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Abstra
tThe report proposes a theoreti
al approa
h of the debugging of 
onstraintprograms based on the notion of explanation tree (D1.1.1 and D1.1.2 part2). The proposed approa
h is an attempt to adapt algorithmi
 debugging to
onstraint programming. In this theoreti
al framework for domain redu
tion,explanations are proof trees explaining value removals. These proof trees arede�ned by indu
tive de�nitions whi
h express the removals of values as 
on-sequen
e of other value removals. Explanations may be 
onsidered as theessen
e of 
onstraint programming. They are a de
larative view of the 
om-putation tra
e. The diagnosis 
onsists in lo
ating an error in an explanationrooted by a symptom.keywords: de
larative diagnosis, algorithmi
 debugging, CSP, lo
al 
onsis-ten
y operator, �x-point, 
losure, indu
tive de�nition
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1 Introdu
tionDe
larative diagnosis [15℄ (also known as algorithmi
 debugging) have been su

ess-fully used in di�erent programming paradigms (e.g. logi
 programming [15℄, fun
-tional programming [10℄). De
larative means that the user has no need to 
onsiderthe 
omputational behavior of the programming system, he only needs a de
larativeknowledge of the expe
ted properties of the program. This paper is an attemptto adapt de
larative diagnosis to 
onstraint programming thanks to a notion ofexplanation tree.Constraint programs are not easy to debug be
ause they are not algorithmi
programs [14℄ and tra
ing te
hniques are revealed limited in front of them. More-over it would be in
oherent to use only low level debugging tools whereas for theselanguages the emphasis is on de
larative semanti
s. Here we are interested in a wide�eld of appli
ations of 
onstraint programming: �nite domains and propagation.The aim of 
onstraint programming is to solve Constraint Satisfa
tion Problems(CSP) [17℄, that is to provide an instantiation of the variables whi
h is solutionof the 
onstraints. The solver goes towards the solutions 
ombining two di�erentmethods. The �rst one (labeling) 
onsists in partitioning the domains. The se
ondone (domain redu
tion) redu
es the domains eliminating some values whi
h 
annotbe 
orre
t a

ording to the 
onstraints. In general, the labeling alone is very expen-sive and domain redu
tion only provides a superset of the solutions. Solvers use a
ombination of these two methods until to obtain singletons and test them.The formalism of domain redu
tion given in the paper is well-suited to de�ne ex-planations for the basi
 events whi
h are \the withdrawal of a value from a domain".It has already permitted to prove the 
orre
tness of a large family of 
onstraint re-tra
tion algorithms [6℄. A 
losed notion of explanations have been proved usefulin many appli
ations: dynami
 
onstraint satisfa
tion problems, over-
onstrainedproblems, dynami
 ba
ktra
king,. . . Moreover, it has also been used for failure anal-ysis in [12℄. The introdu
tion of labeling in the formalism has already been proposedin [13℄. But this introdu
tion 
ompli
ates the formalism and is not really ne
essaryhere (labeling 
an be 
onsidered as additional 
onstraints). The explanations de-�ned in the paper provide us with a de
larative view of the 
omputation and theirtree stru
ture is used to adapt algorithmi
 debugging to 
onstraint programming.From an intuitive viewpoint, we 
all symptom the appearan
e of an anomaly dur-ing the exe
ution of a program. An anomaly is relative to some expe
ted propertiesof the program, here to an expe
ted semanti
s. A symptom 
an be a wrong answeror a missing answer. A wrong answer reveals a la
k in the 
onstraints (a missing
onstraint for example). This paper fo
uses on the missing answers. Symptoms are
aused by erroneous 
onstraints. Stri
tly speaking, the lo
alization of an erroneous
onstraint, when a symptom is given, is error diagnosis. It amounts to sear
h fora kind of minimal symptom in the explanation tree. For a de
larative diagnosti
system, the input must in
lude at least (1) the a
tual program, (2) the symptomand (3) a knowledge of the expe
ted semanti
s. This knowledge 
an be given by the3



