OPDAM FUNCTIONS: PRODUCT FORMULA AND
CONVOLUTION STRUCTURE IN DIMENSION 1

J.-PH. ANKER, F. AYADI AND M. SIFI

ABSTRACT. Let Gg\a’ﬁ)(:c) be the eigenfunctions of the Dunkl-Cherednik oper-
ator T(®P) on R, with a > § > —%. In this paper we express the product

Gg\a’ﬁ)(x)G(Aa’B) (y) as an integral in terms of Gg\a’ﬁ)(z) with an explicit kernel.
In general this kernel is not positive. Furthermore, by taking the so-called ratio-
nal limit, we recover the product formula for the Dunkl kernels proved in [13].

We then define and study a convolution structure associated to Gg\a'ﬂ ),

1. INTRODUCTION

The Opdam hypergeometric functions Gg\a’ﬁ ) on R are normalized eigenfunctions
TR G (2) = iING ()
G 0) =1
of the differential-difference operator

f@) — f(=x)

5 - pf(=z).

(1.1)

Here o > 3 > —%, a # —%, p=a+F+1and XA € C. In Cherednik’s notation,
T(@B) writes
2k 4k

Tl k) f(2) = £/(@) + (T + 1z ) (F(@) = f(=0) = (s + 2k2) f(2),

with o = ky + ks — £ and 8 = ky — £. The function Gf\a’ﬁ) can be expressed as

2 2
follows in terms of the Jacobi functions w&a’ﬁ )
L 9 @

T — Ma—x@’\ (@).

TR f(x) = f'(2) + ((2a +1)cothz + (268 + 1) tanhx)

G (x) = o\ (2) - (1.2)

As main references we use the primary articles [11, 3] and the lecture notes [4, 12].
This paper deals with harmonic analysis for the eigenfunctions Gg\a’ﬁ ). We derive

mainly a product formula for Gf\a’ﬁ ), which is analogous to the corresponding result
of Flensted-Jensen and Koornwinder [6] for Jacobi functions, and of Ben Salem

Key words and phrases. Dunkl-Cherednik operator, product formula, convolution product,
Opdam-Cherednik transform, Kunze-Stein phenomenon.
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2 J.-PH. ANKER, F. AYADI AND M. SIFI

and Ould Ahmed Salem [1] for the Jacobi-Dunkl functions. The product formula is
the key information needed in order to define an associated convolution structure
on R. More precisely, we deduce the product formula

G0 = [ GOEE ) VeyeR WeC (13
R

from the corresponding formula for gof\a’ﬁ ) on R*. Here ,ugff ) is an explicit real
valued measure with compact support on R, which may not be positive and which
is uniformly bounded in z,y € R. We conclude the first part of the paper by
recovering as a limit case the product formula for the Dunkl kernel proved in [13].

In the second part of the paper, we use the product formula (1.3) to define and
study the translation operators

8 £ (y) = / F(2) Al (2).

We next define the convolution product of suitable functions f and g by

f s g(x) = / 70 F(—)g () Aas(ly D)y,

where A, 5(]y|) = sinh(|y|)?**! cosh(y)??*!. We show in particular that f *,59 =

g *ap f and that F(f .5 9) = F(f)F(g), where F is the so-called Opdam-
Cherednik transform. Eventually we prove an analog of the Kunze-Stein phenom-
enon for the *, g-convolution product of LP-spaces.

In the last part of the paper, we construct an orthonormal basis of the Hilbert
space L*(R, A, s(|z|)dz), generalizing the corresponding result of Koornwinder
[10] for L*(R*, A, p(x)dx).. As a limit case, we recover the Hermite functions
constructed by Rosenblum [14] in L?(R, |z[***!dz).

Our paper is organised as follows. In section 2, we recall some properties and
formulas for Jacobi functions. In section 3, we give the proof of the product formula
for Gg\a’ﬁ ). Section 4 is devoted to the translation operators and the associated
convolution product. Section 5 contains a Kunze-Stein type phenomenon. In the
last section 6, we construct an orthonormal basis of L?(R, A, s(|z|)dx).

2. PRELIMINARIES

In this section we recall some properties of the Jacobi functions. See 6] and [7]
for more details, as well as the survey [10].

For a > 3 > —% with a # —% and A € C, let cpg\a’ﬁ) be the Jacobi function
defined by

N 1 1 _ .
A (@) = 2B (50 + N, 5 (0 — iV + 15 = sinb(x) )
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where p = a+3+1 and o F; denotes the hypergeometric function. For o > 3 > —%,
and z,y > 0, the Jacobi functions satisfy the following product formula

1 T
o) ()o@ () = / / 2 (arg cosh |y (z, g, 7, ) Jdmas(r, ), (2.1)
0 0

where
v(z,y,7,1) = cosh  cosh y + re' sinh x sinh g,
and
dma,p(r, ) = 2Ma (1 — r?)* 7 (r sin ) rdrdi (2.2)

with
Fa+1)

V(e =BT (B +3)

When a = § > —%, the product formula becomes

A0 (@) o0 (y) = M, / 20 (arg cosh [1(z, 4, 1, 9)]) sin®™ (0)doy,  (2.3)
0

Mo =

I'a . ..
where M, = \/;F(Tﬂ)%) Notice that the limit cases a > § = —% and o = 3 > —%
-1 a,o
are connected by the quadratic transformation gog\ ’ 2)(:17) = gpé \ )(g)

For a > (¢ > —% and fixed x,y € R*, we perform the change of variables

(r,9) — (z,x) defined by
cosh z eX = ~(z,y,7,1), (2.4)

i.e.

cosh z cos x — cosh z cosh y cosh z sin

rcosy = , rsiny =

sinh x sinh y sinh z sinh gy

This implies in particular that
cosh(|z| — [y|) < cosh(z) < cosh(|z| + |y|),
and therefore z, y, z satisfy the triangular inequality
2| = lyll < |2 < [l + lyl]-
Moreover, an easy computation gives

? = (sinhwsinhy)g(z,y, 2, X),

1—7r
where
g(x,y, 2 x) =1 — cosh? z — cosh? y — cosh? z 4 2 cosh  cosh y cosh z cos x. (2.5)

Furthermore, the measure sinh? z sinh?y rdrdiy becomes cosh zsinh z dzdy, and
therefore the measure dm, g given by (2.2) becomes

dmea 3(r, V) = 2My 5 (2,59, 2, X)* 7 (sinh 2 sinh y sinh z) % 4in2? X Aap(2) dzdy,

where

Agp(2) = (sinh 2)?*™ (cosh )27+, (2.6)
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Hence, the product formula (2.1) reads

P57 (@) (y) = / A (W sy, 2)Aap(2)dz, 2,y >0,  (2.7)
0
where

W p(x,y, 2) == 2M, g(sinh x sinh y sinh z)_m/ 9(z,y, 2, X)i_ﬁ_l sin?? ydy
0

(2.8)
if z,y,2z > 0 satisfy |x —y| < z <z +y and W, g(x,y, z) = 0 otherwise. Here

g if g>0,
g+ =
0 if g<0.

