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Evolution equations

Heat equation

{ deu(t, z) — Agu(t, z) = g(t, z)
u(0,2)=f(z)

iOwu(t, ) £ Agu(t,z) = g(t,x)
u(0, z)=f(x)

{ OPu(t,z) — Agu(t,z) = g(t, )

u(0,2) = fo(z), Oli=ou(t,z)=fi(z)

Jean—Philippe Anker (Orléans) Nonlinear dispersive equations on hyperbolic spaces



Introduction Evolution equations
Symmetric spaces
Hyperbolic spaces

Evolution equations

@ homogeneous ~ linear case : ¢=0

@ possible nonlinearities : g(t,z) = I'(u(t, z))

.
eg. I'(u) = [ul

- with v>1
u|u

1
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Symmetric spaces

type constant curvature | rank one | general case
Euclidean R", T" Ry T | pxK/K
compact S*1=S(R") S(F™) U/K
non compact H"=H"(R) H™(IF) G/K
p—adic trees buildings
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Symmetric spaces

Other interesting cases :

@ Cartan—Hadamard manifolds

polynomial growth (compact, nilpotent)
@ Lie groups ¢ semisimple

amenable (solvable) exponential growth

@ locally symmetric spaces
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Real hyperbolic spaces

3 models :

@ Hyperboloid H™ :

metric : ds? = — dag + daf + ... + da?
H . _ 92 92 o\ F
Laplacian : Af—(_a_xg+a_acf+”’+@)f‘ﬂil”

where f is extended by homogeneity of degree 0

2 _ .2 2
) wy—xr—...—x;>0
to the light cone C : 0 ! "
29 >0
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Real hyperbolic spaces

o Ball B™

€n

R

K-orbit

A-orbit

metric : ds? (1 |2 3 |dx|

Laplacian : A = _M Z + (n—2) =

e Anker (Orléans) Nonlinear dispersive equations on hyperbolic spaces



Introduction Evolution equations
Symmetric spaces
Hyperbolic spaces

Real hyperbolic spaces

@ Half-space R}

A-orbit

K-orbit

metric : ds? = 2 |dz|?
n

. 2
Laplacian : A = 22 —512 —(n—2)z, —82
j=1 14 "
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Schroédinger equation on H”

Assume n>2

Schrédinger equation

{ i0wu(t,z) + Agu(t,z) = g(t, z)

u(0,z) = f(z)

Fourier transform :
{ i 9t \) — { (P52 + N2} a(t, \) = G(t, \)

a(0,)) = f(\)
Solution :

t
At \) = e TR () +/0 ds e T N9 55 ))

homogeneous inhomogeneous
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Schrodinger equation on H"

Assume n>2

Schrédinger equation

i0wu(t,z) + Agu(t,z) = g(t,z)
u(0,z) = f(z)

o

¢
u(t,z) = e”Amf(:l:) —i—/ ds ei(t_s)Azg(s,:v)
0

homogeneous inhomogeneous
Homogeneous solution :
u(t,z) = e”AIf(x) = fx s (z)

Schrédinger kernel

\
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Schrodinger kernel on H"

Explicit expression

_ oonfl mo 1 am—ly2, 1 g\t ir?
St(T‘) =2 2m 2 (Zt) ze i 2 ) (_sinhrm) ? et
e—isign(t)% ‘t‘—%
Where 9 n—1 —+00 9 n
1 _ 1 inh 1 b
(_sinhrm) : f(’f’) _ F/r ds \/coslil?—joshT (_sinhs m) 2f(8)
if n is even.

