) whi
h 
omputes f0; 1; : : : ;max(dy)g where max(dy) is the greatestvalue in the domain of y. It is the lo
al 
onsisten
y operator de�ned by r(d)jfxg =f(x; e) j 0 � e � max(dy)g. The redu
tion operator asso
iated to this lo
al 
onsisten
yoperator 
omputes the interse
tion with the domain of x and is implemented by the rulex in 0..max(y):dom(x).The lo
al 
onsisten
y operators we use must not remove solutions of the CSP. Weformalize it by the following de�nition.De�nition 4 A lo
al 
onsisten
y operator r is 
orre
t if, for ea
h d � G , for ea
h solutiont, t � d) t � r(d).A lo
al 
onsisten
y operator is asso
iated to a 
onstraint of the CSP. Su
h an oper-ator must obviously keep the solutions of the 
onstraint. This is formalized by the nextde�nition and lemma.De�nition 5 Let 
 2 C and Wout � var (
). A lo
al 
onsisten
y operator r of type(Win ;Wout ) is 
orre
t with respe
t to the 
onstraint 
 if, for ea
h d � G , for ea
h t 2 T
,t � d) t � r(d).Lemma 1 If r is 
orre
t with respe
t to 
, then r is 
orre
t.Proof. Let d � G and s � d a solution of the CSP. sjvar(
) 2 T
, so sjvar(
) �r(d). Moreover sjV nvar(
) � G jV nvar(
) = r(d)jV nvar(
) be
ause Wout � var (
).�Note that the 
onverse does not hold.Example 5 GNU-PrologThe rule r : x in 0..max(y) is 
orre
t with respe
t to the 
onstraint 
 de�ned by var(
) =fx; yg and T
 = ff(x; 0); (y; 0)g; f(x; 0); (y; 1)g; f(x; 1); (y; 1)gg (Dx = Dy = f0; 1g and 
 isthe 
onstraint x � y).Intuitively, the solver applies the redu
tion operators one by one repla
ing the globaldomain with the one it 
omputes. The 
omputation stops when some domain be
omesempty (in this 
ase, there is no solution), or when the redu
tion operators 
annot redu
ethe global domain anymore (a 
ommon �x-point is rea
hed).From now on, we denote by R a set of lo
al 
onsisten
y operators. The 
ommon �x-point of the redu
tion operators asso
iated to R from a global domain d is a global domaind0 � d su
h that 8r 2 R, d0 = d0 \ r(d0), that is 8r 2 R, d0 � r(d0). The greatest 
ommon�x-point is the greatest d0 � d su
h that 8r 2 R, d0 is r-
onsistent. To be more pre
ise:6



De�nition 6 maxfd0 � G j d0 � d ^ 8r 2 R; d0 � r(d0)g is the downward 
losure of d byR and is denoted by CL # (d;R).The downward 
losure is the most a

