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3 evolution equations

Heat equation

{ Oru(t,x) — Apu(t,z) = g(t, )
u(0, z) = f(z)
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Introduction

3 evolution equations

Heat equation

{ Oru(t,x) — Apu(t,z) = g(t, )
u(0, z) = f(z)

Wave equation

{ O?u(t,z) — Agu(t,z) = g(t, v)

u(0,2)=fo(z), O¢|i=ou(t,z)=fi(z)
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Introduction

3 evolution equations

Heat equation

{ Oru(t,x) — Apu(t,z) = g(t, )
u(0,z)=f(z)

Schrédinger equation

{ i0ru(t,z) £ Ayu(t,z) = g(t,x)
u(0, z) = f(z)

Wave equation

{ 2u(t,z) — Agu(t,z) = g(t, )
w(0,z)=fo(z), Ot|i=0u(t,z)=Fi(z)
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Introduction

3 evolution equations

@ homogeneous ~ linear case : ¢=0
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Introduction

3 evolution equations

@ homogeneous ~ linear case : ¢=0

@ possible nonlinearities : g(t,z) = I'(u(t, z))

20
eg. I'(u) = u]ul

|1+20 with >0

|u
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Introduction

Symmetric spaces

type constant curvature | rank one | general case
Euclidean R", T" Ry T | pxK/K
compact SPl=S(R") S(F™) U/K
non compact H"= H"(R) H"(F) G/K
p—adic trees buildings
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Euclidean R", T" Ry T | pxK/K
compact SPl=S(R") S(F™) U/K
non compact H"=H"(R) H™(F) G/K
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Introduction

Symmetric spaces

Other interesting cases :

@ Cartan—Hadamard manifolds

polynomial growth (compact, nilpotent)
@ Lie groups ¢ semisimple

amenable (solvable) exponential growth

@ locally symmetric spaces
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Introduction

Symmetric spaces

Other interesting cases :

@ Cartan—Hadamard manifolds

polynomial growth (compact, nilpotent)
@ Lie groups ¢ semisimple

amenable (solvable) exponential growth

@ locally symmetric spaces
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Hyperbolic spaces
Symmetric spaces
Further results

Heat equation on symmetric spaces

Heat equation

{ Oru(t,x) — Apu(t,z) = g(t, )
u(0,z)=f(z)
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Hyperbolic spaces
Symmetric spaces
Further results

Heat equation on symmetric spaces

Heat equation

{ Oru(t,x) — Apu(t,z) = g(t, )
u(0,z)=f(z)

¢
u(t,z) = et f(z) +/ ds e(t=9) 82 g(5. 1)
0

homogeneous inhomogeneous

Homogeneous solution :
u(t,z) = etPof(z) = f* by (z)

heat kernel
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Hyperbolic spaces
Symmetric spaces
Further results

Heat kernel on H"

n—1 2

ht(T‘) = 272 71‘_% t_% e_(nT_l)2t ( 1 9 )T e—"

" sinhr Or

e«.|
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Hyperbolic spaces
Symmetric spaces
Further results

Heat kernel on H"

Explicit expression for H" [Debiard-Gaveau—Mazet 1976]

n n n—1 7,2
he(r) = 9= 13 73 (5% (—Sir}hr%) 2 e 41

Wher? 8\ 5 L [T inh 1 9\%
: _ sinh s b
(_sinhrm) ’ f(’f’) _ _/ ds v/cosh s—cosh r (_sinhs %) zf(s)

if n is even.
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Hyperbolic spaces
Symmetric spaces
Further results

Heat

Heat kernel on H"

Explicit expression for H" [Debiard-Gaveau—Mazet 1976]

_nfl  _n 1 n—1y2 =l _
h(r) = 27 T g )77 oo
wnere
(_ 1 Q)nT_lf(,r)_L +ood8 sinh s (_ 1 Q)%f(s)
sinh r Or vV ., \/cosh s—cosh r sinh s s
if n is even.