programmer during the diagnosis session or it 
an be spe
i�ed by other means but,from a 
on
eptual viewpoint, this knowledge is given by an ora
le.We are inspired by GNU-Prolog [7℄, a 
onstraint programming language over�nite domains, be
ause its glass-box approa
h allows a good understanding of thelinks between the 
onstraints and the rules used to build explanations. But thiswork 
an be applied to all solvers over �nite domains using propagation whateverthe lo
al 
onsisten
y notion used.Se
tion 2 de�nes the basi
 notions of CSP and program. In se
tion 3, symptomsand errors are des
ribed in this framework. Se
tion 4 de�nes explanations. Analgorithm for error diagnosis of missing answer is proposed in se
tion 5.2 Preliminary notations and de�nitionsThis se
tion gives brie
y some de�nitions and results detailed in [9℄.2.1 NotationsLet us assume �xed:� a �nite set of variable symbols V ;� a family (Dx)x2V where ea
h Dx is a �nite non empty set, Dx is the domainof the variable x.We are going to 
onsider various families f = (fi)i2I . Su
h a family 
an beidenti�ed with the fun
tion i 7! fi, itself identi�ed with the set f(i; fi) j i 2 Ig.In order to have simple and uniform de�nitions of monotoni
 operators on apower-set, we use a set whi
h is similar to an Herbrand base in logi
 programming:we de�ne the domain by D = Sx2V (fxg �Dx).A subset d of D is 
alled an environment. We denote by djW the restri
tion of dto a set of variables W � V , that is, djW = f(x; e) 2 d j x 2 Wg. Note that, withd; d0 � D , d = Sx2V djfxg, and (d � d0 , 8x 2 V; djfxg � d0jfxg).A tuple (or valuation) t is a parti
ular environment su
h that ea
h variable ap-pears only on
e: t � D and 8x 2 V; 9e 2 Dx; tjfxg = f(x; e)g. A tuple t on a set ofvariables W � V , is de�ned by t � D jW and 8x 2 W; 9e 2 Dx; tjfxg = f(x; e)g.2.2 Constraint Satisfa
tion ProblemA Constraint Satisfa
tion Problem (CSP) on (V; D ) is made of:� a �nite set of 
onstraint symbols C;� a fun
tion var : C ! P(V ), whi
h asso
iates with ea
h 
onstraint symbol theset of variables of the 
onstraint; 4



� a family (T
)
2C su
h that: for ea
h 
 2 C, T
 is a set of tuples on var(
), T
is the set of solutions of 
.De�nition 1 A tuple t is a solution of the CSP if 8
 2 C; tjvar(
) 2 T
.From now on, we assume �xed a CSP (C; var; (T
)
2C) on (V; D ) and we denoteby Sol its set of solutions.Example 1 The 
onferen
e problem [12℄Mi
hael, Peter and Alan are organizing a two-day seminar for writing a report on theirwork. In order to be eÆ
ient, Peter and Alan need to present their work to Mi
haeland Mi
hael needs to present his work to Alan and Peter. So there are four variables,one for ea
h presentation: Mi
hael to Peter (MP), Peter to Mi
hael (PM), Mi
hael toAlan (MA) and Alan to Mi
hael (AM). Those presentations are s
heduled for a wholehalf-day ea
h.Mi
hael wants to know what Peter and Alan have done before presenting his ownwork (MA > AM, MA > PM, MP > AM, MP > PM). Moreover, Mi
hael would prefernot to 
ome the afternoon of the se
ond half-day be
ause he has got a very long ridehome (MA 6= 4, MP 6= 4, AM 6= 4, PM 6= 4). Finally, note that Peter and Alan 
annotpresent their work to Mi
hael at the same time (AM 6= PM). The solutions of thisproblem are:f(AM,2),(MA,3),(MP,3),(PM,1)g and f(AM,1),(MA,3),(MP,3),(PM,2)g.The set of 
onstraints 
an be written in GNU-Prolog [7℄ as:
onf(AM,MP,PM,MA):-fd_domain([MP,PM,MA,AM℄,1,4),MA #> AM, MA #> PM, MP #> AM, MP #> PM,MA #\= 4, MP #\= 4, AM #\= 4, PM #\= 4,AM #\= PM.2.3 Constraint Satisfa
tion ProgramA program is used to solve a CSP, (i.e to �nd the solutions) thanks to domainredu
tion and labeling. Labeling 
an be 
onsidered as additional 
onstraints, so we
on
entrate on the domain redu
tion. The main idea is quite simple: to removefrom the 
urrent environment some values whi
h 
annot parti
ipate to any solutionof some 
onstraints, thus of the CSP. These removals are 
losely related to a notionof lo
al 
onsisten
y. This 
an be formalized by lo
al 
onsisten
y operators.De�nition 2 A lo
al 
onsisten
y operator r is a monotoni
 fun
tion r : P(D ) !P(D ).Note that in [9℄, a lo
al 
onsisten
y operator r have a type (in(r); out(r)) within(r); out(r) � D . Intuitively, out(r) is the set of variables whose environment isredu
ed (values are removed) and these removals only depend on the environmentsof the variables of in(r). But this detail is not ne
essary here.5