urate set whi
h 
an be 
omputed using a set of
orre
t operators. Obviously, ea
h solution belongs to this set. It is easy to verify thatCL # (d;R) exists and 
an be obtained by iteration of the operator d 7! d \ Tr2R r(d).There exists another way to 
ompute CL # (d;R) 
alled the 
haoti
 iteration that we aregoing to re
all.The following de�nition is taken up to Apt [3℄.A run is an in�nite sequen
e of operators of R, that is, a run asso
iates to ea
h i 2 IN(i � 1) an element of R denoted by ri. A run is fair if ea
h r 2 R appears in it in�nitelyoften, that is fi j r = rig is in�nite. Let us de�ne a downward iteration of a set of operatorswith respe
t to a run.De�nition 7 The downward iteration of the set of lo
al 
onsisten
y operators R from theglobal domain d � G with respe
t to the run r1; r2; : : : is the in�nite sequen
e d0; d1; d2; : : :indu
tively de�ned by:1. d0 = d;2. for ea
h i 2 IN, di+1 = di \ ri+1(di).Its limit is denoted by d! = \i2INdi. A 
haoti
 iteration is an iteration with respe
t to afair run.The operator d 7! d \ Tr2R r(d) may redu
e several domains at ea
h step. But the
omputations are more intri
ate and some 
an be useless. In pra
ti
e 
haoti
 iterationsare preferred, they pro
eed by elementary steps, redu
ing only one domain at ea
h step.The next well-known result of 
on
uen
e [3, 7℄ ensures that any 
haoti
 iteration rea
hesthe 
losure. Note that, sin
e � is a well-founded ordering (i.e. G is a �nite set), everyiteration from d � G is stationary, that is 9i 2 IN;8j � i,rj+1(dj) \ dj = dj , that isdj � rj+1(dj).Lemma 2 The limit of every 
haoti
 iteration of the set of lo
al 
onsisten
y operators Rfrom d � G is the downward 
losure of d by R.Proof. Let d0; d1; d2; : : : be a 
haoti
 iteration of R from d with respe
t tor1; r2; : : :. Let d! be the limit of the 
haoti
 iteration.CL # (d;R) � d!: For ea
h i, CL # (d;R) � di, by indu
tion: CL # (d;R) �d0 = d. Assume CL # (d;R) � di, CL # (d;R) � ri+1(CL # (d;R)) � ri+1(di)by monotoni
ity. Thus, CL # (d;R) � di \ ri+1(di) = di+1.d! � CL # (d;R): There exists k 2 IN su
h that d! = dk be
ause � is awell-founded ordering. The run is fair, hen
e dk is a 
ommon �x-point of theset of redu
tion operators asso
iated to R, thus dk � CL # (d;R) (the greatest
ommon �x-point). �The fairness of runs is a 
onvenient theoreti
al notion to state the previous lemma.Every 
haoti
 iteration is stationary, so in pra
ti
e the 
omputation ends when a 
ommon7



�x-point is rea
hed. Moreover, implementations of solvers use various strategies in orderto determinate the order of invo
ation of the operators. These strategies are used so as tooptimize the 
omputation, but this is not in the s
ope of this report.In pra
ti
e, when a domain be
omes empty, we know that there is no solution, so anoptimization 
onsists in stopping the 
omputation before the 
losure is rea
hed. In that
ase, we say that we have a failure iteration.We have provided in this se
tion a model of the operational semanti
s for the solvers on�nite domains using domain redu
tion. This model is language independent and enoughgeneral in order to be used for the platform of ea
h partner: GNU-Prolog, CHIP andPaLM.4 Dedu
tion rulesThe appli
ation of a lo
al 
onsisten
y operator 
an be 
onsidered as a basi
 event. Butfor the notion of explanation, we need to be more pre
ise. So, in this se
tion, we attemptto explain in detail the appli
ation of a lo
al 
onsisten
y operator.Note that we are interested by the value withdrawal, that is when a value is not ina global domain but in its 
omplementary. So, we 
onsider this 
omplementary and the\duals" of the lo
al 
onsisten
y operators. By this way, at the same time we redu
e theglobal domain, we build its 
omplementary. We asso
iate natural rules to these operators.These rules will be the 
onstru
tors of the explanations.First we need some notations. Let d = G n d. In order to help the understanding, wealways use d for the 
omplementary of a global domain and d for a global domain.De�nition 8 Let r an operator, we denote by er the dual of r de�ned by: 8d � G ; er(d) =r(d).We need to 
onsider sets of su
h operators as for lo
al 
onsisten
y operators. LeteR = fer j r 2 Rg. The upward 
losure of d by eR, denoted by CL " (d; eR) exists and is theleast d0 su
h that d � d0 and 8r 2 R, er(d0) � d0.Next lemma ensures that the downward 
losure of a set of lo
al 
onsisten
y operatorsfrom a global domain d is the 
omplementary of the upward 
losure of the set of dualoperators from the 
omplementary of d.Lemma 3 CL " (d; eR) = CL # (d;R).Proof. straightforward �By the same way we de�ned a downward iteration of a set of operators from a domain,we de�ne an upward iteration.The upward iteration of eR from the global domain d � G with respe
t to er1; er2; : : : isthe in�nite sequen
e d0; d1; d2; : : : indu
tively de�ned by:1. d0 = d,2. di+1 = di [gri+1(di). 8