Similar expression for
@ all hyperbolic spaces H™(F) = H"(R), H™(C), H™(H), H?(Q)
[Lohoué—Rychener 1982]
@ Damek—Ricci spaces [A-Damek—Yacoub 1996]
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Hyperbolic spaces
Symmetric spaces
Further results

Heat kernel on H"

Sharp global estimate [Davies—Mandouvalos 1988]

n—3

he(r) < t72 (147) (1+t+r)7 e TV le " T e
V¢>0 and V7r>0
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Hyperbolic spaces
Symmetric spaces
Further results

Heat kernel on H"

Sharp global estimate [Davies—Mandouvalos 1988]

n—3

h(r) =< t72 (147) (1+t+7r)T e T ) e s Te
Vt>0 and ¥V r>0

Comments :

7(”7])2t
@ spectral gap ~» e\ 2
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Hyperbolic spaces
Symmetric spaces
Further results

Heat kernel on H"

Sharp global estimate [Davies—Mandouvalos 1988]

n—3

he(r) < t72 (147) (1+t+r)7 e TV le " T e i
V¢>0 and V7r>0

Comments :

@ spectral gap ~ e~ (%3
2

‘ 3

@ Gaussian e 4

~
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Hyperbolic spaces
Symmetric spaces
Further results

Heat kernel on H"

Sharp global estimate [Davies—Mandouvalos 1988]

i n—2a n— = 2
h(r) < t72 (147) (1+t+7r)"F e (Tt e~ 7 g™
V¢>0 and Vr>0

Comments :

_(n71)2t
@ spectral gap ~» e\ 2
7‘2

@ Gaussian e 4t

@ t<1l+r ~ ti (r) %
1

where j(r)= (Slnhr)” jacobian of exponential map
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Hyperbolic spaces
Symmetric spaces
Further results

Heat kernel on H"

Sharp global estimate [Davies—Mandouvalos 1988]

he(r) < t72 (147) (1+t+7’)% e TVt et T e
Vt>0 and Vr>0

Comments :

_(n71)2t
@ spectral gap ~» e\ 2
2

T

@ Gaussian e 4t

@ t<1l4+r ~ t~

G

where j(r)= (S2br)
@ (21471 ~ 17 %¢(T> .
where ¢o(r) < (1+7) e~ "2 T ground state

1
)2
n=1 jacobian of exponential map
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Hyperbolic spaces
Symmetric spaces
Further results

Heat kernel on G/K

@ hy(z) bi—K-invariant Schwartz function on G
@ no explicit expression in general
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Hyperbolic spaces
Symmetric spaces
Further results

Heat kernel on G/K

@ hy(z) bi—K-invariant Schwartz function on G
@ no explicit expression in general

@ tool = inverse spherical Fourier transform :
_ 2
he(z) = const./d)\ lc(A)|72 et (e +IAP) qb,\(x)
a H,—/
Plancherel measure spherical functions
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Hyperbolic spaces
Symmetric spaces
Further results

Heat kernel on G/K

@ hy(z) bi—K-invariant Schwartz function on G
@ no explicit expression in general

@ tool = inverse spherical Fourier transform :
_ 2
he(z) = const./d)\ lc(A)|72 et (e +IAP) qb,\(x)
a H,—/
Plancherel measure spherical functions

@ Cartan decomposition G'= K (exp at)K o
~~ estimate h; on the positive Weyl chamber at
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Hyperbolic spaces
Symmetric spaces
Further results

Heat kernel on G/K

@ hy(z) bi—K-invariant Schwartz function on G
@ no explicit expression in general

@ tool = inverse spherical Fourier transform :
_ 2
hi(z) = const./d)\ lc(A)|72 et (e +IAP) @( )
a H,—/
Plancherel measure spherical functlons

@ Cartan decomposition G'= K (exp at)K o
~~ estimate h; on the positive Weyl chamber at

Sharp global estimate [A-Ji 1999 ; A—Ostellari 2003]

n ma +moy
ha(exp X) < 3 { TT (14, X)) (1t (e, X)) 721
aEerd )

V¢>0 and VX€at
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Hyperbolic spaces
Symmetric spaces
Further results