Example 2 The GNU-Prolog solver uses lo
al 
onsisten
y operators following theX in r s
heme [4℄: for example, AM in 0..max(MA)-1. It means that the values ofAM must be between 0 and the maximal value of the environment of MA minus 1.As we want 
ontra
ting operator to redu
e the environment, next we will 
onsiderd 7! d \ r(d). But in general, the lo
al 
onsisten
y operators are not 
ontra
tingfun
tions, as shown later to de�ne their dual operators.A program on (V; D ) is a set R of lo
al 
onsisten
y operators.Example 3 Following the X in r s
heme, the GNU-Prolog 
onferen
e problem isimplemented by the following program:AM in 1..4, MA in 1..4, PM in 1..4, MP in 1..4,MA in min(AM)+1..infinity, AM in 0..max(MA)-1,MA in min(PM)+1..infinity, PM in 0..max(MA)-1,MP in min(AM)+1..infinity, AM in 0..max(MP)-1,MP in min(PM)+1..infinity, PM in 0..max(MP)-1,MA in -{val(4)}, AM in -{val(4)}, PM in -{val(4)},MP in -{val(4)}, AM in -{val(PM)}, PM in -{val(AM)}.From now on, we assume �xed a program R on (V; D ).We are interested in parti
ular environments: the 
ommon �x-points of the re-du
tion operators d 7! d \ r(d), r 2 R. Su
h an environment d0 veri�es 8r 2 R,d0 = d0 \ r(d0), that is values 
annot be removed a

ording to the operators.De�nition 3 Let r 2 R. We say an environment d is r-
onsistent if d � r(d).We say an environment d is R-
onsistent if 8r 2 R, d is r-
onsistent.Domain redu
tion from a domain d by R amounts to 
ompute the greatest �x-point of d by R.De�nition 4 The downward 
losure of d by R, denoted by CL#(d; R), is the greatestd0 � D su
h that d0 � d and d0 is R-
onsistent.In general, we are interested in the 
losure of D by R (the 
omputation starts fromD ), but sometimes we would like to express 
losures of subset of D (environments,tuples). It is also useful in order to take into a

ount dynami
 aspe
ts or labeling[9, 6℄.Example 4 The exe
ution of the GNU-Prolog program provides the following 
lo-sure: f(AM,1),(AM,2),(MA,2),(MA,3),(MP,2),(MP,3),(PM,1),(PM,2)g.By de�nition 4, sin
e d � D :Lemma 1 If d is R-
onsistent then d � CL#(D ; R).6



2.4 Links between CSP and programOf 
ourse, the program is linked to the CSP. The operators are 
hosen to \imple-ment" the CSP. In pra
ti
e, this 
orresponden
e is expressed by the fa
t that theprogram is able to test any valuation. That is, if all the variables are bounded, theprogram should be able to answer to the question: \is this valuation a solution ofthe CSP ?".De�nition 5 A lo
al 
onsisten
y operator r preserves the solutions of a set of 
on-straints C 0 if, for ea
h tuple t, (8
 2 C 0; tjvar(
) 2 T
)) t is r-
onsistent.In parti
ular, if C 0 is the set of 
onstraints C of the CSP then we say r preservesthe solutions of the CSP.In the well-known 
ase of ar
-
onsisten
y, a set of lo
al 
onsisten
y operatorsR
 is 
hosen to implement ea
h 
onstraint 
 of the CSP. Of 
ourse, ea
h r 2 R
preserves the solutions of f
g. It is easy to prove that if r preserves the solutions ofC 0 and C 0 � C, then r preserves the solutions C. Therefore 8r 2 R
, r preservesthe solutions of the CSP.To preserve solutions is a 
orre
tion property of operators. A notion of 
om-pleteness is used to 
hoose the set of operators \implementing" a CSP. It ensuresto reje
t valuations whi
h are not solutions of 
onstraints. But this notion is notne
essary for our purpose. Indeed, we are only interested in the debugging of miss-ing answers, that is in lo
ating a wrong lo
al 
onsisten
y operators (i.e. 
onstraintsremoving too mu
h values).In the following lemmas, we 
onsider S � Sol, that is S a set of solutions of theCSP and SS (= St2S t) its proje
tion on D .Lemma 2 Let S � Sol, if r preserves the solutions of the CSP then SS is r-
onsistent.Proof. 8t 2 S; t � r(t) so SS � St2S r(t). Now, 8t 2 S; t � SS so8t 2 S; r(t) � r(SS).Extending de�nition 5, we say R preserves the solutions of C if for ea
h r 2 R,r preserves the solutions of C. From now on, we 
onsider that the �xed program Rpreserves the solutions of the �xed CSP.Lemma 3 If S � Sol then SS � CL#(D ; R).Proof. by lemmas 1 and 2.Finally, the following 
orollary emphasizes the link between the CSP and theprogram.Corollary 1 SSol � CL#(D ; R).The downward 
losure is a superset (an \approximation") of S Sol whi
h is itselfthe proje
tion (an \approximation") of Sol. But the downward 
losure is the mosta