We point out that the function W, s(z,y, 2) is nonnegative, symmetric in the
variables x, vy, z and that

+oo

Wap(x,y, 2)Ans(z)dz = 1.
0

Furthermore, in [6, Formula (4.19)] the authors express W, s as follows in terms
of the hypergeometric function o F; : For every z,y, z > 0 satisfying the triangular
inequality |z —y| < z < x + ¥,

r 1
Wap(x,y,2) = Dlatl) (cosh & cosh g cosh 2)*#~! (sinh 2 sinh y sinh 2) 72

Vrl(a+3)
1 1—B)7

x (1— B2)a_%2F1<oz+ﬁ,oz—ﬂ;oz+ - —

= (2.9)

where
B cosh? & + cosh? y + cosh? z — 1

B
2 cosh z cosh y cosh z

Notice that

(cosh(z + y) £ cosh z)(cosh z + cosh(z — y))

1+ B=
2 cosh z cosh y cosh z

Y

hence

1_ B — (cosh2(x +y) — COS? 2z)(0(;sh 2z —2 cosh 2(z — y)) (2.10)
16 cosh” x cosh” y cosh” z
sinh(x 4+ y 4 2) sinh(z + y — 2) sinh(z — y 4 2) sinh(—z + y + 2)

4 cosh? x cosh? y cosh? z

In the case a = [ > —%, we use instead the change of variables

cosh z = |y(x,y, 1,%)| = | cosh z cosh y + €™ sinh 2 sinh |,



and we obtain the same product formula (2.7), where W, , is given by

[(a+1) gdat1

Waalz,y,2) = m (sinh 2z sinh 2y sinh 22) 2
x [sinh(z + y + 2) sinh(z + y — 2)]*~ /2
X [sinh(z — y + 2) sinh(—z + y 4 2)]*7 /2. (2.11)
In the case a > 3 = —=, we use the quadratic transformation

(,=3) a,a
o (20) = 5 (@),
and we obtain again the product formula (2.7), with
Ty z)
272727

As noticed by Koornwinder [9] (see also [7]), the product formulas (2.1) and (2.7)
are closely connected with the addition formula for the Jacobi functions, that we
recall now for later use:

w. 7_%(x,y, 2) = 272W, o

07

(pg\a,ﬁ)(argcoshh(x,y,r,w Z Sog\akﬁl So(a)\ﬁlzl(wxl(:fl, )( dj)Hl(calﬁ)v (2.12)
0<I<k<oo
where
(6% 167 _>\ . _ o
gog ]fl)(:c) Ca,(=) (2 smhx)k 1(2 COth)k-HSOg\ +k+1,B+k— l)(SL’)

Ca+k+l,ﬁ+k—l(—>\)
are modified Jacobi functions with
2072 (e + 1T (iN)
D(§ +ig)D(*5 +i3)

Ca,p(A) =

« — a—pB-1, — 5_175_1
X]({:lﬁ)( ’1/}) :,r,k lRl( B—1,8+k l)(27"2 _ 1)RI(€_12 2)(Cosw>’

with

1 —
R,(f"ﬁ)(:c) :2F1<—n,n+p;oz+1; 5 :1:)’

and

= ([ [ o vramasnn)” (213)

are normalizing constants.
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3. THE PRODUCT FORMULA FOR G(o‘ﬁ

For z,y,z € R and x € [0, 7], let

cosh x cosh y—cosh z cos x .
sinh  sinh y Zf ry 7& 0’

0, if xy = 0.

Furthermore, if a > (> —%, let us define K g by

s

Kaps(w,y,2) = M, ga(sinh|z|sinh |y|sinh |z|)~>* g(z,y, 2, x)% p-1
0
l—oy,.+0X,, +0X,.+ 5 i 7 coth z cothy coth z(sin X)2]
2

x (sin )2 dy

if z,y,2z € R* satisfy the triangular inequality ||z| — |y|| < |z] < |z| + |y|, and
Kaop(z,y,z) = 0 otherwise. Here g(z,y, z, x) is as in (2.5).

Remark 3.1. The following symmetry properties are easy to check:

Icaﬁ(flf, Y, Z) = ]Ca,ﬁ(yv €, Z)v
Icaﬂ(flf, Y, Z) = Ka,ﬁ(_zv Y, —SL’),

Icaﬁ(xv Y, Z) = ]Ca,ﬁ(xa —Zz, _y)’

Recall the eigenfunctions Gf\a’ﬁ ) from the introduction. This section is devoted
to the proof of the following main result.

Theorem 3.2. Assume o« > 3 > —%. Then Gf\a’ﬁ) satisfies the following product
formula

+oo
GG W) = [ G @l 2),
forx,y € R and A € C. Here
o Kaslen sz if 20,
duyy”(2) = Oa if y=0, (3.2)
63/ Zf T = 07
and Aap is as in (2.6).

Let us split the eigenfunction Gf\aﬂ)

into its even and odd parts:

A (@) = 7 (@),



and
1 0
G(avﬁ) - (avﬁ)
(@) = )
p+iX | at1,841
= msmh?z gpf\ LD ().

For x,y € R*, the product formula (2.7) for the Jacobi functions yields

|| +]y|
G (@) G y) = / | |G&?‘f><z>waﬁ<|x|,|y|,z>Aa,g<z>dz
z|—ly

1 o,
= = | GOV Was(lzl, [yl 12]) Aas(2])dz,

where
Loy = [=lzl = lyl, =llz| = ylT U [llz] = lyll, =] + ly[]. (3.3)
Next let us turn to the mixed products. The following statement is Lemma 2.2
in [1].