Heat kernel on G/K

In particular

2
o Iy(expX) =<t 2 e—lpIQtj(X)_l x|

3 PR el

e 4t
if t<1+(«a,X) for all simple ~~ positive roots «
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Hyperbolic spaces
Symmetric spaces
Further results

Heat kernel on G/K

In particular

1x |2

o hy(expX) =t 3 eIt j(X) 2 e 1t
if t<S14(a, X) for all simple ~~ positive roots «

2
Ed]

o hy(z) = t=5 e 1Pt gy (2) e 70
if t21+|z]

where n =dim G/K and d =rank G/K + 2|2},
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Hyperbolic spaces
Symmetric spaces
Further results

Green function on G/K

gc(x) = integral kernel Of (—A—|p|2+f2)_l
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Hyperbolic spaces
Symmetric spaces

Heat

Further results

Green function on G/K

gc(x) = integral kernel Of (_A_|p|2+<2)_1

(o) = { |27 po(z) eIl if ¢>0

\1\2_‘1 oo(z) if (=0
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Hyperbolic spaces
Symmetric spaces

Heat

Further results

Green function on G/K

gc(x) = integral kernel Of (_A_|p|2+<2)_1

Behavior at infinity [A-Ji 1999]
1—d
z| = ¢o(z) e ClEl if ¢>0

\1\2_‘1 oo(z) if (=0

Consequence [Guivarc’h—Ji-Taylor 1998] :
Martin compactification of G/K
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Hyperbolic spaces
Symmetric spaces
Further results

Heat kernel on &

[Ostellari 2003]

A = p—component of Casimir + anything in ¢
Same estimate as for G/K when t>1+|z]
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Hyperbolic spaces
Symmetric spaces
Further results

Heat kernel on ¢

[Ostellari 2003]

A = p—component of Casimir + anything in ¢
Same estimate as for G/K when t>1+|z]

[Alexopoulos—Lohoué 2003]

A= ZjX]-2 any invariant sublLaplacian on G

@ Upper estimate for ¢>1 and |z| = O(¢) :

|2
ht(x) S Otfjl e—At CZ)()((L) 6_6%

Jean—Philippe Anker (Université d’Orléans) Evolution equations on homogeneous spaces



Hyperbolic spaces
Symmetric spaces
Further results

Heat kernel on ¢

[Ostellari 2003]

A = p—component of Casimir + anything in ¢
Same estimate as for G/K when t>1+|z]

[Alexopoulos—Lohoué 2003]
A= ZjX]-2 any invariant sublLaplacian on G

@ Upper estimate for t>1 and |z| = O(¢) :
h(z) < C =% At ¢o(x) e_°¢
@ Lower estimate for t>1 and |z|=0(/t) :
he(z) > Ct™2 e~ gy(x)

A\
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Hyperbolic spaces
Symmetric spaces
Further results

Heat

Heat kernel on ¢

[Ostellari 2003]

A = p—component of Casimir + anything in ¢
Same estimate as for G/K when t>1+|z]

[Alexopoulos—Lohoué 2003]
A= ZjX]-2 any invariant sublLaplacian on G
@ Upper estimate for t>1 and |z| = O(¢) :
h(@) < Ct% A go(z) T
@ Lower estimate for t>1 and |z|=0(/t) :
hi(z) > Ct™2 e~ gy(x)

A\

[A—Grigor'yan]| : Extend lower estimate to |z|=0(%) :
T 2
hi(z) > C 7% At do(z)e v
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Hyperbolic spaces
Symmetric spaces
Further results

Further results

o [Cowling—Giulini-Meda 1993] L% — L% estimates for the
heat semigroup e'® on G/K
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Hyperbolic spaces
Symmetric spaces
Further results

Further results

o [Cowling—Giulini-Meda 1993] L% — L% estimates for the
heat semigroup e'® on G/K

@ [Bruno Schapira 2008] Heat kernel associated to the
Heckman—Opdam Laplacian
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Hyperbolic spaces
Symmetric spaces
Further results

