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Outline of the talk

1. The model studied and its features. Why Hodgkin-Huxley or
FitzHugh-Nagumo?

2. A travelling wave solution: properties and features

3. Stability of a travelling wave: the Evans function and its

construction.
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1 Modeling of the problem

1.1 Electrophysiological model

Membrane current density I = Cy 0,V + I + Ing + 1;:
Channel currents I, Ing, [}, Capacitance current Cys0:V (the
membrane being a dielectric with large conductivity), with
Ik = gen*(V = Vi), Ina = Gnam® (V= Vo), I = (V. = V).
The quantities n, m, h represent probabilities of fluxes of ions

through the membrane, satistying:

on = A (V) (neo (V) — n)
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vV
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(similar expressions and relations for m and h).




Let Noo (V) = (oo (V), Moo (V), hoo (V)T

For (n,m,h) = Noo(V), Ix + Ino + ;=0 iff V =0

Numerical values gx = 36, gy, = 120, g; = 0.333,
Vi =12mV, Vy, = —1156mV,V; = —10.613mV
Noo(0) = 0.317, M (0) = 0.0529, hs (0) = 0.596
Ix = —4.36mAcm =2, Ing = 1.21mAcm =2, I; = 3.18mAcm =2
and g (N (0))* = 0.363mmho.cm™2,
GNa(Moo(0))?hee (0) = 0.0105mmho.cm™2.
Gauss law and application on the mean of the potential in

the axoplasm




1.2 Hodgkin-Huxley equation and PDE system

Introduce g(n,m,h) = ggn* + gnam>h + g > 0,
S(n,m,h) = ggn*Vi + gnam®hVna + iV,
2 0%V
or Oz2
Introduce N = (n,m,h), A(V) = Diag(A,(V), A, (V), An(V)).
System of Hodgkin-Huxley equations (X = /%)

= Cp 0V 4 g(n,m,h)V — S(n,m,h).

OV — 0%,V = —g(n,m, h)V + S(n,m, h) = —
HWNT = A(V)(No(V) = NT)




2 Aim of the study of this system

Q1: Stability at rest V' =07
Q2: Existence of progressive solutions V (t — %)’7
Q3: Stability of such a progressive solution?




Why study FitzHugh-Nagumo system:

8tV—8§(2V:c(y—|—V— 7)

i (3)
Oyy = —c 1V —a+ by)

e give rise to a Hopf bifurcation when considering the associated
system of ODE 0;V =c(y+V — V?S), Oy = —c 1V —a+ by)
under conditions 1 — %b <a<1,0<b<1,b< c? for which there is

only one equilibrium point which is a stable node.

e be the simplest non trivial nonlinear system appearing when
taking into account the behavior of A\, (V') and A, (V') (which are
small) = study of the system

875‘/ T a§(2V — _g(noo(v>a m, hoo(v>)v + S(nOO(V)7 m, hOO(V)>
om = A (V) (Mmoo (V') —m)
(4)




3 Study of the rest point V =0

Linearized system at rest:

{ 010 — 9220 = —g( N (0))0 + VS (Noo (0)).7

9,7 = A(0)(N”_(0)v — 71)

For FitzHugh-Nagumo system one has

OV — 83(20 =c((1 —x3)v+1v)
Oy = —c~(bv +y)




Exponential stability at rest and construction of the Evans function
are consequences of the properties of the matrix

—9(No(0)) =7 V5 (Noo(0))
A(0)NS(0) —A(0)

c(l—a3)—7

(respectively)As(7) = .

C

a
Properties A = A(0) = has four eigenvalues of

c —A(0)
negative real part. Moreover A(7) has no imaginary eigenvalues for
T > 0.
The eigenvalues or A(7) are solution of
RA) 7= —g(Neo(0)) =7 = A+ VS (Noo(0))(A(0)+AI) "' A(0)N, (0) = 0.
Note that for A¢(7) the result is similar.




Theorem 1 The system (2) is exponentially stable at rest iff all
eigenvalues of A(€2) stay in the half plane R\ < —k < 0. It is

equivalent to the exponential stability of the linearized system.

This is the consequence of the properties of the eigenvalues and of

the representation of the solution of the system as

We(t) =F D+ D, D = W¢(0),

0 e A

0
0 —tA

where F(£, 1) = tA(€) —

is exponentially controlled,

hence

[We(t)]] < Cl[We(0)]|e™"".




4 'Travelling wave construction

Q2: Travelling wave (Vo(t — 2),no(t — 2),mo(t — ), ho(t — 2)).

Dynamical system

Ve — Vo' = —g(No)Vo + S(No)

(5)
N = A(Vo)(Noo (Vo) — No)

It is equivalent to

VO S2WO
Wo —g(No)Vo + S(No) + s*Wy
Ny Ao(Vo)(Noo (Vo) — No)

a
dr
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Linearized system around (0,0, 74,(0), Mmoo (0), heo (0))F,
U= (V,s 2V’ @, m,h)t:

o s 0 0 0
( )

82 —T1 —T9 —Ts3
ct 0 =X O 0 U= M(s*)U.

cc O 0 — A2 0

\ & 0 0 0 X )

The eigenvalues of this matrix are solution of R(\) = A—j, that is

A € Sp(A(— >‘2 =)). No imaginary eigenvalue. Only one eigenvalue
Ao(s?) > s? in R > 0 = unstable manifold of dimension 1, stable
manifold of dimension 4.