Lemma 3.3. Fora > (3 > —% and x,y € R*, we have

GO @GN y) = Mas [ GY(2)(sinh|a] sinh [y| sinh |2]) 2

o [ 2077 0k im0 Al

where g(x,y, z, ) is given by (2.5), o, is given by (3.1), and I, is as in (3.3).

7Z7
We consider now purely odd products, which is the most difficult case.

Lemma 3.4. Fora > (3 > —% and x,y € R* we have

G(@)G (y) = Mg / G5 (2) (sinh || sinh |y] sinh | 2]) 2
I y

X {/ g(x,y,z,x)i_ﬁ_l (—UU?&W __°f T coth z coth y coth z sin? X)
0 (B+3)

X (sin X)z'@dX}Aa’ﬁﬂZDdZ.

Proof. For x,y > 0, we have

a, a, p+ i\ 2 . . a+1, a+1,
Gg\’oﬁ)(x)G&oﬁ) (y) = W sinh(2z) Slnh@y)@& +1 ﬁ—H)(l')SOg\ +1 6+1)(y)

= 757 (2,y) + T3 (2,y),

where
() N+t . (a1B4+1)( \ (at1,6+1)
7y} (x,y) :== 5 sinh(2z) sinh(2y)p) (@) (y), (3.4)

~16(a+1)
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and

a +Z)\ o1 a+1,
7,57 (2, y) ::%smh@x) sinh(2y) Y (@) T (). (3.5)

We can rewrite I/(\al’ﬁ ) as

I(aﬁ) / / gp/\ argcoshh(m y, 7, )| )rcospdme g(r, ). (3.6)

Indeed, by means of the addition formula (2.12) for the Jacobi functions, we have
1 s
I/ Aot o BN st
o Jo
— (o,8) d
= a0l )<P ,\10 Xlo ¥)dma,g(r, ¥)

a, a,
905\10)( )<P( ,\1)0(9)
where x{7 (r,¢) = r cos, @Lal’ﬁo) () = 4@1’; sinh 22" (2) and 114%° o is the

constant (2.13). Now (3.6) follows from the fact that %7 () = L* ﬁH)(x).
Moreover, by performing the change of variables (r, 1)) — (z, x) defined by

cosh ze™X = Yz, y,7,1),

and applying the same arguments as in the preliminary section for (2.1), the iden-
tity (3.6) becomes

T+y
I(O‘ MNa,y) = —2M,g Gf\?‘éﬁ)(z)(sinhxsinhysinh z) 72

lz—yl
" a—pB—-1/ .
o [ oeata 208 im0y A, o)
Using the evenness in (z,y, 2) of g(x,y, 2, ), and the following symmetries
77 (. y) = sien(ey) Ty (|21, |y)).

X 3 X
Oryz = SIER(TY)OTy 10

we get for all z,y € R*

T (w,y) = ~Mag [ GYP(2)(sinh |z| sinh |y| sinh |2[) 2

Ix,y

{ [ oty ot 20057 i) fAa el
0
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On the other hand, in order to handle the expression I/(\C;ﬁ ) (x,y) for z,y > 0, we

use the product formulas (2.7) for gp(aH P o get
7,57 (2, y)
>\ (0% (0%
:75251?1)) sinh 2x sinh 2y go( i ﬁﬂ)(:c)gog LD ()
pPMoi1541 /Hy i ' ' i i —sa—2 PHIA (ay1841)
= h(2 h(2 h h h —
@t Juy sinh(2x) sinh(2y)(sinh x sinh y sinh 2) ot D) (2)

x { / g9(x,y, 2, )% _1(SinX)%HdX}AoH—LBH(Z)dZ

—2 p Ma 3 / )(sinh o sinh y sinh 2) ~** coth = coth y coth z
lz—yl

X {/ g(z,y, 2, )57 (SlnX)2ﬁ+2dX}Aaﬁ(z>dz’
0

Arguing again by evenness and oddness, and using the fact that I(a’ﬁ )(:L',y) =

sign(zy)Z, (aﬁ (], ly|) for z,y € R*, we conclude that for all z,y € R*

I/(\?;ﬁ)(x,y) 5+—Ma6/1 (aﬁ( )(sinh |z| sinh |y| sinh |z]) ™2

(coth z coth y coth z){ / g(z,y,2,x)5 " (sin X)%de}Aaﬁ(\dez
0
This finishes the proof of Lemma 3.4, and therefore the proof of Theorem 3.2. [

Next we turn our attention to the case a = (8 > —%. For z,y,z € R, let

cosh 2x cosh 2y—cosh 2z .
sinh 2z sinh 2y ’ Z‘f ry 7& 0’

Oxyz — (37)
0, if zy = 0.

Moreover, we define the kernel IC, by

1

5 (1= 0py ot 0spy+0.y0+2(1—B?) cothz cothy coth 2) W, o (7, y, 2)
if ||z] = |y|| < |z| < |=| + |y|, and Ku(x,y, 2) = 0 otherwise. Recall the expressions
of 1 — B? and W, from (2.10) and (2.11) respectively. The symmetry properties
of Ko (see Remark 3.1) remain true for /C,.

’COC('Z'7 y? Z) =

Theorem 3.5. In the case a = 3 > —% the product formula reads

Gg\a7a) (x)Gg\Oc,a) (y) _ / Gg\ava) (Z)d,u:(;j‘g (Z)’ (38)
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forx,y € R and A € C. Here

Ka(z,y, 2)Aaall2))dz,  if zy#0,
dpl)(z) = $ bn, if y=0, (3.9)
Oy if x=0.