urate set whi
h 
an be 
omputed using a set of lo
al 
onsisten
y operators in theframework of domain redu
tion without splitting the domain (without sear
h tree).7



3 Expe
ted Semanti
sTo debug a 
onstraint program, the programmer must have a knowledge of theproblem. If he does not have su
h a knowledge, he 
annot say something is wrongin his program! In 
onstraint programming, this knowledge is de
larative.3.1 Corre
tness of a CSPAt �rst, the expe
ted semanti
s of the CSP is 
onsidered as a set of tuples: theexpe
ted solutions. Next de�nition is motivated by the debugging of missing answer.De�nition 6 Let S be a set of tuples. The CSP is 
orre
t wrt S if S � Sol.Note that if the user exa
tly knows S then it 
ould be suÆ
ient to test ea
h tupleof S on ea
h lo
al 
onsisten
y operator or 
onstraint. But in pra
ti
e, the user onlyneeds to know some members of SS and some members of D n SS. We 
onsiderthe expe
ted environment SS, that is the approximation of S.By lemma 2:Lemma 4 If the CSP is 
orre
t wrt a set of tuples S then SS is R-
onsistent.3.2 Symptom and ErrorFrom the notion of expe
ted environment, we 
an de�ne a notion of symptom. Asymptom emphasizes a di�eren
e between what is expe
ted and what is a
tually
omputed.De�nition 7 h 2 D is a symptom wrt an expe
ted environment d if h 2 d nCL#(D ; R).It is important to note that here a symptom is a symptom of missing solution(an expe
ted member of D is not in the 
losure).Example 5 From now on, let us 
onsider the new following CSP in GNU-Prolog:
onf(AM,MP,PM,MA):-fd_domain([MP,PM,MA,AM℄,1,4),MA #> AM, MA #> PM, MP #> AM, PM #> MP,MA #\= 4, MP #\= 4, AM #\= 4, PM #\= 4,AM #\= PM.As we know, a solution of the 
onferen
e problem 
ontains (AM,1). But, the exe
utionprovides an empty 
losure. So, in parti
ular, (AM,1) has been removed. Thus, (AM,1)is a symptom. 8



De�nition 8 R is approximately 
orre
t wrt d if d � CL#(D ; R).Note that R is approximately 
orre
t wrt d is equivalent to there is no symptomwrt d. By this de�nition and lemma 1 we have:Lemma 5 If d is R-
onsistent then R is approximately 
orre
t wrt d.In other words, if d is R-
onsistent then there is no symptom wrt d. But, ourpurpose is debugging (and not program validation), so:Corollary 2 Let S be a set of expe
ted tuples. If R is not approximately 
orre
t wrtSS then SS is not R-
onsistent, thus the CSP is not 
orre
t wrt S.The la
k of an expe
ted value is 
aused by an error in the program, more pre
iselya lo
al 
onsisten
y operator. If an environment d is not R-
onsistent, then thereexists an operator r 2 R su
h that d is not r-
onsistent.De�nition 9 A lo
al 
onsisten
y operator r 2 R is an erroneous operator wrt d ifd 6� r(d).Note that d is R-
onsistent is equivalent to there is no erroneous operator wrt din R.Theorem 1 If there exists a symptom wrt d then there exists an erroneous operatorwrt d (the 
onverse does not hold).When the program is R = S
2C R
 with ea
h R
 a set of lo
al 
onsisten
yoperators preserving the solutions of 
, if r 2 R
 is an erroneous operator wrt SSthen it is possible to say that 
 is an erroneous 
onstraint. Indeed, there exists avalue (x; e) 2 SS n r(SS), that is there exists t 2 S su
h that (x; e) 2 t n r(t). Sot is not r-
onsistent, so tjvar(
) 62 T
 i.e. 
 reje
ts an expe
ted solution.4 ExplanationsThe previous theorem shows that when there exists a symptom there exists anerroneous operator. The goal of error diagnosis is to lo
ate su
h an operator from asymptom. To this aim we now de�ne explanations of value removals as in [9℄, thatis a proof tree of a value removal. If a value has been wrongly removed then thereis something wrong in the proof of its removal, that is in its explanation.
9



