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Part I. Master equation
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Master equation I

Consider M homogeneous networks labelled k = 1, . . .M, each containing N
identical neurons

Assume that each neuron can be in one of two states, quiescent or active ie. in
the process of generating an action potential.

Suppose that in the interval [t, t + ∆t) there are nk (t) active neurons in the kth
population

Define population activity in terms of the fraction of active neurons according to

u
(N)
k (t) =

nk (t)

N
.
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Master equation II

n1

n2

n3

ni+1

ni

F(Xi) α

Xi = N-1 Σj wijnj

Treat the number of active neurons nk (t) as a stochastic variable that evolves
according to a one–step jump Markov process

Rates of state transitions nk → nk ± 1 are chosen so that in the thermodynamic
limit N →∞ one obtains the deterministic Wilson-Cowan equations – transition
rates not unique!
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Master equation III

Let P(n, t) with n = (n1, . . . , nN ) denote probability that mi (t) = ni for all i

Probability distribution evolves according to birth-death master equation

dP(n, t)

dt
=

NX
k=1

X
r=±1

ˆ
Tk,r (nk,r )P(nk,r , t)− Tk,r (n)P(n, t)

˜
where nk,r = (n1, . . . , nk−1, nk − r , nk+1, . . . , nN ).

Master equation is supplemented by the boundary conditions P(n, t) ≡ 0 if ni = N + 1
or ni = −1 for some i .

Transition rates are

Tk,−1(n) = αnk , Tk,+1(n) = NF

 X
l

wkl nl/N

!
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Mean–field approximation

Multiply both sides of master equation by nk and sum over all states n. This gives

d

dt
〈nk 〉 =

X
r=±1

r〈Tk,r (n)〉

where 〈f (n)〉 =
P

n P(n, t)f (n) for any function of state f (n).

Assume all statistical correlations can be neglected so that 〈Tk,r (n)〉 ≈ Tk,r (〈n〉)

Setting uk = N−1〈nk 〉 leads to mean–field equation

d

dt
uk = N−1[Tk,+(Nu)− Tk,−(Nu)]

= −αuk + F

 X
l

wkl ul

!
≡ Hk (u)
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Some comments

1 (Perron–Frobenius theorem): For an irreducible weight matrix w, the transition
matrix of the master equation is also irreducible

=⇒ there exists a unique globally stable stationary solution.

2 The nonlinear mean-field (rate) equations will generally have multiple attractors –
multistability.

3 Convergence of P(n, t) to a unique steady state implies that fluctuations induce
transitions between basins of attraction of fixed points of mean-field equations.
For large N the transition rates ∼ e−Nτ for some τ – metastability

4 Buice and Cowan use a different scaling: they interpret uk in rate equation as the
number rather than fraction of active neurons in kth population and take
transition rates to be

Tk,−1(n) = αnk , Tk,+1(n) = F

 X
l

wkl nl

!
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Effects of fluctuations

1 Away from critical points can analyze effects of fluctuations using a Van Kampen
system-size expansion in N−1

2 Linear-noise (Gaussian) approximation – Gaussian fluctuations about a
deterministic trajectory of mean field equations

3 System–size expansion to higher orders in N−1 generates correction to MFT in
which the mean field couples to higher–order moments – equivalent to carrying
out a loop expansion of the Buice–Cowan path integral (PCB SIAM 2009)

4 The system size expansion breaks down close to critical points eg. where a fixed
point of mean-field equation becomes marginally stable – critical slowing down

5 System-size expansion cannot account for exponentially small transition rates
between metastable states

6 Alternative approach is to use a WKB approximation and analyze the effects of
fluctuations for large N using an effective Hamiltonian dynamical system
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Part II. Linear–noise (Gaussian) approximation
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Linear–noise approximation

Perform the change of variables

(nk , t)→ (Nuk (t) +
√

Nξk , t)

where u(t) is a solution of the mean–field WC equations

Then ξk (t) satisfies the Langevin equation

dξk

dt
=
X

l

Akl (u(t))ξl + ηk (t),

where ηk (t) represents a Gaussian process with zero mean and correlation function

〈ηk (t)ηl (t′)〉 = Bk (u(t))δk,lδ(t − t′)

and

Akl (u) =
∂Hk (u)