Proof. Applying the same arguments as for the case o > (3, we obtain

G ()G () = 12 / GO ()W all2], [y 121) Awal|2]) 2,

z,y

and

G ()G (y) = 1/2 / G (2)02 my Waa|2], |y, 12]) Anal(|2])dz,

Loy
where L, = [~Je] — [yl, llz| — o] U lll2] = [yll, [o] + [yl] and 0, is as in (3.7)
On the other hand, for z,y > 0, we have

GV (@GR () = TV () + T (2, ),
where I/(\?Cl’a) and I&?;’a) are as in (3.4) and (3.5) with @ = . Applying the same

arguments as for I/(\al’ﬁ ), we can show that

IV (wy) = —M, /0 G\ (axg cosh [y(z, y, 1,4)]) costh sin® ihd
T+y
= —/ Gg\?‘e’a)(z)ax7y,ZWa7a(x,y,z)Aa,a(z)dz.
lz—yl

Here we have used the change of variables ¢ — z defined by cosh z = |y(x, y, 1,)|.
Thus, for x,y € R*, we have

a,a 1 a,a
20 @) == [ G Erny Waallol ol 12D Anal<D)dz
On the other hand, by using the product formula (2.7) for gpf\aﬂ’aﬂ), we get for
z,y >0
2004+ 1 [TV sinh 2z sinh 2y
T (2,y) = - Gi atla Aatrar(2)dz.
22 (z,9) 20a+ 1) /|m_y| o (2) sinh 22 +1041(%, Y, 2) Aay1at1(2)dz
Since Woi1.a041(2,y,2) = (a‘fﬁ}z) (Sinhxsli;fjsinhz)zWau(aj,y,z), it follows that for
z,y >0
757 (@.y)
20+ 1 /x+y (a,a) 2
= G, .7 (2)(1 = B?) cothz cothy cothz W, o (2, y, 2) A a(2)dz
(Oé + 1/2) lz—y| A
= / G\ (2)(1 — B?) coth z cothy coth |2| W a(z, , |2]) A.al|2])dz.
Loy

This finishes the proof of the theorem. O
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For £ > 0, we have

20+ 1+1i)\/e

3 (a,a)
ot D) sinh(2ex)py . (e).

G (ex) = {30 (ew) +

Using the fact that

I
rtizg =21+ 0"} as 2o,
and the fact
aa 1 A1 2 .
wi/; )(e’:‘x) = 2F1(§(2oz +14+ %), 5(204 +1-— %); a + 1; — sinh? &?ZL’),

we deduce that
lim o) (e2) = ja(aA),

e—0

where j,(x) is the normalized Bessel function

EOO: ($)2k
kZOFa—I—1+k k! 2
Thus
AL
lim G i AT . 1
tim G177 (o) = (o) + 5 2 (o) (3.10)

The right hand side of (3.10) is the so-called Dunkl kernel E, (A, x) in dimension
1. Moreover, it is proved in [13] that

EL(iX, 2)EL (i, y) :/Ea(i)\,z)ka(x,y,z)\z|2a+1dz, (3.11)
R
where
e (a+1)
ka>> :22a—1_xz Z,T 2,Y,%
(Zlf'yZ) ﬁr(a+%>[ g,y7+§77y+§,y7]
a1
4y =) - (e —y))” 7
(zyz)* ’
and
2240252 .
2P Gy 0,
Spyz = (3.12)
0 if vy =0.
Proposition 3.6. For a > —% the following limit holds

lim e 22K, (ex, ey, e2) = ko(z,y, 2).

e—0
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Proof. For € > 0, we have

1
’Ca(fx> &Y, 52) = -|1- Ocxey,ez + Oczexey + Oczeyex +
2

+2(1 — B?) coth ex coth ey coth ez) Wa.alex, ey, e2),

sinh e€(z +y + z)sinhe(x +y — 2) sinh e(z —y + 2) sinhe(—x + y + z)

1-B2= 2 2
4 cosh? ex cosh? ey cosh? ez

£

We may rewrite o, , . as:

sinh? z + sinh? y + 2sinh? 2 sinh? yy — sinh? 2

oz = 2 cosh x cosh y sinh x sinh y
Thus
y 2yt
51—I>I(1) Ua:c,ay,az - 2xy - gx,yvz’
where ¢, , , is as in (3.12). Moreover, it is easy to see that

4
1- B~ %((x+y)2 _ (2= (z—y)?) as £—0

and therefore
lir%(l — B?) cothex cothey cothez = 0.

By using the expression (2.11) of W, ,, we conclude that

20 L(@+1) 50y (@ +y)? =) = (@ —y)?)"
Vl(a+ 1) (xyz)?™
ase — 0. U
Remark 3.7. If we replace X\ by \/e and (z,y) by (ex,ey) in Theorem 3.5, then
we recover the product formula (3.11) for the Dunkl kernels from (3.8) as e — 0.
Theorem 3.8. Let x y e R.
(i) For o> > —1 with o # —3, we have supp (1% )) C Ipy.

For o> 3> —1 with o # -1, wehcweu( (R) =
r

F(a+1) (6+2)
I(at3) T(B+1) "

Wa.alex, ey, ez) ~

(i

i)
(ili) For a > 3> —%, we have s < 4+
v)

(i
Proof. (i) is obvious.
(i) This claim follows from Theorems 3.2 and 3.5 and the fact that ng"ﬁ ) =1.

(iii) From the proof of Theorem 3.2, we may rewrite the product formula for G(;“’ﬁ )
as follows:

GO @) G (y) = / GO ()R, y, 2) Aa(|2))dz + T (2, y),

Fora= 3> —3, we hcwe||um7l’, | <3
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where Iﬁ?‘z’ﬁ ) is given by (3.5) and
/@aﬂ(x, Yy, z) :=M, g(sinh |z| sinh |y| sinh |z|)_2°‘
| Q= 0% 0 gl 205 i P
0

By [1, Proposition 2.7|, we have

/ |I€a,,6(x, Y, Z)‘Aa“@qZ‘)dZ S 4
I,y

On the other hand, using the product formula (2.1) for the Jacobi functions, we
may rewrite Igf;ﬁ ) as follows :

57 (2, y)
g((p + Z);) sinh(2x) s1nh(2y) (atl, BH)(:L')QDE\aHﬂH)(y)
P(Z ) a+1 ﬁ+1
8( )2 sinh(2x) sinh(2y) (arg cosh(|y(z,y, 7, ¥)|)dmat1,p41(7, 1)

aurgcosh(W(a7 Yy, r >¢)|))
h( h(
)SIII 2!13' Sln 2y / / |7:17y, 72/} |\/|7xy, 7¢)|2_1d

where (z,y,r,1) = cosh z coshy + re? sinh zsinh y. In order to conclude, it re-
mains for us to prove the following inequality