4.1 ExplanationsFirst we need some notations. Let d = D nd. In order to help the understanding, wealways use the notation d for a subset of D if intuitively it denotes a set of removedvalues.De�nition 10 Let r be an operator, we denote by er the dual of r de�ned by: 8d �D ; er(d) = r(d).We 
onsider the set of dual operators of R: let eR = fer j r 2 Rg.De�nition 11 The upward 
losure of d by eR, denoted by CL"(d; eR) exists and isthe least d0 su
h that d � d0 and 8r 2 R, er(d0) � d0 (see [9℄).Next lemma establishes the 
orresponden
e between downward 
losure of lo
al
onsisten
y operators and upward 
losure of their duals.Lemma 6 CL"(d; eR) = CL#(d; R).Proof. CL"(d; eR) = minfd0 j d � d0; 8er 2 eR; er(d0) � d0g= minfd0 j d � d0; 8r 2 R; d0 � r(d0)g= maxfd0 j d0 � d; 8r 2 R; d0 � r(d0)gNow, we asso
iate rules in the sense of [1℄ with these dual operators. Theserules are natural to build the 
omplementary of an environment and well suited toprovide proof (trees) of value removals.De�nition 12 A dedu
tion rule is a rule h B su
h that h 2 D and B � D .Intuitively, a dedu
tion rule h  B 
an be understood as follow: if all theelements of B are removed from the environment, then h does not parti
ipate inany solution of the CSP and it 
an be removed.A very simple 
ase is ar
-
onsisten
y where the B 
orresponds to the well-knownnotion of support of h. But in general (even for hyper ar
-
onsisten
y) the rules aremore intri
ate. Note that these rules are only a theoreti
al tool to de�ne explanationsand to justify the error diagnosis method. But in pra
ti
e, this set does not need tobe given. The rules are hidden in the algorithms whi
h implement the solver.For ea
h operator r 2 R, we denote by Rr a set of dedu
tion rules whi
h de�neser, that is, Rr is su
h that: er(d) = fh 2 D j 9B � d; h  B 2 Rrg. For ea
hoperator, this set of dedu
tion rules exists. There possibly exists many su
h sets,but for 
lassi
al notions of lo
al 
onsisten
y one is always natural [9℄. The dedu
tionrules 
learly appear inside the algorithms of the solver. In [3℄ the proposed solveris dire
tly something similar to the set of rules (it is not exa
tly a set of dedu
tionrules be
ause the heads of the rules do not have the same shape that the elementsof the body). 10



(AM,1)(MA,3) (MA,4)(MA,2)(PM,1) (PM,1) (PM,2)(MP,1)MA>PMMA>PM MA 6=4PM>MPPM>MP PM>MP MP>AM MA>AM
Figure 1: An explanation for (AM,1)Example 6 With the GNU-Prolog operator AM in 0..max(MA)-1 are asso
iatedthe dedu
tion rules:� (AM,1)  (MA,2), (MA,3), (MA,4)� (AM,2)  (MA,3), (MA,4)� (AM,3)  (MA,4)� (AM,4)  ;Indeed, for the �rst one, the value 1 is removed from the environment of AM only whenthe values 2, 3 and 4 are not in the environment of MA.From the dedu
tion rules, we have a notion of proof tree [1℄. We 
onsider theset of all the dedu
tion rules for all the lo
al 
onsisten
y operators of R: let R =Sr2RRr.We denote by 
ons(h; T ) the tree de�ned by: h is the label of its root and T theset of its sub-trees. The label of the root of a tree t is denoted by root(t).De�nition 13 An explanation is a proof tree 
ons(h; T ) with respe
t to R; it is in-du
tively de�ned by: T is a set of explanations with respe
t to R and (h froot(t) jt 2 Tg) 2 R.Example 7 The explanation of �gure 1 is an explanation for (AM,1). Note that theroot (AM,1) of the explanation is linked to its 
hildren by the dedu
tion rule (AM,1) (MA,2), (MA,3), (MA,4). Here, sin
e ea
h rule is asso
iated with an operator whi
h isitself asso
iated with a 
onstraint (ar
-
onsisten
y 
ase), the 
onstraint is written at theright of the rule.Finally we prove that the elements removed from the domain are the roots ofthe explanations.Theorem 2 CL#(D ; R) is the set of the roots of explanations with respe
t to R.Proof. Let E the set of the roots of explanations wrt toR. By indu
tionon explanations E � minfd j 8er 2 eR; er(d) � dg. It is easy to 
he
k thater(E) � E. Hen
e, minfd j 8er 2 eR; er(d) � dg � E. So E = CL"(;; eR).11