∂ul

Bk (u) = N−1[Tk,+(Nu) + Tk,−(Nu)] = αuk + F

 X
l

wkl ul

!
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Fokker–Planck equation

Probability density P(ξ, t) satisfies the FP equation

∂P

∂t
= −

X
k,l

Akl (u(t))
∂

∂ξk
[ξl P(ξ, t)] +

1

2

X
k=E ,I

Bk (u(t))
∂2

∂ξ2
k

P(ξ, t)

Solution is given given by the multidimensional Gaussian

P(ξ, t) =
1p

(2π)M det C(t)
exp

0@−X
k,l

ξk C−1
kl (t)ξl

1A
with the covariance matrix satisfying the equation

∂C

∂t
= A(u)C + CA(u)T + B(u).
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Deterministic E-I network

Consider an E-I network given by the pair of Wilson-Cowan equations

duE

dt
= −uE + F (wEE uE − wEI uI + hE )

duI

dt
= −uI + F (wIE uE − wII uI + hI ) ,

E I

wEE

wII

wEI

wIE

hE

hI

Let (ν∗E , ν
∗
I ) denote a fixed point with associated Jacobian

J = α

„
−1 + wEEν

∗
E (1− ν∗E ) −wEI ν

∗
E (1− ν∗E )

wIEν
∗
I (1− ν∗I ) −1− wII ν

∗
I (1− ν∗I )

«
assuming F is a sigmoid with F

′
= F (1− F )

Paul C Bressloff On the master equation approach to stochastic neurodynamics



Phase diagram in the (hE , hI )–plane for a fixed weight matrix w

Fixed point will be stable provided that the eigenvalues λ± of J have negative real parts

λ± =
1

2

„
Tr J±

q
[Tr J]2 − 4Det J

«
.

This leads to the stability conditions Tr J < 0 and Det J > 0.

 8-6 -4 -2 0 2 4 6

-10

-5

0

hE

h I Hopf

Fold

Fold

Hopf bifurcation curves satisfy Tr = 0 with Det J > 0.

Saddle–node bifurcation curves given by the condition Det J = 0 with Tr J < 0.
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Power spectrum for stochastic E-I network

Taking Fourier transforms of Langevin equation in linear noise approximation

−iωeξk (ω) =
X

l=E ,I

Akl
eξl (ω) + eηk (ω).

This can be rearranged to give

eξk (ω) =
X

l=E ,I

Φ−1
kl (ω)eηl (ω), Φkl (ω) = −iωδk,l − Akl .

The Fourier transform of the Gaussian process ηk (t) has the correlation function

〈eηk (ω)eηl (ω)〉 = 2πBk (u∗)δk,lδ(ω + ω′).

The power spectrum is defined according to

2πδ(0)Pk (ω) = 〈|eξk (ω)|2〉,

so that
Pk (ω) =

X
l=E .I

|Φ−1
kl (ω)|2Bl (u∗).
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Noise-amplification of oscillations in an E-I network

Power spectrum can be evaluated explicitly to yield

Pk (ω) =
βk + γkω

2

|D(ω)|2

with D(ω) = Det Φ(ω) = −ω2 + iωTr J + Det J and

βE = J2
22BE (u∗) + J2

12BI (u∗), γE = BE (u∗)

βI = J2
21BE (u∗) + J2

11BI (u∗), γI = BI (u∗).

Evaluating the denominator and using the stability conditions Tr J < 0, Det J > 0,

Pk (ω) =
βk + γkω

2

(ω2 − Ω2
0)2 + Γ2ω2

where Γ = Tr J and Ω2
0 = Det J.
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Peak in power spectrum (PCB 2010)
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Suppose that the fixed point of mean-field equation is a focus (damped oscillations)

Find that there is a resonance in the power spectrum around the subthreshold frequency

Analogous to previous studies of noise-amplification of biochemical oscillations in cells
(McKane et al 2007).
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Part III. WKB approximation and rare event statistics
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Lifetime of a metastable state (large N)

Let Ω denote the basin of attraction of a stable fixed point S of the mean–field equations
with boundary ∂Ω (separatrix between basins of attraction)

Let P0(x) be the slowest decaying eigensolution of the rescaled master equation

MX
k=1

X
r=±1

ˆ
Tk,r (x− rek/N)P0(x− rek/N, t)− Tk,r (x)P0(x, t)

˜
= λ0P0(x, t).

with appropriate BCs on ∂Ω, where x = n/N such that

Tk,−1(x) = αxk , Tk,+1(n) = F

 X
l

wkl xl + hk

!
.