Similar expression for
@ all hyperbolic spaces H™(F) = H"(R), H™(C), H"(H), H*(Q)
@ Damek—Ricci spaces

Heat kernel :

o H" [Debiard-Gaveau—Mazet 1976]
@ H"(F) [Lohoué-Rychener 1982]

Jean—Philippe Anker (Orléans) Nonlinear dispersive equations on hyperbolic spaces



LS on hyperbolic spaces
Schrédinger NLS on hyperbolic spaces
Other results

Schrodinger kernel on H"

Global estimate [A—-P 2009]

‘St(’f’)‘ S ‘t‘_n/2j(7,)_1/2 f ‘t‘gl—i_r
\t\_3/2990('r’) if [t|>14r
V¢>0 and Vr>0,

where j(r)= (@)”_1 jacobian of exponential map

and o(r) < (1+7) e="2 " fundamental spherical function

-

Heat kernel estimate for complex time [Davies-Mandouvalos 1988,
Mandouvalos] :
1

n n—2 n— . 7.2
|he(r)] S |t|_5(1+r)(1+r+|t|)7“e—Tre—Re{(Tl)%JrE}
YV Ret>0,Vr>0
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2 fundamental inequalities

Dispersive estimate [A—P 2009]

Let 2<¢<o0
Then

_(1_1 .
feiay < [T i o<i<
LA=LE~ ) 12 if |¢)>1
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2 fundamental inequalities

Hint : The crucial large time inequality
; _3
et A o pa S 1872

follows from the estimate

{[Taramton)} < s

and from the sharp Kunze-Stein phenomenon [lonescu 2000]

LY @) * L*1(G) C LP*(G)

ol
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2 fundamental inequalities

Strichartz estimate [A—P 2009]

lut, @)l zgerz + 1wt 2) 52 S NF @, + N9(t ) g
Y (p, q), (D, q) in the following triangle

1/q

L2 conservation

12

1/2-1/n

\ Keel + Tao

R —

112 1Up
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Application to NLS

Wellposedness ~ existence & uniqueness [A—P 2009]

Consider the NLS

{ i Opu(t, ) + Agu(t, z) = D(u(t, z))

u(0, z) =f(z)
with powerlike nonlinearities
{ D)) $ Juf?

ID(w)=T(v)] < Ju—v| {Ju] " +[v]"1}

Then we have global wellposedness for small initial data
in L2(H") if y<1+2
{ in H'(H") if y<14+-25

Jean—Philippe Anker (Orléans) Nonlinear dispersive equations on hyperbolic spaces



LS on hyperbolic spaces
Schrédinger NLS on hyperbolic spaces
Other results

Application to NLS

Particular case : I'(u)=u|u["~! defocusing
L? and H'! conservation
LWP ~» GWP for arbitrary large data and subcritical o

Scattering

Same assumptions = scattering for small initial data
in L2(H") if y<1+2
in HY(H") if y<1+-45

Comment :
Better dispersion in H" ~» stronger results than in R"
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Other results

@ Previous results under radial assumptions
[Banica 2007 ; Pierfelice 2009 ; Banica—Carles—Staffinali]

(4]

[lonescu-Staffilani] Related results in the defocusing case

o weaker dispersive and Strichartz estimates
@ Morawetz inequality
@ scattering for arbitrary data

[Chanillo] Some results for G complex
[A—P-V]

o Damek—Ricci spaces (straightforward)
@ higher rank (in progress)

(4]

[Kaizaku] Smoothing effects on hyperbolic spaces

(4]

[Burg—Guillarmou—Hassell]
Convex cocompact surfaces with constant negative curvature
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Wave equation on H"

Assume n>3
L =A+ (”T_l)2 shifted Laplacian (no spectral gap)

Wave equation

{ O2u(t,z) — Lyu(t,z) = g(t,x)
u(0,2)=fo(z), Ot|i=ou(t, z)=fi(z)

| A\

Solution

homogeneous
u(t,z) = (cos tv/— %) folz) + % fﬁ(w)

t g o
+ A ds _Sln(t_jzzz_zf 9(57 fl:)

v~

inhomogeneous

Jean—Philippe Anker (Orléans) Nonlinear dispersive equations on hyperbolic spaces



LW on hyperbolic spaces
NLW on hyperbolic spaces
\WE Other results

Dispersive estimate [A—P-V]