In [9℄ there is a more general result whi
h establishes the link between the 
losureof an environment d and the roots of explanations of R[fh ; j h 2 dg. But here,to be lighter, the previous theorem is suÆ
ient be
ause we do not 
onsider dynami
aspe
ts. All the results are easily adaptable when the starting environment is d � D .4.2 Computed explanationsNote that for error diagnosis, we only need a program, an expe
ted semanti
s, asymptom and an explanation for this symptom. Iterations are brie
y mentionedhere only to understand how explanations are 
omputed in 
on
rete terms, as in thePaLM system [11℄. For more details see [9℄.CL#(d; R) 
an be 
omputed by 
haoti
 iterations introdu
ed for this aim in [8℄.The prin
iple of a 
haoti
 iteration [2℄ is to apply the operators one after theother in a \fairly" way, that is su
h that no operator is forgotten. In pra
ti
e this 
anbe implemented thanks to a propagation queue. Sin
e � is a well-founded ordering(i.e. D is a �nite set), every 
haoti
 iteration is stationary. The well-known resultof 
on
uen
e [5, 8℄ ensures that the limit of every 
haoti
 iteration of the set oflo
al 
onsisten
y operators R is the downward 
losure of D by R. So in pra
ti
e the
omputation ends when a 
ommon �x-point is rea
hed. Moreover, implementationsof solvers use various strategies in order to determine the order of invo
ation of theoperators. These strategies are used to optimize the 
omputation, but this is out ofthe s
ope of this paper.We are interested in the explanations whi
h are \
omputed" by 
haoti
 iterations,that is the explanations whi
h 
an be dedu
ed from the 
omputation of the 
losure.A 
haoti
 iteration amounts to apply operators one after the other, that is to applysets of dedu
tion rules one after another. So, the idea of the in
remental algorithm[9℄ is the following: ea
h time an element h is removed from the environment by adedu
tion rule h  B, an explanation is built. Its root is h and its sub-trees arethe explanations rooted by the elements of B.Note that the 
haoti
 iteration 
an be seen as the tra
e of the 
omputation,whereas the 
omputed explanations are a de
larative vision of it.The important result is that CL#(d; R) is the set of roots of 
omputed explana-tions. Thus, sin
e a symptom belongs to CL#(d; R), there always exists a 
omputedexplanation for ea
h symptom.5 Error DiagnosisIf there exists a symptom then there exists an erroneous operator. Moreover, forea
h symptom an explanation 
an be obtained from the 
omputation. This se
tiondes
ribes how to lo
ate an erroneous operator from a symptom and its explanation.
12



5.1 From Symptom to ErrorDe�nition 14 A rule h  B 2 Rr is an erroneous rule wrt d if B \ d = ; andh 2 d.It is easy to prove that r is an erroneous operator wrt d if and only if there existsan erroneous rule h  B 2 Rr wrt d. Consequently, theorem 1 
an be extendedinto the next lemma.Lemma 7 If there exists a symptom wrt d then there exists an erroneous rule wrtd. We say a node of an explanation is a symptom wrt d if its label is a symptomwrt d. Sin
e, for ea
h symptom h, there exists an explanation whose root is labeledby h, it is possible to deal with minimality a

ording to the relation parent/
hild inan explanation.De�nition 15 A symptom is minimal wrt d if none of its 
hildren is a symptomwrt d.Note that if h is a minimal symptom wrt d then h 2 d and the set of its 
hildrenB is su
h that B � d. In other words h B is an erroneous rule wrt d.Theorem 3 In an explanation rooted by a symptom wrt d, there exists at least oneminimal symptom wrt d and the rule whi
h links the minimal symptom to its 
hildrenis an erroneous rule.Proof. Sin
e explanations are �nite trees, the relation parent/
hild iswell-founded.To sum up, with a minimal symptom is asso
iated an erroneous rule, itself as-so
iated with an erroneous operator. Moreover, an operator is asso
iated with, a
onstraint (e.g. the usual 
ase of hyper ar
-
onsisten
y), or a set of 
onstraints.Consequently, the sear
h for some erroneous 
onstraints in the CSP 
an be done bythe sear
h for a minimal symptom in an explanation rooted by a symptom.5.2 Diagnosis AlgorithmsThe error diagnosis algorithm for a symptom (x; e) is quite simple. Let E the
omputed explanation of (x; e).The aim is to �nd a minimal symptom in E by asking the user with questionsas: \is (y; f) expe
ted ?".Note that di�erent strategies 
an be used. For example, the \divide and 
onquer"strategy: if n is the number of nodes of E then the number of questions is O(log(n)),that is not mu
h a