Lifetime of metastable state is given by τ = λ−1
0 with

λ0 =

R
∂Ω n(x) · J(x)dxR

Ω P0(x)dx

Here n(x) is the unit normal to the boundary ∂Ω at x and J(x) is the probability flux
on boundary
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WKB approximation (Freidlin and Wentzell, Ludwig, Matkowsky and Schuss, Maier and Stein,
Talkner ...)

For large N, λ0 ∼ e−NE0 with E0 = O(1).

Can treat P0(n) as a solution to the stationary master equation – quasistationary solution

Take P0(x) within Ω to have the WKB form

P0(x) ∼ K(x)e−NW (x), K(S) = 1,W (S) = 0,

In order to satisfy boundary conditions on ∂Ω, use asymptotic expansions to match with
an inner solution in a boundary layer near the separatrix ∂Ω.

This will determine the probability flux vector J(x) and hence λ0.

Substituting the WKB approximation into the stationary master equation and balancing
coefficients of powers of N−1 yields equations for W ,K
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Hamilton–Jacobi equation for W

H(x, p) ≡
X

r=±1

MX
k=1

Tk,r (x) [erpk − 1] = 0, pk =
∂W

∂xk

Classical mechanics interpretation: (x, p) are position and momentum vectors of a
particle x ∈ Ω with trajectories given by solution of Hamilton’s equations

ẋk =
∂H

∂pk
=
X

r=±1

rTk,r (x)erpk

ṗk = −
∂H

∂xk
=
X

r=±1

MX
l=1

∂Tl,r

∂xk
(x) [erpl − 1]

W is a solution to a Hamilton-Jacobi equation so that

W (x) =

Z x

S
p(x′) · dx′,

where the line integral is taken along a zero–energy trajectory of Hamilton’s equations
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Transport equation for K

Can also solve for K by integrating along zero energy trajectories:

K̇ ≡
X

i

∂H

∂pi

∂K

∂xi
= −

24X
i

∂2H

∂pi∂xi
+

1

2

X
i,j

Zij
∂2H

∂pi∂pj

35K ,

where Zij = ∂i∂j W (x) is the Hessian matrix of W (x)

It can be shown by successive differentiation of the HJ equations that

Żij = −

24X
k,l

∂2H

∂pk∂pl
Zik Zjl +

X
l

∂2H

∂xi∂pl
Zjl +

X
l

∂2H

∂xj∂pl
Zil +

∂2H

∂xi∂xj

35 .
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Bistable network

Suppose that the deterministic network has two stable fixed points separated by a saddle
point Q on ∂Ω

In this case the most probable path from S to ∂Ω is through Q and the behavior around
Q dominates the matched asymptotics.

It can then be shown that the transition rate takes the form

λ0 =
λ+(Q)

2π

»
det Z(S)

det Z(Q)

–1/2

K(Q)e−W (Q)/N ,

where λ+(Q) is the positive eigenvalue of the Jacobian obtained by the linearizing the
mean–field equation about Q.
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Single–population model

Mean–field equation
dx

dt
= −x + F (wx).
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Hamiltonian system

Hamilton–Jacobi equation

H(x , p) =
X

r=±1

Tr (x) [erp − 1] = 0, p =
∂W

∂x

with T+(x) = F (wx), T−(x) = αx

Since HJ equation is a quadratic in ep , there are two classes of zero–energy solution

p = 0, p = p∗(x) ≡ ln
T−(x)

T+(x)
.
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Matched asymptotics

Solution of transport equation shows that for zero energy solutions, the quasistationary
solution along an activation trajectory takes the form

P(x) =
Ap

αxF (wx)
e−NW (x), W (x) =

Z x

ln

»
αy

F (wy)

–
dy

Along a relaxation trajectory

P(x) =
B

F (wx)− αx

Undetermined constants and flux J obtained by matching solutions with Gaussian ap-
proximation around saddle point x0.

Find that exit time from metastable state around x− is

τ =
2πp

−α+ wF ′(wx0)

1p
| − α+ wF ′(wx−)|

r
x0

x−
eN[W (x0)−W (x−)]
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Part IV. Path-integral formulation of stochastic neu-
rodynamics
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Path integral formulation I (Buice and Cowan 2007)

Consider the representation of the joint probability density for the fields Φi =
{Φi (s), 0 ≤ s ≤ t}, with Φi = Nui and ui satisfying the deterministic rate equation.