We 
an rewrite the se
ond item: di+1 = di [ ri+1(di). It is then obvious, that we addto di, the elements of di removed by ri+1.The link between the downward and the upward iteration 
learly appears by notingthat: di+1 = di \ ri+1(di) and [j2INdj = CL " (d; eR) = CL # (d;R).We have provided two points of view for the redu
tion of a global domain d with respe
tto a run r1; r2; : : :. In the previous se
tion, we 
onsider the redu
ed global domain, butin this se
tion, we 
onsider the 
omplementary of this redu
ed global domain, that is theset of elements removed of the global domain. As a lo
al 
onsisten
y operator \keeps"elements in a domain, its dual \adds the others" in the 
omplementary.Now, we asso
iate dedu
tion rules to these dual operators. These rules are natural tobuild the 
omplementary of the global domain and well suited to provide proof trees.De�nition 9 A dedu
tion rule of type (Win ;Wout ) is a rule h B su
h that h 2 G jWoutand B � G jWin .For ea
h operator r 2 R of type (Win ;Wout ), we denote by Rr a set of dedu
tion rulesof type (Win ;Wout ) whi
h de�nes er, that is er is su
h that: er(d) = fh 2 G j 9B � d; h  B 2 Rrg. For ea
h operator, this set of dedu
tion rules exists. There exists possibly manysu
h sets, but one is natural.We provide illustrations of this model on di�erent 
onsisten
y examples. Let us beginwith the obvious ar
 
onsisten
y 
ase.Example 6 Ar
 
onsisten
yLet us 
onsider the lo
al 
onsisten
y operator r de�ned in example 2 by:r(d) = G jV nfxg [ f(x; e) 2 G j 9(y; f) 2 d; f(x; e); (y; f)g 2 T
g.So, er(d) = r(d) = f(x; e) 2 G j 8(y; f) 2 d; f(x; e); (y; f)g 62 T
g.Let B(x;e) = f(y; f) j f(x; e); (y; f)g 2 T
g. Then,B(x;e) � d , 8(y; f) 2 G ; [f(x; e); (y; f)g 2 T
 ) (y; f) 2 d℄, 8(y; f) 2 G ; [(y; f) 2 d) f(x; e); (y; f)g 62 T
℄, 8(y; f) 2 d; f(x; e); (y; f)g 62 T
So, er(d) = f(x; e) 2 G j B(x;e) � dg.Finally, the set of dedu
tion rules asso
iated to r is Rr = f(x; e) B(x;e) j (x; e) 2 dg.Example 7 Continuation of example 1Let us 
onsider the CSP of example 1. Two lo
al 
onsisten
y operators are asso
iated tothe 
onstraint x < y: r1 of type (fyg; fxg) and r2 of type (fxg; fyg). The set of dedu
tionrules Rr1 asso
iated to r1 
ontains the three dedu
tion rules:� (x; 0) f(y; 1); (y; 2)g,� (x; 1) f(y; 2)g, and� (x; 2) ;.
9
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Figure 1: The parti
ular 
ase of ar
 
onsisten
yA dedu
tion rule h  B 
an be understood as follow: if all the elements of B areremoved from the global domain, then h does not parti
ipate in any solution of the CSPand we 
an remove it. See for example �gure 1. Note that if (x; e) 2 G jfxg does not appearin any tuple of T
, then we have the trivial dedu
tion rule (x; e) ;.Our formalization is also well suited to in
lude weaker ar
 
onsisten
y operators. InGNU-Prolog, a full ar
 
onsisten
y operator r of type (fyg; fxg) uses the whole domainof y, whereas, a partial ar
 
onsisten
y redu
tion operator only uses its lower and upperbounds. In that 
ase, we need two sets of dedu
tion rules Rmax and Rmin, one for ea
hbound. Then, for d � G , er(d) = f(x; e) j 9B(x;e) � d; (x; e)  B(x;e) 2 (Rmax [ Rmin)g.Note that there exists two rules with the head (x; e), one for the upper bound in Rmaxand one for the lower bound in Rmin.Example 8 Partial Ar
 Consisten
y in GNU-PrologLet us 
onsider the 
onstraint \x #= y+
" in GNU-Prolog where x, y are variables and
 a 
onstant. This 
onstraint is implemented by two lo
al 
onsisten
y operators: r1of type (fyg; fxg) and r2 of type (fxg; fyg). In GNU-Prolog, r1 is de�ned by the rulex in min(y)+
..max(y)+
.er1(d) = f(x; e) j 9B(x;e) � d; (x; e)  B(x;e) 2 (Rmax [Rmin)g with:� Rmax = f(x; e)  f(y; f) j f + 
 � eg j (x; e) 2 G jfxgg and� Rmin = f(x; e) f(y; f) j f + 
 � eg j (x; e) 2 G jfxgg.r2 of type (fxg; fyg) is de�ned in the same way by the rule y in min(x)-
..max(x)-
.In the framework of hyper-ar
 