Further results

o [Cowling—Giulini-Meda 1993] L% — L% estimates for the
heat semigroup e'® on G/K

@ [Bruno Schapira 2008] Heat kernel associated to the
Heckman—Opdam Laplacian

@ [...; A-Bougerol-Jeulin 2002] Brownian motion on G/K
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Hyperbolic spaces
Symmetric spaces
Further results

Heat

Further results

o [Cowling—Giulini-Meda 1993] L% — L% estimates for the
heat semigroup e'® on G/K

@ [Bruno Schapira 2008] Heat kernel associated to the
Heckman—Opdam Laplacian

@ [...; A-Bougerol-Jeulin 2002] Brownian motion on G/K

@ [Lalley 1991] Sharp global estimate for random walks on
homogeneous trees

@ [Parkinson 2007] Local and central limit theorems on affine
buildings

@ [A-Schapira—Trojan] Sharp global estimate for a simple
random walk on affine buildings of type A}

o [Steger—Trojan] Asymptotic behavior of random walks on
affine buildings
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LS on hyperbolic spaces
NLS on hyperbolic spaces

Schrédinger
° Further results

Schroédinger equation on symmetric spaces

Schrédinger equation

{ i0ru(t,x) + Azu(t,z) = g(t, z)
u(0, z) =f(z)
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LS on hyperbolic spaces
NLS on hyperbolic spaces

Schrédinger Further results

Schroédinger equation on symmetric spaces

Schrédinger equation

{ i0ru(t,x) + Azu(t,z) = g(t, z)
u(0, z) =f(z)

t
u(t,z) = e*tPof(z) —i—/ ds e" (=) 8 g(5. 1)
0

homogeneous inhomogeneous
Homogeneous solution :
u(t,z) = e'tPef(z) = f * st!x)

Schrédinger kernel
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LS on hyperbolic spaces
NLS on hyperbolic spaces

Schrédinger
° Further results

Schrodinger kernel on H"

Explicit expression

n 1 s rn—1\2 L=a 4
e e I
us Q(Zt) © ? ( sinhrar) ey
e—isign(t)ir— |t|_%

gt(r) = _nT-H

Global estimate

[t|="/25(r) "2 if |t| <147

se(r)] <
lse(r)| < \t\_3/2s00(7’) if [t|>14r
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LS on hyperbolic spaces
NLS on hyperbolic spaces

Schrédinger
° Further results

2 fundamental inequalities

Dispersive estimate [A—Pierfelice]
Let 2<¢,g<
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LS on hyperbolic spaces
NLS on hyperbolic spaces

Schrédinger
° Further results

2 fundamental inequalities

Dispersive estimate [A—Pierfelice
Let 2<¢,g<

) 111 1
o 0<‘t‘§1 : He”AHLq’_jﬁ ,S |t|—max{§—?§_é}n
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NLS on hyperbolic spaces

Schrédinger
° Further results

2 fundamental inequalities

Dispersive estimate [A—Pierfelice]
Let 2<¢,g<
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LS on hyperbolic spaces
NLS on hyperbolic spaces

Schrédinger
° Further results

2 fundamental inequalities

Dispersive estimate [A—Pierfelice]
Let 2<¢,g<

) 111 1
[~ 0<‘t‘§1 : He”AHLQ’_Jﬁ S |t|—max{§_?§_5}n

. 1 if g=¢=2
o [t=1: [l g S i
[t|72 if 2<¢,q<o0
1
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LS on hyperbolic spaces
NLS on hyperbolic spaces

Schrédinger
° Further results

2 fundamental inequalities

Hint : The crucial diagonal inequality
t]>1

etth < |t|73  when
o8l pro S 1t -

follows from the estimate
+o0 4 3
[ il e s 1ol
0

and from the sharp Kunze-Stein phenomenon [lonescu 2000]
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LS on hyperbolic spaces
NLS on hyperbolic spaces

Schrédinger
° Further results

2 fundamental inequalities

Strichartz estimate
lut. )z S W@, + Nt )y
v (p,q), (P, q) in the admissible triangle