1 T r 1
__P sinh 2z sinh 2y/ / dmat1,541 (1 ) < I'(a+ }) B+ 2)‘
4(Oé+1) |7($aya7"ﬂ/f)‘\/‘7($aya7’a¢)|2— 1 F(Oé—|—§) F(ﬂ—i_l)
By expressing |y(z,y,r, ¥)| and dmai1,p+1, the left hand side becomes

1 T
P sinh 2z sinh 2y/ dmay1,641(r,9)
4(0{"‘1) ,’L‘y7 71/}‘\/‘/737y,71 w)|2_

(aer 1)[\/*”35@;2()6 %)] smh2xsmh2y/ / (1 —r2)eh-t

% r2ﬁ+3 (sin w)2ﬁ+2

4( ma-l—l,ﬁ-i—l(/rv ’Qb),

v/ (cosh z cosh y + r cos 1 sinh x sinh y)2 + (r sin ¢ sinh x sinh y)2
1

X
V/(cosh z cosh y + r cos i sinh x sinh y)2 + (r sin ¢ sinh x sinh y)2 — 1

_ PFOHLl 2)a=0-1 (1. gip ) 20+2 drdi
JrI(a— +3) // (rsing) VU + cos P\/V + cos’

where

drdy

cosh? x cosh® y 4 r2 sinh® z sinh? y
2r cosh x cosh y sinh z sinh y

U=
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and

V= cosh? x cosh? y 4+ r?sinh? x sinh?y — 1

2r cosh x cosh y sinh x sinh y

Since

U1V 1< (cosh z coshy — rsinh zsinhy)? — 1

2r cosh z cosh y sinh x sinh y

we can estimate

1% . . Lo dma+1,5+1
4(Oé + ) sinh 22 sinh 2y/ / ZL’ y>rv¢)|\/|7($7yvr> Q/J)|2 -

p '« —l— 1 ya—h=1 2342 1
(e -y / / (rsiny)*" (1 4 cos )~ drdy
pF(a—l—l)F(ﬂ—i‘ )< (a+1)T(B+3)
2T(a+ ) T(B+1) ~ T(a+ ) T(B+1)

using classical formulas for the Beta and Gamma functions.

(iv) is proved in a similar way, using use the product formula (2.3) for @&O"O‘) instead

of (2.1). O

Remark 3.9. Forallao > (> —%, the measures ugff) are not positive in general.

Indeed, we may rewrite the kernel K, g as

’Ca,ﬁ($v Y, Z) = Ma,ﬁ(Sinh |ZI§'| sinh |y| sinh |Z|)_2a ’CS}?(Iv Y, Z) + ’Cé%,za($v Y, Z) )

where
K _ [ g1 20y
wn(@y,2) = | gla,y, 2,057 0wy, 2)(sin x) ¥ dx
0
with
Xz,y,2) =1—0), . +0X,, +0%, .
and
’C%(x,y, z) = ﬁ+l cothxcothycothz/0 gz, y, 2, x) 7 (sin x) 2P 2dy.

Assume that x > 0. It is easy to see that %QX(:E, r,—3) <0, for all x € [0, 7], and
therefore oX(x, x, —%) < 0%(x, x, —%). Moreover, by studying the growth of the func-
tion x +— o°(x,z, —%), on can check that ¢°(x, x, —%) < —2. Then IC(l) slz,z,—3) <
0. Obmously K 2)6(17 r,—3) < 0. Hence, there exists a nezghborhood of —5 in the
support of ,uz e f or which z — Ky 5(z, x, 2) is strictly negative.
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4. THE CONVOLUTION PRODUCT
For a > (¢ > —% and f € C.(R), the Opdam-Cherednik Fourier transform is
defined by
FHN) = [ @G (—2)Aap(|z))dz  YAEC, (4.1)

where A, g(z) = (sinh x)?**!(cosh 2)?’*1. The inverse Fourier transform of a suit-
able function g on R is given by:

2 - @)1 — Py A
Tote) = [ sEI @01 - B

where
207 (a4 1T (i)
L(3(p+ i) (5(a—B+1+iX)’

We refer to [11] for more details on F.
We may express the Fourier transform F in terms of the Jacobi transform

/ F(@)oP () Ay () da. (4.2)

Cas(N) = A e C\iN.

More precisely:

Lemma 4.1. For A € C and f € C.(R), we have

F()A) = 2Fa5(fe)(A) + 2(p + iX) Fa5(J fo) (),
where fo (resp. f,) denotes the even (resp. odd) part of f, and

e / £

Proof. Write f = f.+ f,. Firstly, if A = —ip, then

F(H) = / F () A p(|2])dz = 2Fa5(£.) (ip).

Secondly, if A # —ip, we have

F(YN) =2F,5(f) (A _Z)\/ folx (aﬁ( VAq p(x)dz.

Let A, s be the Jacobi operator given by

Bl () = s [ Aeale) )],
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By integration by parts, we obtain
o d o
| @) 5P @) At
0 x

= —/OOO @&avﬁ)(a:)Aa;(I)%[Aa,ﬁ(x)%ufo(x)) A () dz

—Fo5(Bapd fo)(A)
= (N + ) Fas(Jf)N.

U

The following Plancherel formula was proved by Opdam [11, Theorem 9.13(3)]:

J @Rz = [ (FDOE+IFONP e

- TR o Py dA
_ / FONFHEN - Dgmmm

where f(x) := f(—x). The following result can be proved by specializing [16,
Theorem 4.1].

Theorem 4.2. The Opdam-Cherednik Fourier transform F and its inverse J are
topological isomorphisms between the Schwartz space S, p(R) = (coshz)™"S(R)
and the Schwartz space S(R). Recall that p=a + [+ 1.

Definition 4.3. Let f be a suitable function on R and let x € ]R Fora > 0> —=

with o # ——, we define the generalized translation operator T, by

/ f(z d,u(o‘ﬁ

where duﬁu’,ﬁ) is given by (3.2) for a > B, and by (3.9) for a = f.

The following proposition is clear. However for completeness we will sketch its
proof.