Construction of the unstable wave

Theorem 2 For all s # 0 there exist two solutions ¢4 (7) et ¢p_(T)
such that all solutions of (5) which go to 0 at —oco are

U=¢(r—m10) orU=¢_(1T—10).
Constructive proof: The eigenvector E associated with \g(s?) is

82 C1 C2 C3

t
Mo(82) A1+ Xo(82)" Ao+ Ag(s2)” A3 + )\0(82))
As (2) writes U' = F'(Us)(U — Uy) + R(U — Uy,) construct a
Y 50(7) =Uso + [ R(Ya(7") — Uso)dr’
Y& (1) = Uso + KB4 007
YE(r)=Y1(r - ﬁ In |K|), we define the two solutions
associated with K > 0 and K < 0.

E—l- — (17

. As

Picard sequence: {




Finding a travel speed

A travelling wave solution is in the intersection of the
unstable manifold and the stable manifold.

e Stable manifold: dimension 4: implicit equation

S (V,W,n,m,h) = 0.

Condition for the travel speed: ®,2(¢p1(7)).Ps2(d_(7)) = 0.

e Numerics: impossible as an IVP: stiff (large eigenvalues) problem.
Possible as a BVP: non zero solution satisfying the four conditions
at 7 = —T and one condition at 7 =T (not yet done)

Remark: it is the solution of a minimization problem coupled with
the ODEs (work in progress):

2
sV = Vg (N)V=S(N) & —s~2u"+(g(N)+ = )u

on H([Ty, +oo]). Coercivity constant o = min(s™2, g; + %)




Construction of the stable manifold:

Let P,> be the matrix of eigenvectors of M (s?) (in the order

positive e.v. and e.v. of negative real part). Let us write
F = P;'U. The dynamical system writes I’ = D(s?)F + g(F, s?),
F' solution of

F(t) =Ui(t)(ar,a2,a3,a4,0)T + [ Ui (t —t')g(F ('), s)dt’

- :OO(O,O,O,O,%(F(t’),s NT ero(sH)(E=t") gy
This functional equation has a unique solution when initial value
(a1, ag, az,aq,0)? is given. One has
F5(0,a) = — [, g5(F (F(t', a), s2)e* ) g (equation of the
stable manifold).




Q3: Stability of solutions of
vp + 87 2vg + (=g(no)vo + S(ng)) =0
1o + Moo (V0) (1000 (v0) — 10) =0
System in the adapted variables: £ = £ — ¢, ¢

S

?

Ocv + s720%v + [—g(n)v + S(n)] = G
Oen + Ao (V) (Moo (V) — M) = Ok

If one derivates the system on vy, ng one gets
vg + 57205 — g(no)vh + (—g'(no)vo + 5’ (no))ng = 0
ng + [AS (v0) (noo (Vo) — 10) + Ao (v0) 16 (v0)]vg — Acs (Vo)1 = 0.

This system writes

> +82<U(l) > +B(§)< v > ( ’ > where
0 ng 0

A(0) (&), P(&) — 0 for |&] — +o0.




The linearization of (7) is
/

v v
+57 + B(y)
n 0
Spectrum of operator Ty gives the stability of the travelling wave.
Introduce 7§ the adjoint operator of Tp. The kernel of 7§ is of

dimension 1 (because (v(),ng) is in the kernel of Ty and the

dimension is 1). Denote by v(£) a function in KerT{.
Evans showed that [ v(£).(v)(§),n6(€))dE = 0 is equivalent to the

existence of a v solution of Ty = (v (£),nH (€))L,
Main result:

v
The system is exponentially stable at (&) ift

np(¢)

vp(§)
£).
(8 (@

A =% 0 such that Ty = Ay has a bounded solution is negative.

d¢ # 0 and the maximum of the real parts of the




5 Evans function construction and

formulation

5.1 Construction of the bounded solutions at
+00 of the linearized system

rt(§)  —AE) - M

Uniqueness of the eigenvalue () of positive real part of




r , A > 0¢ > 0, eigenvector
0 —A—\
=12 A+ A+ (W) DT

and the elgenvector for the adjoint matrix
Bo =1+ 1, (A+ N +vO))~ )T

Construction of the associated solution at —oo for the direct
system (8) and the adjoint system (9) with a prescribed behavior at
infinity:

18X, €) = /B || + (|57 (A, =€) — /MEB_|| < CelrNFeo)s




5.2 Definition of the Evans function

D(X\) = B\, €).07(\, &), VE, independant of €. (10)
Properties:

Theorem 3 a) The function D(N) is an analytic function, such
that D(0) = 0.

b) The system (2) is exponentially stable for the profile Vi with
speed so iff D(A) # 0 for A, RA > 0, X # 0 and 22(0) # 0.

c) If %—?(O) > 0, no stability. If %—Q(O) < 0, one cannot conclude.
d) The sign of 22(0) > 0 is the sign of

1 _|_ >‘+s(23(2))
0

lz'777,,§_>_ooe>‘+(88)5 1 0sU (s0,&).

(A+ (As(sg) D)~ 't

Note:\ root of order m of D iff A eigenvalue of multiplicity m of Tj.




6 Conclusion and next steps

e Some physiological conclusions easy from a mathematical point of
view (reversibility, invariance by translation,generation of this
spontaneous influx with a small adapted disturbance)

e Numeric calculations of the 50’ not convincing (cannot be
reproduced easily with the methods of HH)

e Work in progress from a theoretical point of view and a numerical
point of view

e Powerfulness of the Evans function and of the analysis of the
stable manifold

e One feature of the Hodgkin-Huxley system has been forgotten:
the equation of diffusion is linear in v.

e What about Evans formulation for FitzHugh-Nagumo?