ording to the size of the explanation and so not very mu
h
ompared to the size of the iteration. 13



Example 8 Let us 
onsider the GNU-Prolog CSP of example 5. Remind us thatits 
losure is empty whereas the user expe
ts (AM,1) to belong to a solution. Let theexplanation of �gure 1 be the 
omputed explanation of (AM,1). A diagnosis session 
anthen be done using this explanation to �nd the erroneous operator or 
onstraint of theCSP.Following the \divide and 
onquer" strategy, �rst question is: \Is (MA,3) a symptom?". A

ording to the 
onferen
e problem, the knowledge on MA is that Mi
hael wantsto know other works before presenting is own work (that is MA>2) and Mi
hael 
annotstay the last half-day (that is MA is not 4). Then, the user's answer is: yes.Se
ond question is: \Is (PM,2) a symptom ?". A

ording to the 
onferen
e prob-lem, Mi
hael wants to know what Peter have done before presenting his own work toAlan, so the user 
onsiders that (PM,2) belongs to the expe
ted environment: its answeris yes.Third question is: \Is (MP,1) a symptom ?". This means that Mi
hael presents hiswork to Peter before Peter presents his work to him. This is 
ontradi
ting the 
onferen
eproblem: the user answers no.So, (PM,2) is a minimal symptom and the rule (PM,2)  (MP,1) is an erroneousone. This rule is asso
iated to the operator PM in min(MP)+1..infinite, asso
iatedto the 
onstraint PM>MP. Indeed, Mi
hael wants to know what Peter have done beforepresenting his own work would be written PM<MP.Note that the user has to answer to only three questions whereas the explanation
ontains height nodes, there are sixteen removed values and eighteen operators for thisproblem. So, it seems an eÆ
ient way to �nd an error.Note that it is not ne
essary for the user to exa
tly know the set of solutions, nora pre
ise approximation of them. The expe
ted semanti
s is theoreti
ally 
onsideredas a partition of D : the elements whi
h are expe
ted and the elements whi
h are not.For the error diagnosis, the ora
le only have to answer to some questions (he hasto reveal step by step a part of the expe
ted semanti
s). The expe
ted semanti
s
an then be 
onsidered as three sets: a set of elements whi
h are expe
ted, a set ofelements whi
h are not expe
ted and some other elements for whi
h the user doesnot know. It is only ne
essary for the user to answer to the questions.It is also possible to 
onsider that the user does not answer to some questions,but in this 
ase there is no guarantee to �nd an error [16℄. Without su
h a tool, theuser is in front of a 
haoti
 iteration, that is a wide list of events. In these 
onditions,it seems easier to �nd an error in the 
ode of the program than to �nd an error inthis wide tra
e. Even if the user is not able to answer to the questions, he has anexplanation for the symptom whi
h 
ontains a subset of the CSP 
onstraints.6 Con
lusionOur theoreti
al foundations of domain redu
tion have permitted to de�ne notionsof expe
ted semanti
s, symptom and error.14