1/q

12

1/2-1n

12 1k
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LS on hyperbolic spaces
NLS on hyperbolic spaces

Schrédinger Further results

Application to NLS

Wellposedness ~ existence & uniqueness

Consider the NLS
i0ru(t,z) + Azu(t,z) = T'(u(t, x))
u(0,z)=f(z)
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LS on hyperbolic spaces
NLS on hyperbolic spaces

Schrédinger Further results

Application to NLS

Wellposedness ~ existence & uniqueness

Consider the NLS
{ i Opu(t,z) + Agu(t,z) = D(u(t, z))
u(0,z)=f(z)

with powerlike nonlinearities

{ I(w)] S Jul*2

IC(w) =T (v)| < lu—v| {|ul*]v[*7}
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NLS on hyperbolic spaces

Schrédinger Further results

Application to NLS

Wellposedness ~ existence & uniqueness

Consider the NLS
{ i Opu(t,z) + Agu(t,z) = D(u(t, z))
u(0, z) =f(z)
with powerlike nonlinearities
{ T(w)]  luf'+>
ID(w) =T (v)] S lu—v] {|ul**[v[*"}
Then we have global wellposedness for small initial data
in L2(H") if o<2
{ in H'(H") if o< -2
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LS on hyperbolic spaces
NLS on hyperbolic spaces

Schrédinger
° Further results

Application to NLS

Particular case : I'(u)=u|u|>** defocusing
L? and H'! conservation
LWP ~» GWP for arbitrary data and subcritical o
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Further results

Schrédinger

Application to NLS

Particular case : I'(u)=u|u|>** defocusing
L? and H'! conservation
LWP ~» GWP for arbitrary data and subcritical o

Scattering

Same assumptions = scattering for small initial data
T2 : 2
in L°(H") if o<=
in H (Hn) if o S ;)
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NLS on hyperbolic spaces
Further results

Schrédinger

Application to NLS

Particular case : I'(u)=u|u|>** defocusing
L? and H'! conservation
LWP ~» GWP for arbitrary data and subcritical o

Scattering

Same assumptions = scattering for small initial data
T2 : 2
in L°(H") if o<=
in H (Hn) if o S ;)

Comment :
Better dispersion in H" ~» stronger results than in R"
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LS on hyperbolic spaces
NLS on hyperbolic spaces

Schrédinger Further results

Further results

@ Previous results under radial assumptions
[Banica 2007 ; Pierfelice ; Banica—Carles—Staffinali]
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Schrédinger Further results

Further results

@ Previous results under radial assumptions
[Banica 2007 ; Pierfelice ; Banica—Carles—Staffinali]

@ [lonescu-Staffilani] Related results in the defocusing case

@ weaker dispersive and Strichartz estimates
@ Morawetz inequality
@ scattering for arbitrary data
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Schrédinger Further results

Further results

@ Previous results under radial assumptions
[Banica 2007 ; Pierfelice ; Banica—Carles—Staffinali]

@ [lonescu-Staffilani] Related results in the defocusing case

@ weaker dispersive and Strichartz estimates
@ Morawetz inequality
@ scattering for arbitrary data

@ [A—Pierfelice-Vallarino]

o Damek—Ricci spaces (straightforward)
@ higher rank (more difficult)
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NLS on hyperbolic spaces

Schrédinger Further results

Further results

@ Previous results under radial assumptions
[Banica 2007 ; Pierfelice ; Banica—Carles—Staffinali]

@ [lonescu-Staffilani] Related results in the defocusing case

@ weaker dispersive and Strichartz estimates
@ Morawetz inequality
@ scattering for arbitrary data

@ [A—Pierfelice-Vallarino]

o Damek—Ricci spaces (straightforward)
@ higher rank (more difficult)

@ [Burg—Guillarmou-.. ]
Convex cocompact surfaces with constant negative curvature
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Hyperbolic spaces
Trees
Further results

Wave

Wave equation on symmetric spaces

Wave equation

{ O?u(t,z) — Agu(t,z) = g(t, 7)
u(0,2)= fo(x), Ot|=0u(t, z)=h(z)
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Hyperbolic spaces
Trees
Further results