onsisten
y, the tuples may 
ontain more than twovariables. For a 
onstraint 
 2 C and a variable x 2 var (
), if one value of ea
h tuple
ontaining (x; e) has disappeared of the global domain, then (x; e) 
an be removed fromthe global domain. For (x; e), we have as mu
h dedu
tion rules as possibilities to take oneelement (ex
ept (x; e)) in ea
h tuple of T
 
ontaining (x; e).10



Example 9 Hyper-ar
 Consisten
y in GNU-PrologLet us 
onsider the 
onstraint \x #=# y+z" in GNU-Prolog.Let G = f(x; 3); (y; 1); (y; 2); (z; 1); (z; 2)g. The 
onstraint is implemented by three lo
al
onsisten
y rules r1, r2 and r3. Let us 
onsider r1 of type (fy; zg; fxg). r1 is de�ned by:er1(d) = f(x; e) j 9B(x;e) � d; (x; e)  B(x;e) 2 Rg.We 
an eliminate (x; 3) from d if for ea
h tuple 
ontaining (x; 3), one value is removed fromd. There exists two tuples 
ontaining (x; 3): f(x; 3); (y; 1); (z; 2)g and f(x; 3); (y; 2); (z; 1)g.So, we have:� (y; 1) 62 d ^ (y; 2) 62 d) (x; 3) 62 r1(d);� (y; 1) 62 d ^ (z; 1) 62 d) (x; 3) 62 r1(d);� (y; 2) 62 d ^ (z; 2) 62 d) (x; 3) 62 r1(d);� (z; 1) 62 d ^ (z; 2) 62 d) (x; 3) 62 r1(d);Then, R 
ontains the four dedu
tion rules:� (x; 3) f(y; 1); (y; 2)g� (x; 3) f(y; 1); (z; 1)g� (x; 3) f(y; 2); (z; 2)g� (x; 3) f(z; 1); (z; 2)gIn this se
tion, we have 
onsidered a dual view of domain redu
tion. In this framework,we have introdu
ed dedu
tion rules. These rules explain the withdrawal of a value by thewithdrawal of other values. In the next se
tion, we 
onstru
t trees with these rules, inorder to have a 
omplete explanation of a value withdrawal asso
iated to an iteration.5 Value withdrawal explanationsSometimes, when a domain be
omes empty or just when a value is removed from a domain,the user wants an explanation of this phenomenon [2, 11℄. The 
ase of failure is theparti
ular 
ase where all the values are removed. It is the reason why the basi
 event herewill be a value withdrawal. Let us 
onsider a 
haoti
 iteration, and let us assume that ata step a value is removed from the domain of a variable. In general, all the operators usedfrom the beginning of the iteration are not ne
essary to explain the value withdrawal. Itis possible to explain the value withdrawal by a subset of these operators su
h that every
haoti
 iteration using this subset of operators removes the 
onsidered value. We asso
iatea set of proof trees to a value withdrawal during a 
haoti
 iteration. We have two notionsof explanation for a value withdrawal. The �rst one is a set of lo
al 
onsisten
y operatorsresponsible of this withdrawal, the se
ond one, more pre
ise is based on the proof trees.We re
all here the de�nition of proof trees, then we dedu
e the explanation set and providesome important properties for our explanations.First, we use the dedu
tion rules in order to build proof trees. We 
onsider the set ofall the dedu
tion rules for all the lo
al 
onsisten
y operators r 2 R: let R = [r2RRr.11