Can be written formally as an infinite product of Dirac delta functions that enforce the
solution of the rate equation at each point in time:

P[Φ] = N
Y
s≤t

Y
i

δ

0@∂t Φi + αΦi − NF

0@X
j

wij Φj/N

1A− δ(t)Φ
(0)
i

1A ,

where N is a normalization factor and have the initial condition Φi (0) = Φ
(0)
i .

Introduce the Fourier representation of the Dirac delta function:

P[Φ] =

Z Y
i

D eΦi e
−S[Φ,eΦ], D eΦi ∼ N

Y
s≤t

d eΦi (s)

where each Φ̃i (s) is integrated along the imaginary axis, and S is the so–called action

S[Φ, eΦ] =

Z
dt
X

i

eΦi (t)

24∂t Φi + αΦi − NF

0@X
j

wij Φj/N

1A35−X
i

eΦi (0)Φ
(0)
i .
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Path integral formulation II

Path integral representation persists when fluctuations are taken into account, with
modified action

S[Φ, eΦ] =

Z
dt
X

i

eΦi

24∂t Φi + αΦi − NbF
0@X

j

wij Ψj/N

1A35−X
i

eΦi (0)Φ
(0)
i ,

where Ψj = eΦj Φj + Φj and, for simplicity, the initial distribution is given by a product

of independent Poisson processes with means ni = Φ
(0)
i ,

P(n, 0) =
[ni ]

ni e−ni

ni !
.

bF is obtained from the gain function F after “normal–ordering” the action: move all
fields eΦ to the right of all fields Φ using repeated application of the commutation rule

Φi
eΦj = eΦj Φi + δi,j .

Thus, if g(Ψ) = (eΦi + 1)Φi (eΦj + 1)Φj then

bg(Ψ) = (eΦi + 1)(eΦj + 1)Φi Φj + (eΦi + 1)Φiδi,j .
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Moment equations

Given the probability distribution P[Φ], we can calculate mean–fields according to

〈〈Φk (t1)〉〉 =

Z Y
i

DΦi Φk (t1)P[Φ]

=

Z Y
i

DΦi

Z Y
i

D eΦi Φk (t1)e−S[Φ,eΦ].

Similarly two–point correlations are given by

〈〈Φk (t1)Φl (t2)〉〉 =

Z Y
i

DΦi

Z Y
i

D eΦi Φk (t1)Φl (t2)e−S[Φ,eΦ].

In terms of the statistics of the physical activity variables mi (t) one finds that

〈mk (t)〉 ≡
X

n

nk P(n, t) = 〈〈Φk (t)〉〉,

whereas the covariance is given by

〈mk (t)ml (t)〉− 〈mk (t)〉〈ml (t)〉 = 〈〈Φk (t)Φl (t)〉〉− 〈〈Φk (t)〉〉〈〈Φl (t)〉〉+ 〈〈Φk (t)〉〉δk,l .
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Steepest descents

Hamiltonian dynamical system obtained by carrying out steepest descents on associated
generating functional (PCB09)

Z [J] =

Z Y
i

Dφi

Z Y
i

D eφi e
−NS[φ, eφ]eN

R
dt

P
j Jj (t)φj (t)

after performing the rescalings Φi → φi = Φi/N so that

S[φ, eφ] =

Z
dt

"X
i

eφi∂tφi −H(φ, eφ)

#
−
X

i

eφi (0)φ
(0)
i ,

with

H(φ, eφ) =
X

i

eφi

24−αφi + bF
0@X

j

wijφj [eφj + 1]

1A35
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Mean–field equations and Hamiltonian dynamics

In the limit N → ∞, the path integral is dominated by the “classical” solutions
u(t),eu(t), which extremize the exponent of the generating functional:

δS[φ, eφ]

δφi (t)

˛̨̨̨
˛ eφ=eu,φ=u

= 0,
δS[φ, eφ]

δeφi (t)

˛̨̨̨
˛ eφ=eu,φ=u

= 0.

These equations reduce to

∂ui

∂t
=
∂H(u,eu)

∂eui
,

∂eui

∂t
= −

∂H(u,eu)

∂ui
.

Recover previous Hamiltonian equations under canonical transformation

eui = epi − 1, ui = xi e
−pi
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Optimal paths (single population)

H(φ, eφ) = αeφφ− αeφF (w [φeφ+ φ]).

This leads to the Hamiltonian dynamical system

du

dt
=
∂H
∂eu = −u + F (wu(eu + 1)) + euuwF ′(wu(eu + 1))

and
deu
dt

= −
∂H
∂u

= eu `1− (eu + 1)wF ′(wu(eu + 1))
´
.
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