Wave

Wave equation on symmetric spaces

O?u(t,z) — Agu(t,z) = g(t, 7)
u(0,2)= fo(x), Ot|=0u(t, z)=h(z)

-

homogeneous

y

u(t,z) = (cos tv/—Ay) fo(z) + %ﬁ(m)

t .
+/0ds 751“’5_%)&_&9(5,35)

inhomogeneous

A\
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Hyperbolic spaces
LIGES
Further results

o [Georgiev—Lindblat-Sogge 1997] GWP for NLW in R™
e [Tataru 2001] shortcut via H"”

2 _ 2 2
t“—af —--—x7 >0

Light cone 2
t>0

Rn
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Hyperbolic spaces
LIGES
Further results

o [Georgiev—Lindblat-Sogge 1997] GWP for NLW in R™
e [Tataru 2001] shortcut via H"”

2 _ 2 2
t“—af —--—x7 >0

Light cone 2
t>0

H" t eS

Rn
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Hyperbolic spaces
LIGES
Further results

Wave operator (D'Alembertian)
n+3 n—1

O0=0?—Agn=¢ 2 So{@?—AHn—(”T_l)2}oe P
—_———

~ L
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Hyperbolic spaces
LIGES
Further results

Wave operator (D’'Alembertian)
n+3

0=07 = Apn = e2 "0 {02 = Agn— (5) "} o e
|

~ L

Dispersive estimate [Tataru 2001]
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Hyperbolic spaces
LIGES
Further results

Wave operator (D’'Alembertian)
n+3

0=07 = Apn = e2 "0 {02 = Agn— (5) "} o e
|

~ L

Dispersive estimate [Tataru 2001]

sinsv—%
7

@ Similar estimate for
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Hyperbolic spaces
LIGES
Further results

Wave operator (D’'Alembertian)
n+3 n—1

O0=0?—Agn=¢ 2 So{@?—AHn—(”T_l)2}oe P
—_———

~ L

Dispersive estimate [Tataru 2001]

_mtll_1 —(n—1)(L-1
H(—A) 2 \2 q)cossx/—.i”‘LI ; < |sinh s| (n=1)(3-7)
T— L4
oo : sinsv -2
@ Similar estimate for e

@ Weighted Strichartz estimate on H" ~~ on R”
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Further results

Wave operator (D’'Alembertian)
n+3 n—1

O0=0?—Agn=¢ 2 So{@?—AHn—(”T_l)2}oe P
—_———

~ L

Dispersive estimate [Tataru 2001]

_mtll_1 —(n—1)(L-1
H(—A) 2 \2 q)cossx/—.i”‘LI ; < |sinh s| (n=1)(3-7)
T— L4
oo : sinsv -2
@ Similar estimate for e

@ Weighted Strichartz estimate on H" ~~ on R”
@ GWP for NLW on R"
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Further results

Homogeneous trees

X =Tg homogeneous tree with ()41 edges
Example : Q=5
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Further results

Homogeneous trees

X =Tg homogeneous tree with ()41 edges
Example : Q=5

V= grrgT
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Trees
Further results

Homogeneous trees

X =Tg homogeneous tree with ()41 edges
Example : Q=5

_ 2
Y= Q1/2+Q_1/2
no local analysis ~~ no Sobolev spaces
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Further results
Wave

Wave equation on T

————
Z
Laplacian on Z : A%f(n) = f(”+1)+f(n_l)_2f(")

Laplacian on X : AXf(z) = Q+1d(z fly) = f(z)
Y,T)

[A—Pierfelice—Vallarino]

Dispersive estimate : exponential decay in n
Strichartz estimate : valid for the full square

NLW : no critical power
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Further results

@ [lonescu 2000]
L9 — L7 estimates for costv/—.% and %

on hyperbolic spaces
@ [Cowling-Giulini-Meda 2001 ; Cowling—-Meda 2002]
L% — L® estimates for e~ !V —2-IP+ on /K

for restricted complex time ¢
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