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RSOS model

P (H, t) probability configuration H = (h(j))j=1...N , at time t > 0

∂P

∂t
(H, t) =

∑
H ′

[σ(H ′, H)P (H ′, t)− σ(H, H ′)P (H, t)] (1)

σ(H, H ′) probability H → H ′

σ(H, H ′) =
1

τ

N∑
j=1

(
θ(h(j + 1)− h(j)) θ(h(j − 1)− h(j))×

(2)

δ(h′(j), h(j) + a)
∏
i6=j

δ(h′(i), h(i))
)

θ(x) =

1 if x ≥ 0

0 elsewhere.
(3)
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KPZ equation

∂th(x, t) = ν∇2h(x, t) +
λ

2
[∇h(x, t)]2 + η(x, t) (4)

* η(x, t) white noise

* existence and regularity of solutions: open problem

* mean height: h(t) =
1

L

∫ L

0
h(x, t) dx

* standard deviation: W (t) =
1

L

(∫ L

0
(h(x, t)− h(t))2 dx

)1/2

W (t) goes to ∞ as t →∞
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Simplifying assumptions

Heights distributions indep.: P (H = (h(j))j=1..N , t) =
∏N

j=1 pj(h(j), t)

∃ p : N× R+ → [0,1] s.t. pj(h(j), t) = p(h(j), t) ∀j = 1...N

⇒ P (H, t) =
N∏

j=1

p(h(j), t) (5)

Goal: equation for p(h = ma, t) = pm(t) m ∈ N

h =
∞∑

m=0

pm(t)h =
∞∑

m=0

pm(t)ma,

W =

 ∞∑
m=0

pm(t)(h− h)2

1/2
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Kinetic model

Lemma Fixed i, the probability to have Hi = h(i), is given by:

p(h(i), t) =
∫
h(j)≥0, j 6=i

P (H, t)
∏
j 6=i

dh(j). (6)

Theorem Let P (H) be a solution of (1)-(2) satisfying (5), then

pm(t) = pm is a solution of:

∂tpm = q2m−1pm−1 − q2mpm, (7)

where qm(t) = qm is given by:

qm =
∑

j≥m

pj. (8)
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Model properties

Let E be the space:

E = {(pm)m∈N ∈ R+ :
∑

m∈N
pm < +∞} (9)

with norm:

‖p‖ = sup
m∈N

|pm|+
∑

m∈N
|pm|. (10)

(7) ⇒

ṗm(t) = q2m−1pm−1 − q2mpm

pm(0) = δ0,
∀ m (11)

Theorem There exists a unique solution, in the space E (9)-
(10), of problem (11) on a maximal interval [0, T ].

Lemma pm(t) and qm(t) satisfy ∀ t ≥ 0:∑
m∈N

pm(t) = 1 , qm(t) ≤ 1.
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Numerical simulations

* ∃T > 0 s.t. ∀m: pm(t + T ) = pm−1(t), as t goes to ∞.

* for large time the mean height h(t) ∝ αt and that the standard

deviation W (t) → W .
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Asymptotics a → 0

Consider the piecewise constant function:

p(h, t) =
pm(t)

a
if h ∈ [am, a(m + 1)[

Then: q(h, t) =
∫ ∞
h=am

p(h, t) dh ⇒ ∂hq(h, t) = −p(h, t)

Finally, rescaling time as t/a, we obtain:∂tp(h, t) = ∂h(q
2(h, t)p(h, t))

p(h,0) = δ0
(12)
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Concluding Remarks

* Kinetic model adapted to the ballistic deposit

* different from KPZ model

* Proof of unique profile
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