Explanation trees provide us with a de
larative view of the 
omputation andtheir tree stru
ture is used to adapt algorithmi
 debugging [15℄ to 
onstraint pro-gramming. The proposed approa
h 
onsists in 
omparing expe
ted semanti
s (whatthe user wants to obtain) with the a
tual semanti
s (the 
losure 
omputed by thesolver). Here, a symptom, whi
h expresses a di�eren
e between the two semanti
sis a missing element, that is an expe
ted element whi
h is not in the 
losure. Sin
ethe symptom is not in the 
losure there exists an explanation for it (a proof if its re-moval). The diagnosis amounts to sear
h for a minimal symptom in the explanation(rooted by the symptom), that is to lo
ate the error from the symptom. The traver-sal of the tree is done thanks to an intera
tion with an ora
le (usually the user): it
onsists in questions to know if an element is member of the expe
ted semanti
s.It is important to note that the user does not need to understand the 
omputationof the 
onstraint solver, unlike a method based on a presentation of the tra
e. Ade
larative approa
h is then more 
onvenient for 
onstraint programs. Espe
iallyas the user only has a de
larative knowledge of its problem/program and the solver
omputation is too intri
ate to understand.Referen
es[1℄ Peter A
zel. An introdu
tion to indu
tive de�nitions. In Jon Barwise, editor,Handbook of Mathemati
al Logi
, volume 90 of Studies in Logi
 and the Foun-dations of Mathemati
s, 
hapter C.7, pages 739{782. North-Holland PublishingCompany, 1977.[2℄ Krzysztof R. Apt. The essen
e of 
onstraint propagation. Theoreti
al ComputerS
ien
e, 221(1{2):179{210, 1999.[3℄ Krzysztof R. Apt and Eri
 Monfroy. Automati
 generation of 
onstraint propa-gation algorithms for small �nite domains. In Constraint Programming CP'99,number 1713 in Le
ture Notes in Computer S
ien
e, pages 58{72. Springer-Verlag, 1999.[4℄ Philippe Codognet and Daniel Diaz. Compiling 
onstraints in 
lp(fd). Journalof Logi
 Programming, 27(3):185{226, 1996.[5℄ Patri
k Cousot and Radhia Cousot. Automati
 synthesis of optimal invariantassertions mathemati
al foundation. In Symposium on Arti�
ial Intelligen
eand Programming Languages, volume 12(8) of ACM SIGPLAN Not., pages 1{12, 1977.[6℄ Romuald Debruyne, G�erard Ferrand, Narendra Jussien, Willy Lesaint, SamirOuis, and Alexandre Tessier. Corre
tness of 
onstraint retra
tion algorithms.In Pro
eedings of Sixteenth international Florida Arti�
ial Intelligen
e Resear
hSo
iety 
onferen
e, St Augustin, Florida, USA, May 2003. AAAI press.15



[7℄ Daniel Diaz and Philippe Codognet. The GNU-Prolog system and its implemen-tation. In ACM Symposium on Applied Computing, volume 2, pages 728{732,2000.[8℄ Fran�
ois Fages, Julian Fowler, and Thierry Sola. A rea
tive 
onstraint logi
programming s
heme. In International Conferen
e on Logi
 Programming. MITPress, 1995.[9℄ G. Ferrand, W. Lesaint, and A. Tessier. Theoreti
al foundations of value with-drawal explanations for domain redu
tion. Ele
troni
 Notes in Theoreti
al Com-puter S
ien
e, 76, 2002.[10℄ Peter Fritzson and Henrik Nilsson. Algorithmi
 debugging for lazy fun
tionallanguages. Journal of Fun
tional Programming, 4(3):337{370, 1994.[11℄ Narendra Jussien and Vin
ent Bari
hard. The PaLM system: explanation-based 
onstraint programming. In Pro
eedings of TRICS: Te
hniques foR Im-plementing Constraint programming Systems, a post-
onferen
e workshop of CP2000, pages 118{133, 2000.[12℄ Narendra Jussien and Samir Ouis. User-friendly explanations for 
onstraint pro-gramming. In ICLP'01 11th Workshop on Logi
 Programming Environments,2001.[13℄ Willy Lesaint. Value withdrawal explanations: a theoreti
al tool for program-ming environments. In Alexandre Tessier, editor, 12th Workshop on Logi
Programming Environments, Copenhagen, Denmark, 2002.[14℄ Mi
ha Meier. Debugging 
onstraint programs. In Ugo Montanari and Fran
es
aRossi, editors, International Conferen
e on Prin
iples and Pra
ti
e of Con-straint Programming, volume 976 of Le
ture Notes in Computer S
ien
e, pages204{221. Springer-Verlag, 1995.[15℄ Ehud Y. Shapiro. Algorithmi
 Program Debugging. ACM Distinguished Disser-tation. MIT Press, 1982.[16℄ Alexandre Tessier and G�erard Ferrand. De
larative diagnosis in the CLPs
heme. In Pierre Deransart, Manuel Hermenegildo, and Jan Ma luszy�nski,editors, Analysis and Visualisation Tools for Constraint Programming, volume1870 of Le
ture Notes in Computer S
ien
e, 
hapter 5, pages 151{176. Springer-Verlag, 2000.[17℄ Edward Tsang. Foundations of Constraint Satisfa
tion. A
ademi
 Press, 1993.
16