We use the following notations: 
ons(h; T ) is a tree, h is the label of its root and Tthe set of its sub-trees. We denote by root(t) the label of the root of a tree t. We re
allthe de�nition of a proof tree [1℄.De�nition 10 A proof tree with respe
t to R is indu
tively de�ned by: 
ons(h; T ) is aproof tree if h froot(t) j t 2 Tg 2 R and T is a set of proof trees with respe
t to R.Our set of dedu
tion rules is not 
omplete: we must take the initial domain intoa

ount. If we 
ompute a downward 
losure from the whole global domain G , then its
omplementary is the empty set. In this 
ase, R is 
omplete. But if we 
ompute adownward 
losure from a domain d � G , then its dual upward 
losure starts with d. Weneed fa
ts in order to dire
tly in
lude the elements of d. Let Rd = R [ fh  ; j h 2 dg.Next lemma ensures that, with this set of dedu
tion rules, we 
an build proof trees forea
h element of CL " (d; eR).Lemma 4 CL # (d;R) is the set of the roots of proof trees with respe
t to Rd.Proof. straightforward �It is important to note that some proof trees do not 
orrespond to any 
haoti
 iteration.We are interested in the proof trees 
orresponding to a 
haoti
 iteration.Example 10 Continuation of example 1Let us 
onsider the CSP de�ned in example 1. Six redu
tion rules are asso
iated to the
onstraints of the CSP:� r1 of type (fyg; fxg) and r2 of type (fxg; fyg) for x < y.� r3 of type (fzg; fyg) and r4 of type (fyg; fzg) for y < z.� r5 of type (fzg; fxg) and r6 of type (fxg; fzg) for z < x.Figure 2 shows three di�erent proof trees rooted by (x; 0). For example, the �rst onesays: (x; 0) is removed from the global domain be
ause (y; 1) and (y; 2) are removed fromthe global domain. (y; 1) is removed from the global domain be
ause (z; 2) is removedfrom the global domain and so on . . . The �rst and third proof trees 
orrespond to some
haoti
 iterations. But the se
ond one does not 
orrespond to any (be
ause (x; 0) 
ouldnot disappear twi
e).We provide now the de�nition of an explanation set.De�nition 11 We 
all an explanation set for h 2 G a set of lo
al 
onsisten
y operatorsE � R su
h that h 62 CL # (d;E).From now on, we 
onsider a �xed 
haoti
 iteration d = d0; d1; : : : ; di; : : : su
h thatd! = CL # (d;R). In this 
ontext, to ea
h h 2 d n d!, we 
an asso
iate one and only oneinteger i � 1 su
h that h 2 di�1 ndi. This integer is the step in the 
haoti
 iteration whereh is removed of the global domain. 12



(x; 0)(y; 1)(z; 2) (y; 2) (x; 0)(y; 1)(x; 0) (y; 2)
(x; 0)

Figure 2: Proof trees for (x; 0)De�nition 12 If h 2 dnd!, we denote by step(h), the integer i � 1 su
h that h 2 di�1ndi.If h 62 d then step(h) = 0.We know that when an element is removed, there exists a proof tree rooted by thiselement. This proof tree uses a set of lo
al 
onsisten
y operators. These operators areresponsible of this value withdrawal. We give a notation for su
h a set in the followingde�nition.De�nition 13 Let t a proof tree. We denote by expl set(t) the set of lo
al 
onsisten
yoperators: frstep((x;e)) j (x; e) has an o

urren
e in tg.Note that an explanation set is independent of any 
haoti
 iteration in the sense of:if an explanation set is responsible of a value withdrawal then whatever is the 
haoti
iteration used, this set of operators will always remove this element.Theorem 1 If t is a proof tree, then expl set(t) is an explanation set for root(t).Proof. By lemma 4. �We have de�ned explanation sets whi
h are independent of the 
omputation. So, whena value is removed during a 
omputation, we are able to obtain a set lo
al 
onsisten
yoperators responsible of this removal and thus a set of 
onstraints linked to these operators.This 
an be useful for failure analysis.But we are interested in an other problem whi
h is the debugging of 
onstraint pro-grams. In this framework, it is useful to have more a

urate knowledge than sets ofoperators. So, the stru
ture of proof trees whi
h 
ontains a notion of 
ausality for theremovals, provides us more information.In order to 
ompute in
rementaly the explanations from a 
haoti
 iteration, we de�nethe set of proof trees Si whi
h 
an be 
onstru
ted at a step i 2 IN of a 
haoti
 iteration.Obviously, before any 
omputation, it only 
ontains the trees without sub-trees rooted bythe elements whi
h are not in the initial domain. At ea
h step, we 
onstru
t the new treeswith the trees of the previous steps and the lo
al 
onsisten
y operator used at this step.More formally: 13