Set D=+v—-A and 9=+-%
Then

|| D—a+7’9—76it@

o { VG i o<t <1
LE=LE~ g2t if |¢)>1
under the following assumptions :

o n>3

9 2<qg< 0

° az(n—kl)(%—%)

0 0<7<2
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Strichartz estimate [A—P-V]

|22 u(t, )|+ 12 20m(t, )|+ D7 ult,z)|

L$OL2 LL2 Lt

1 _1 o—1
S22 (@), + 1272 A&, D= gt @)l e
under the following assumptions :
o n>3
@ (p,q) and (p, q) belong to the following triangle

1q

12 &g
1/2-1/(n-1) \I
R —1

2 1p
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Strichartz estimate [A—P-V]

127 u(t, o)+ 2 20u(t, o), ,+ DT u(t,z)]

LE°L3
1 _1 o=1
SN2z k@), + 1272 A@)], + D72 g(t, 2)||

LgoL2 LyLd
'Ly
under the following assumptions :
o n>3
@ (p,q) and (p,q) are admissible
1
2

o o>(n+1)(3-1) and 5>(n+1)(3-1)
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Application to NLW [A-P-V]

Consider the NLW
{ 02u(t,z) — Lyu(t,z) = T(u(t, z))
u(0,2z)=fo(z), Oi|i=ou(t,z)=fi(z)
with powerlike nonlinearities

{ IT(u)| S Jul?
IT(u) =T (0)| < lu—v| {Jul*~"+[op =1}

Jean—Philippe Anker (Orléans) Nonlinear dispersive equations on hyperbolic spaces



LW on hyperbolic spaces
NLW on hyperbolic spaces
\WE Other results

Application to NLW [A-P-V]

Consider the NLW
{ O2u(t,z) — Zyu(t,z) = T(u(t,z))
u(0,2)=fo(z), O¢|i=ou(t,z)=fi(z)
with powerlike nonlinearities
Then we have global wellposedness under the following conditions :
° foe HUT_I%(]H[”) and fi € HZ 2 (H™) are small
where Ho™(H") = D=°9~"L*(H")

= H(H"™) if 7=0

D HOTT(H") if >0

C HO'T(H") if <0
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Application to NLW [A-P-V]

Consider the NLW
OFu(t,z) — Lpu(t,z) = T(u(t, z))
{ w(0,z)=fo(z), Or|i=ou(t,z)=fi(z)
with powerlike nonlinearities
Then we have global wellposedness under the following conditions :
° foc HUT_I%(H”) and f1 € o7 2 (H™) are small
@ v>1 and o >0 belong to the following region
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Application to NLW [A-P-V]

al.

A\

1 yl VZ vC

Comments
@ Same picture as for local wellposedness in R™

@ Stronger results : in short,
global wellposedness in H™ when local wellposedness in R
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Other results

@ [Tataru 2001]
Dispersive estimates for costZ and % on H"
~> weighted Strichartz estimates
~> NLW on R"

@ [lonescu 2000]

L?— L7 estimates for costZ and % on hyperbolic spaces
@ [Cowling—Giulini-Meda 2001 ; Cowling—-Meda 2002]

L9 — L% estimates for e tV=%+% on G/K

valid under restrictions on the complex time ¢

@ [Hassani—Lohoué]
Some results in higher rank
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Homogeneous trees

T =T homogeneous tree with () +1 edges
Example : @ =5

_ 2
Y= Q1/2+Q—1/2
no local analysis ~» no Sobolev spaces
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Wave equation on T

vAZu(n,z) — {AL+1—7} u(n,z) = g(n, z)
———
Z
Laplacian on Z : Azf(n) = f(”“”f(’;‘l)_”(”)
Laplacian on T : ATf(z) = %ld( Z) {(y) - f(z)
y7‘CE -

Results

Dispersive estimate : exponential decay in n
Strichartz estimate : valid for the full square

NLW : any power v>1
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