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The Tantrix TM game De�nitions NP-ompleteness Modi�ed Redution Results ReferenesTantrix TM Tiles and RulesDi�erent types of tiles
Sint Brid Chin Rond4 olors and 4 types of tiles ⇒ 56 di�erent tilesGolden ruleThe olors of two joint edges must always be the same.



The Tantrix TM game De�nitions NP-ompleteness Modi�ed Redution Results ReferenesRotation PuzzleAimRotate the tiles to ful�ll the golden rule.Example
Puzzle Solution

⇒ Only one valid solution



The Tantrix TM game De�nitions NP-ompleteness Modi�ed Redution Results ReferenesDe�nitionsDe�nitionNP is the lass of problems solvable in nondeterministi polynomialtime.De�nition (Papadimitriou, Yannakakis [PY84℄)DP = {A− B | A,B ∈ NP}De�nition (Valiant [Val79℄)Let aM(x) denote the number of aepting omputation paths ofan NPTM M on input x , then de�ne the funtion lass
#P = {aM | M is an NPTM}.De�nitionFor f , g : Σ∗ → N, f ≤ppar g if there exists a polynomial-timeomputable funtion ρ suh that for eah x ∈ Σ∗, f (x) = g(ρ(x)).



The Tantrix TM game De�nitions NP-ompleteness Modi�ed Redution Results ReferenesVariants of the Tantrix TM Rotation Puzzle ProblemLet A be a (partial) funtion mapping the elements of Z
2 to T ,where T is the set of all Tantrix TM tiles. Let SolTRP(A) denotethe set of solutions of a given TRP instane A.De�nitionName: TantrixTM Rotation Puzzle (TRP, for short).Given: A �nite shape funtion A : Z

2 → TQuestion: Is the rotation puzzle de�ned by A solvable?De�nitionThe orresponding ounting and unique problems are de�ned by
#TRP(A) = ‖SolTRP(A)‖Unique-TRP = {A | ‖SolTRP(A)‖ = 1}



The Tantrix TM game De�nitions NP-ompleteness Modi�ed Redution Results ReferenesRedution from Holzer and Holzer [HH04℄ProofskethRedution from boolean iruits with only AND and NOT gates1 Build a planar iruit without wire-rossings2 Substitute the iruit with orresponding Tantrix TMsubpuzzlesThere is a satisfying assignment to the variables of the iruit
⇔There is a solution to the resulting TRP instane



The Tantrix TM game De�nitions NP-ompleteness Modi�ed Redution Results ReferenesTRP Subpuzzles and Boolean CiruitsExample for a planar iruit
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1 2 3Planar iruit for α4 = AND(1, 3)

SubpuzzlesCiruit SubpuzzleInput variables BOOLWires WIREMOVECOPYGates ANDNOTOutput TESTThe olor blue represents true,while red represents false.



The Tantrix TM game De�nitions NP-ompleteness Modi�ed Redution Results ReferenesExample (1)WIRE subpuzzle from Holzer and Holzer [HH04℄
IN

OUT

IN: true IN

OUT

IN: false
⇒ 4 possible solutions for eah input olor



The Tantrix TM game De�nitions NP-ompleteness Modi�ed Redution Results ReferenesExample (2)Solutions to the original BOOL and TEST subpuzzlesfrom [HH04℄
OUT

BOOL: true
OUT

BOOL: false INTEST
⇒ Already unique solutions



The Tantrix TM game De�nitions NP-ompleteness Modi�ed Redution Results ReferenesParsimonious RedutionModi�ationReduing the number of solutions for eah subpuzzle to one.The number of satisfying assignment to the variables of the iruit
=The number of solutions of the resulting TRP instaneTheorem

#SAT ≤ppar #TRP



The Tantrix TM game De�nitions NP-ompleteness Modi�ed Redution Results ReferenesExample (1)Modi�ed WIRE subpuzzle
IN

OUT

IN: true IN

OUT

IN: false
⇒ Unique solutions for eah input olor



The Tantrix TM game De�nitions NP-ompleteness Modi�ed Redution Results ReferenesOverview (1)Solutions to the modi�ed MOVE subpuzzle

IN

OUT

IN: true IN

OUT

IN: false
⇒ Unique solutions for eah input olor



The Tantrix TM game De�nitions NP-ompleteness Modi�ed Redution Results ReferenesOverview (2)Solutions to the modi�ed COPY subpuzzle
IN

OUTOUT

IN: true IN

OUTOUT

IN: false
⇒ Unique solutions for eah input olor



The Tantrix TM game De�nitions NP-ompleteness Modi�ed Redution Results ReferenesOverview (3)Solutions to the modi�ed NOT subpuzzle

IN

OUT

IN: true IN

OUT

IN: false
⇒ Unique solutions for eah input olor



The Tantrix TM game De�nitions NP-ompleteness Modi�ed Redution Results ReferenesExample (2)AND subpuzzle with both inputs true

ININ

OUT

Original subpuzzle from [HH04℄ ININ

OUT

Modi�ed subpuzzle
⇒ Modi�ed subpuzzle: Unique solutions for eah input olor



The Tantrix TM game De�nitions NP-ompleteness Modi�ed Redution Results ReferenesOverview (4)Solutions to the modi�ed AND subpuzzle
ININ

OUT

IN: true, false ININ

OUT

IN: false, true ININ

OUT

IN: false, false
⇒ Unique solutions for eah input olor



The Tantrix TM game De�nitions NP-ompleteness Modi�ed Redution Results ReferenesResults
Theorem1 #SAT ≤ppar #TRP, i.e. SAT parsimoniously redues to TRP2 Unique-SAT ≤ppar Unique-TRP3 Unique-TRP is DP-omplete(under randomized polynomial-time redutions in the sense ofValiant and Vazirani [VV86℄)



The Tantrix TM game De�nitions NP-ompleteness Modi�ed Redution Results ReferenesOverview of Complexity Results for k-TRPDe�nitionName: k-Color TantrixTM Rotation Puzzle (k-TRP, for short).Instane: A �nite shape funtion A : Z
2 → TkQuestion: Is there a solution to the rotation puzzle de�ned by A?ResultsProblem Complexity (Soure) Parsimonious Redution?1-TRP in P (trivial)2-TRP NP-omplete ([BR07℄) yes ([BR07℄)3-TRP NP-omplete ([BR07℄) yes ([BR07℄)4-TRP NP-omplete ([HH04℄) yes, redution shown above



The Tantrix TM game De�nitions NP-ompleteness Modi�ed Redution Results ReferenesReferenesM. Holzer and W. Holzer.TantrixTM rotation puzzles are intratable.Disrete Applied Mathematis, 144(3):345�358, 2004.C. Papadimitriou and M. Yannakakis.The omplexity of faets (and some faets of omplexity).Journal of Computer and System Sienes, 28(2):244�259,1984.L. Valiant.The omplexity of omputing the permanent.Theoretial Computer Siene, 8(2):189�201, 1979.L. Valiant and V. Vazirani.NP is as easy as deteting unique solutions.Theoretial Computer Siene, 47:85�93, 1986.
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