De�nition 14 Let the family (Si)i2IN de�ned by:� S0 = f
ons(h; ;) j h 62 dg,� Si+1 = Si [ f
ons(h; T ) j h 2 di; T � Si; h froot(t) j t 2 Tg 2 Rri+1g.Lemma 5 froot(t) j t 2 Sig = di.Proof. By indu
tion on i: S0 obviously 
he
ks this property.We suppose froot(t) j t 2 Sig = di and we prove1. froot(t) j t 2 Si+1g � di+1. Let h the root of t su
h that t 2 Si+1. Thereexists two 
ases:� t 2 Si, then h 2 di, then h 2 di+1 be
ause di � di+1.� t 62 Si. There exists h  B 2 Rri+1 ; h 2 di and 8b 2 B; b =root(tb); tb 2 Si. So, b 2 di, thus h 2 ri+1(di) [ di = di+1.2. di+1 � froot(t) j t 2 Si+1g. Let h 2 di+1. There exists two 
ases:� h 2 di, then h 2 froot(t) j t 2 Sig, then h 2 froot(t) j t 2 Si+1g.� h 2 di, then 9h  B 2 Rri+1 and 8b 2 B; b 2 di. That is B =froot(t) j t 2 Tg and 
ons(h; T ) 2 Si+1, that is h 2 froot(t) j t 2Si+1g. �The previous lemma is reformulated in the following 
orollary whi
h ensures that ea
helement removed from d during a 
haoti
 iteration is the root of a tree of [i2INSi.Corollary 1 froot(t) j t 2 [i2INSig = CL # (d;R).Proof. froot(t) j t 2 [i2INSig = [i2INfroot(t) j t 2 Sig= [i2INdi by lemma 5= d!= CL # (d;R) �(x; 0; r1)(y; 1; r3)(z; 2; r6) (y; 2; r3)
Figure 3: Explanation tree for (x; 0)From a proof tree, we 
an obtain the lo
al 
onsisten
y operators used with the fun
tionstep. It 
ould be interesting to have this information dire
tly in the tree. So, we 
onsideran explanation tree as a proof tree su
h that, to ea
h element h of the tree, we add the14



lo
al 
onsisten
y operator 
orresponding to step(h). For example, the �rst proof tree ofFigure 2 provides the explanation tree of Figure 3. The 
orresponding explanation set isfr1; r3; r6g.In this last se
tion, we have provided the theoreti
al foundations of value withdrawalexplanations. We will use them to explain failures and error diagnosis but this is not inthe s
ope of this report.6 Con
lusionThis report has given the theoreti
al model for the solvers on �nite domains by domainredu
tion. This model is language independent and 
an be applied to ea
h platform of thepartners: GNU-Prolog, CHIP and PaLM. This model takes several 
onsisten
ies (partialand full hyper-ar
 
onsisten
y of GNU-Prolog for example) into a

ount and is well suitedto de�ne explanations and tra
es.This model rests on redu
tion operators and 
haoti
 iteration. Redu
tion operatorsare de�ned from the 
onstraint and the 
onsisten
y used. These operators are appliedamong a 
haoti
 iteration whi
h ensures to take all of them into a

ount. The order ofinvo
ation of the operators depends on the strategy used by the solver and is out of thes
ope of this report.In the fourth part of the report, we were motivated by the explanations, that is tobe able to answer to the question: Why this value does not appear in any solution ? So,we did not have to 
onsider the global domain but its 
omplementary, that is the set ofremoved values. A dedu
tion rule is able to explain the propagation me
hanism. It saysus: these values are not in the 
urrent global domain, so this one 
an be removed too.The linking of these rules de�nes proof trees. These trees explain the withdrawal of avalue from the beginning of the 
omputation to the value withdrawal. Only the elementsresponsible of the value withdrawal appears in these trees. We have de�ned explanationssets, that is sets of operators responsible of a value withdrawal, whi
h 
an be suÆ
ient forseveral appli
ations.Narrowing and labeling are interleaved during a resolution. So the next step of ourwork will in
lude the labeling stage in this model. Finally we will take the language intoa

ount.This report has bene�ted from works and dis
ussions with EMN.Referen
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