Proposition 4.4. For a suitable function f on R, we have

(i) 7™ ﬁ)f(y) = nsa D f(x).
() f( ) =

roB) T(aﬁ) (@)

i) 7
)

(iv) Téa’%&“ﬁ( )= GEP @Gy,
)
)

s:Lo

(v) FED ) = G (@) F(F)(N), where F is given by (4.1).
(vi) T(P) (nga’ﬁ))f = Téa’ﬁ)(T(a’ﬁ)f), where TP is the Dunkl-Cherednik oper-
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Proof. (i) follows from the property K, g(x,y, 2) = Ko gy, x, 2).
(ii) follows from the fact that C, 5(0,y, 2) = d,.
(iii) follows from the fact that the function

H(x17y17x27y2> 3://Ca,ﬁ(SClayl,Z)ICa,ﬁ(SCz,yz,Z)Aa,5(|2\)d2
R

is symmetric in the four variables.

(iv) follows from the product formula for G(a A,

(v) For f € Cu(R), we have
FEIHN) = [ A0 160 (=) Aaael)d:
= [ [ £tz 040t 657 (=) (o)t
- / FO[ [ 6807 (=20 200) A ((2)d2] Ao e

Since K, g(, 2,t) = Ko p(z, —t, —2), it follows from Theorem 3.2 that
FEONM) = 607 () / FOG (=1) Aas(|t])dt
= G @FEH).

(vi) This property follows from the injectivity of F and the fact that 7 () (TP f)
and TP ( 7ieP) ¢ ) have the same Fourier transform, namely

A= id GO F(F)(N).

U
Lemma 4.5. For 1 <p<oo, f € LP(R, A, 5(|t|)dt), and x € R, we have
172 llp < Casll fllp, (4.3)
where
I'(a+1) T(B+3) .
4+F(a+)1“(ﬁ+1) if a>p>-—3,
Cap = (4.4)

Nt

, if a:ﬁ>—%.

Proof. For p = 0o, the inequality (4.3) follows from Theorem 3.7. For 1 < p < oo,
we use again the boundness of [; [Kq g(x, y,t)[Aas(|y|)dy and Hélder’s inequality
to estimate

I P £l < CﬁfﬁlfR/R\f(t)\”\lca,ﬁ(x,y,t)\Aa,ﬁ(\tl)Aa,ﬁ(\y\)dtdy
CosllfI5-

IN
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Definition 4.6. For suitable functions f and g, we define the convolution product
[ *ap 9 by
Frapgl@) = [ 19 f(-y)g) Aus(lydy
R

Remark 4.7. It is clear that this convolution product is both commutative and
associative:

(1) .f *a,6 9 = G *a,8 f
(ii) (f *a,5 9) *a,8 h = f *a,5 (9 *ap h).

Proposition 4.8. Let D,(R) be the space of smooth functions on R supported in
[—a,a]. For f € D,(R) and g € Dy(R), we have f %45 g € Days(R) and

F(f *ap 9)(A) = F(F)NF(g)(A).
Proof. By definition we have

F(f a5 9)(N) = / / 7408 £(—)g ()G (—2) An p(|2]) A s [y ])ddy.

Using the product formula for Gg\a’ﬁ ) and Remark 3.1, we deduce that

(a0 = [ 16) [ o) [ 607 okaal—2 =0 —2)Ans(a)da
<Aaslis Aaﬁuz\)

) / FAGE ) Aus(az [ o) ) Ansllvha

= Fg)(N).
0

By standard arguments, the following statement follows from Lemma 4.5.

Proposition 4.9. Assume that 1 < p,q,r < 0o satisfy % + % -1 = % Then,

for every f € LP(R, Ans(|z|)dx) and g € LI(R, Ang(|z|)dx), we have f 4,5 g €
L"(R, An5(|z|)dx), and

1f *a.p gllr < Capll Fllpllglla,
where Cy g is as in (4.4).

5. THE KUNZE-STEIN PHENOMENON

This remarkable phenomenon was first observed by Kunze and Stein [8] for the
group G' = SL(2,R) equipped with its Haar measure. They proved that

LP(G) x L*(G) C L*(G) V1<p<2.

By such inclusion, we mean the existence of a constant €, > 0 such that the
following inequality holds:

1f # gll2 < Coll fllpllglla Vf € LP(G), Vg € L*(G).
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This result was generalized by Cowling [2] to connected non compact semisimple
Lie groups with finite center. We prove the following analog in our setting (we
understand that Triméche has recently extended this result to higher dimensions).

Theorem 5.1. Let 1 <p <2< q<o00. Then
LP(R, Aas(|2])dz) *a,6 L*(R, Aap(|2])dz) C L*(R, Aap(|z])dz)  (5.1)

and
L*(R, Ay 5(|2])dz) %05 L2 (R, Aq 5(|2])dz) C LYR, Ay 5(|2])dz). (5.2)
Proof. (i) Let f,g € C.(R). Then, by the Plancherel formula, we have

106 508 9)) Aol

- [ WW% + [ U s 9O P
S D, P9 [/ FHI )|2+/R+|f(f)(A)| ]

AeR,we{+1} R+ 167[c(A 167[c(A)][?
= sup |F(w-g)NPIfIE
AERwe{£1}

Here we have used the fact that F(f %4 ¢) = F(f)F(g). Next, if p and ¢ are dual
indices, we estimate

[Fw-g)(N)| < / |9(wa)]| G\ (—)| Ag () d

< gl G,

using Holder’s inequality. Thus it remains for us to show that ||G(Aa’6 ) || is bounded
uniformly in A € R. This follows from Schapira’s inequality [16]

1G$P ()] < GP(z)  VzeR, VAR,
and the well-known estimate [5]
i (x) < C(L+ |al)e M Vo € R,
which yield
G () < C(L+|z)e M vVzeR,  VieR

As a conclusion

1S *a,8 gll2 < cpll fll2lgllp-
(i) Let f, g,k € C.(R). Using the Cauchy-Schwartz inequality and (5.1), we get

| [ 508 9)@)k(z) A slel)da] < Clglall =l

< &l Fll2llgll2ll#]lp-
Hence [| f a8 gllg < qll fll2llgll2- O
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The following results are deduced by interpolation and duality from Theorem
5.1 and Proposition 4.8.

Corollary 5.2. (i) Let 1 <p<q<2. Then
LP(R, Aq p((2])d) 0,5 L/(R, Aqg([])dr) C LR, Aqy(|a])da).
(ii) Let 1 <p <2 andp<q§ﬁ. Then
LP(R, Aupl(a])d) 40 D'(R, Aup(|2])da) © LR, Ay ollal)da)
(iii) Let 2 < p, ¢ < oo such that § <p < q. Then

LP(R, Aq p(j2])d) %05 LY (R, Aq s(la])dr) C LU(R, Aq s(fe])de).

6. A SPECIAL ORTHOGONAL SYSTEMS

In this section we will construct an orthonormal basis for L*(R, A, 5(|z|)dz). We
will also prove that by applying a certain limit argument we recover the Hermite
functions for L?(R, |z|***!dz), constructed by Rosenblum in [13].

Proposition 6.1. Fiz o, 3 and § such that o > (3 > —% and 6 > —1. We set

{ HS (1) := (cosht)~*#=-2 p{* (1 — 2 tanh?¢), 61)

H3,.(t) := (cosh t)_a_ﬁ_5_2p1§a+l’6)(1 — 2tanh®¢) tanht,

where P,ga’é)(r) =9F ( —n,n+a+d+1;a+1; %) denotes the Jacobi polynomial.
Then {H?} 2% is an orthogonal basis of L*(R, A, 5(|z|)dx).

Proof. Firstly, by oddness we have
/ HS (82, (1) (sinh |£])2 (cosh )25+ = 0.
R
Secondly, using the change of variable x = tanht¢, we obtain
/RHgn(t)Hgm(t)(sinh |t])2F (cosh t)?PH1dt

1
= 2 / P9 (1 — 222 P9 (1 — 22%)(1 — 2?)°22Hdx
0
1

= 270 / PO () PO () (1 +7)° (1 = r)*dr

n
1

FNa+n+1)I'(0+n+1)

2—5—04—1 5nm
(a+d6+2n+1)I'(n+ D' (a+0+n+1) ™




21

Above we have used the orthogonality of the Jacobi polynomials. The same argu-
ment gives

/ Hgn-i-l (t)H3m+1 (t) | Sinh t|2a+1 (COSh t)25+1dt
R

g—b6—a—2 INa+n+2)L'(0+n+1)
(a+d+2n+2)l(n+ Dl (a+d6+n+2) "™

Further, it is known that {P\*”}7> span a dense subspace of L*(] — 1 (1 =
r)*(1 + r)°dr) (see for instance [15]). Hence {H3,},/% and {HS,. }1% span a
dense subspace of L*(R, A, 5(|z|)dz), and L*(R, A, 5(|z|)dz), respectively. O

Proposition 6.2. The Opdam-Cherednik transform of the basis { H},, is given by
(—1D)"  T(a+1)T(E0 —iA+1)DEE +ix+1))

FH)R) = n! TGEO0+a+6+2)+n)l(E0+a—F+2)+n)
A (6+1) (6+1) (a+B8+1) (a—B+1)
Xa(‘Z” 2 2 2 2 »@@
and
i+ p (D)™t Tla4+ D56 —id+1)0(5(6 +ix + 1))
FlHza)A) = 2 nl TGEO0+a+B+4)+n)T(G0+a—F+2)+n)
N (@0+1) (0+1) (a+B+3) (a=F+1)
XP( A R T B ) )’(6'3>
where

P.(2*;a,b,c,d) = (a+b)n(a+c)n(a+d),

o n+a+b+c+d—1, a—z, a+x;
4 a—+b, a+ c, a+ d;

)

Proof. Since H, are even functions, and therefore F(HJ,) coincides with F,, 5(H3,)
(see (4.2) for the definition of F, g), it follows that (6.2) is nothing other than the
identity (9.4) given in [10] without details. However, for completeness and since

we shall use the same arguments in the proof of F (H2n +1), we will give all the
details. For (6.2), we have

HS (t) = (—=1)"(cosht)™@=8=9-2pa)(gtanh?t — 1)

denotes Wilson polynomials.

1
= (=1)"(cosht)= P~ QMJH( n,0 +a+n+1;6+1;1 —tanh*¢)
n!

1

= (-1 )n((si;i,)n( ht)_a_ﬁ_5_22F1(—n, §+a-+n+1;0+1;cosh™?t)
Dy 1

= 5+ Z 5+Oé+7’b—|— ) (OSht)_2m_a_ﬁ_6_2.

(6 + 1)

m=
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Hence
FHI)N) = [ H, )™ ()] sinh ¢[2** (cosh )2 dt
R
_ (_1)n(5 +1)n = (=) + a+n+ 1),
- nl = (0 + 1)m!

[ (cosht) 280 20 0)sinl 14 cosh ) .
R
By [10, formula (9.1)], we have:

/ (cosht) =P~ lgp(fﬁ)( )(sinh #)2**! (cosh t)* T at
0

T+ DI i+ i0)
(5ot B+ put Do —B+p+1)

Thus

/ =3, ()™ (t)| sinh £ (cosh )2+ dt

— (_1)n(5 Z!Unp(a +1) Z (_”>m((glj15)+ a+ D
r(m+§(5+1—u)) (m+1(0+1+iN)
Fm+3(a+B+5+2)I(m+3(a—B+5+2)
B (_1)n(5+1)nf(a—|—1) L@ —ix+DPEEG+iA+1))
N nl TEO0+a+8+2))ME0+a—[F+2)

o T d+a+n+1, $(0 —iA+1),
E\0+L 0 +a+8+2), 3(0+a—p3+2),

(6 +iA+1),

Q.
Similarly :

H§n+1( ) = (=1)"(cosh t)_o‘_ﬁ_‘s_QPr(f’o‘H)(Q tanh®t — 1) tanht
= (-1) 1

XoFy\(=n,n +6 +a+1;8 + 1;cosh 2 t)

LD = () m(n+ 0+ a+2),
= U 6+ 1)

(cosht)™ @ #=0=2tanht

(cosht)™2m=o=A=0=3 ginh ¢.

m=0
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Thus
F(Hpi) (V)
_ _4'00::? / H, 1 (1) sinh(26)0 "7 ()] sinh #22 (cosh 1)+t
= g PP [T (0 (1) (s £+ cosh )22t
- 4(@ + 1) 0 an+1\0) P
B _p+i)\(_1)n(5+ Dy x= (=n)m(n +0 4+ a+2),
B a+1 n! - (6+1),m!

[en]

m=

- / (cosh 1)~ Cma ot LI () (sinh 1)+ (cosh )2+t
0

o op+iA, L0+ () S+ a+2),
B _a—l—l(_l) n! Z (0 +1),,m!
Dla+2)L(E2m+6+1—i\)DER2m+ 6+ 1+14N))
2P(A(a+B+2m+0+4)T(3(a— B+ 2m+0+2))
= 1T+ )+ N le)" > <_n)m((;j15):ni 2
T(L2m+0+1—iN)T(L2m+ 5+ 1+i))
F(3(a+B+2m—+86+4)(3(a—B+2m+0+2))
0+ 1), T(a+1)T(5(0+1—iX)D(5(6 + 14 X))
n! TGa+B+0+4)(5(a—F6+0+2))

i [ 7™ d+a+n+2, $(0—ix+1), (O0+ix+1);
IO+, L0+ a+B+4), Hd+a—-B+2);

m=0

= —(=1)"(p+N)

1) )

Remark 6.3. Let ¢ > 0. In the definition of H’(t) we replace § by €2 and we
make the change of variable t — et. Then (6.1) becomes

HE *(et) = (cosh 5t)_°‘_5_572_2Pr€a’€72)(1 — 2tan?et),
- — —2
H, %, (et) = (coshet) ™A= *-2 B (1 — 2 tan® t) tanet.
Using the fact that

(a+1),
[

P (1 — 2tanh?t) = 2Fi(—n,n+a+b+1;a+1;tanh’t),

then we may express H, (ct) and Hs,} (ct) in terms of the hypergeometric func-
tion 2F1( —n,n+a+e?+1;a+ 1;tanh? Et). Moreover, it is easy to check that

2
cosh(et)® " ~e 7 ase — 0,
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and that ;
lim o Fy(a,p;b; =) = 1F1(a;b; 2).
p—00 P
Hence
- 1),
fing 5. (et) = w‘“lﬂ(—n,a +1;¢)
e— n!
t2
= e 7 Ly(t%),
and

. 2
lime"Hg, 0y (et) = e 2 tLy (1),
E—

where L$ denotes the Laguerre polynomial. Thus we recover the even and the
odd Hermite functions constructed by Rosenblum in the rational Dunkl setting |13,
Definition 3.4].

REFERENCES

[1] N. Ben Salem and A. Ould Ahmed Salem, Convolution structure associated with the Jacobi-
Dunkl operator on R, Ramanujan. J. 12 (2006), 359-378.

[2] M.G. Cowling, Herz’s “principe de majoration” and the Kunze-Stein phenomenon In Har-
monic analysis and number theory, (Montreal, 1996), CMS Conf. Proc. 21, Amer. Math.
Soc. (1997), 73-88.

[3] I. Cherednik, A unification of Knizhnik-Zamolodchnikov equations and Dunkl operators via
affine Hecke algebras, Invent. Math. 106 (1991), 411-432.

[4] I. Cherednik, Double affine Hecke algebras, London. Math. soc. lect. note ser. 319, Cambridge
univ. Press (2005).

[5] M. Flensted-Jensen, Paley- Wiener type theorems for a differential connected with symmetric
spaces, Ark. Math. 10 (1972), 143-162.

[6] M. Flensted-Jensen and T. H. Koornwinder, The convolution structure of the Jacobi func-
tions expansion, Ark. Math. 10 (1973), 247-262.

[7] M. Flensted-Jensen and T.H. Koornwinder, Jacobi functions : the addition formula and
positivity of the dual convolution structure, Ark. Math. 17 (1979), 139-151.

[8] R.A. Kunze and E.M. Stein, Uniformly bounded representations and harmonic analysis of
the 2 x 2 unimodular group, Amer. J. Math. 82 (1960), 1-62.

[9] T.H. Koornwinder, Jacobi polynomials III: an analytic proof of the addition formula, STAM
J.Math.Anal. 3 (1975), 533-543.

[10] T.H. Koornwinder, Jacobi functions and analysis on noncompact semisimple Lie groups, in
Special functions: group theoretical aspects and applications, R.A.Askey, T.H.Koornwinder
and W. Schempp,(eds.) Reidel (1984), 1-84.

[11] E.M. Opdam, Harmonic analysis for certain representations of graded Hecke algebras, Acta.
Math. 175 (1995), 75-121.

[12] E.M. Opdam, Lecture notes on Dunkl operators for real and complex reflection groups, Mem.
Math. soc. Japon 8 (2000).

[13] M. Résler, Bessel-type signed hypergroups on R. in Probability measures on groups and
related structures XI. (Oberwolfach 1994), H. Heyer and A. Mukherjea (eds.) World Scientific
(1995), 292-305.

[14] M. Rosenblum, Generalized Hermite polynomials and the Bose-like oscillator calculus, Oper.
Theory Adv. Appl. 73 (1994), 369-396.

[15] G. Szegd, Orthogonal polynomials, Amer. Math. Soc. (1939).



25

[16] B. Schapira, Contributions to the hypergeometric function theory of Heckman and Opdam:
sharp estimates, Schwartz space, heat kernel, Geom. Funct. Anal. 18 (2008), 222-250.

JEAN-PHILIPPE ANKER, UNIVERSITE D’ORLEANS & CNRS, FEDERATION DENIS POISSON
(FR 2964), LABORATOIRE MAPMO (UMR 6628), BATIMENT DE MATHEMATIQUES, B.P.
6759, 45067 ORLEANS CEDEX 2, FRANCE

FE-mail address: anker@univ-orleans.fr

FaATMA AvaDI, UNIVERSITE DE TUNIS EL MANAR, FACULTE DES SCIENCES DE TUNIS,
DEPARTEMENT DE MATHEMATIQUES, 2092 TUNIS EL. MANAR, TUNISIE
E-mail address: ayfatm@yahoo.fr

FATMA AYADI, UNIVERSITE D’ORLEANS & CNRS, FEDERATION DENIs Poisson (FR 2964),
LABORATOIRE MAPMO (UMR 6628), BATIMENT DE MATHEMATIQUES, B.P. 6759, 45067
ORLEANS CEDEX 2, FRANCE

E-mail address: Fatma.AyadiQetu.univ-orleans.fr

MoOHAMED SiFi, UNIVERSITE DE TUNIS EL MANAR, FACULTE DES SCIENCES DE TUNIS,
DEPARTEMENT DE MATHEMATIQUES, 2092 TuNis EL MANAR, TUNISIE
E-mail address: mohamed.sifi@fst.run.tn



