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Summary

Å Information transmission: single neuron - networks

ÅDependencies measures

ÅFirst models using copulas

ÅOpen problems and future work
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Information transmission

{ƛƴƎƭŜ ƴŜǳǊƻƴǎ άŎƻŘŜέ ǘƘŜ ƛƴŦƻǊƳŀǘƛƻƴ ǘƘǊƻǳƎƘ ƛƴǘŜǊǘƛƳŜǎ 
between spikes

How the information propagates in the network?
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Simultaneously recorded spike trains

Pattern can be observed
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Analysis of the pattern

Different view points:

ÅStatistical
ïCrosscorrelogram

ïSpatio-temporal pattern detection method (Abeles)

ÅMathematical Models for large networks
ïSimulation approach

ïaŜŀƴ ŦƛŜƭŘ ŀǇǇǊƻŀŎƘΣ aŀǎǘŜǊ ŜǉǳŀǘƛƻƴǎΧΦ

ïComplex system approach

Both view points share the necessity to study dependencies between the 
point processes describing the spike trains
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Models

Å²Ŝ ƘŀǾŜ άƎƻƻŘέ ƳŀǘƘŜƳŀǘƛŎŀƭ ƳƻŘŜƭǎ ŘŜǎŎǊƛōƛƴƎ ǎƛƴƎƭŜ 
neuron spike activity;
ï they repoduce main observed features of the neuron;

ï they help our understanding of these features (role of noise, effect of 
ǇŜǊƛƻŘƛŎ ǎǘƛƳǳƭŀΧύ

ÅSeparately we have network models:
ïLarge networks: simulation of oversimplified units with adaptive 

connections; object oriented networks; multiparticles systems; limit 
ǘƘŜƻǊŜƳǎ ŦƻǊ ƭŀǊƎŜ ǎȅǎǘŜƳǎΣΧ

ïSmall networks: jump-diffusion models; Hodkin-Huxley like model 
neuron network

How to insert single neuron models in network models?
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Copulae: mathematical objects catching 
dependencies

Consider two random variables X1 and X2 their distribution F(x1,x2) 
completely describes their joint behavior:

F(x1, x2) = P(X1<x1, X2<x2)

Let C(u,v) be a function such that:

F(x1, x2) = C(F(x1),F(x2))

Where

F(x1)=P(X1<x1) and F(x2)=P(X2<x2)

C(u,v) is the copulafunction: it catches the dependencies between the 
random variables X1 and X2. Their marginal behavior is considered 
by the marginal distributions F(x1) and F(x2).

Extensions to the n-ŘƛƳŜƴǎƛƻƴŀƭ ŎŀǎŜ Χ
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Some important properties

SklarTheorem
LetF1, ..., Fn be marginald. of X1, ..., Xn with joint d. H. Thenexistsa copulaCsuchthat

H(x1, . . . , xn) = P(X1<x1, . . . , Xn<xn)= C{F1(x1), . . . , Fn(xn)}

If Fi are continuousthen C is unique. Vice versa,if C is a copula and Fi are d.f. then the
function His a joint d.f. with marginalsFi, i=1,...n.

Invariance under strictly increasing trasformation

Å Scale free: ƛǘΩǎ ǇƻǎǎƛōƭŜ ǘƻ avoid assumptions on dimensions of the 
marginals.

FrechetςHöffningbound

Å W(u1,...,unύ Җ /όǳ1,...,unύ Җ aόǳ1,...,un) 

max(u1+...+un-1, 0) min(u1,...,un).
Comonotone

Counter-monotone
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Information measure and copulae

The copula entropy is equivalent to the negative of the mutual 
information between the two random variables X and Y, but 
with the benefit of being computed directly from dependence 
structure:

= I(X,Y)

Jenison RealeNeural Computation 16, 665ς672 (2004)
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Copulae in neurosciences

Statistical approach - Construction of flexible join distributions  
(likelihood  and mutual information estimates)

Jenison Reale Neural Computation 16, 665ς672 (2004)

Onken, Grunewaelder, Munk and Obermayer PLOS  Computational Biology  5, 11, e1000577, DOI 10.1371 (2009)

Berkes, Pillow Advances in Neural Information Processing Systems, 21 (to appear)

Mathematical models:

1. Toy models illustrate the use of copulas.
Sacerdote and Sirovich  J. Physiol. Paris (to appear)

2. Spike train modeled through coupled Poisson processes

3. Coupling of neurons described through LIF models
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Why copulas for neuron models?

Sklar theorem
The 3 functions:   1. marginal respect to X 1

2. marginal respect to X 2

3. The copula
Uniquely determine the joint distribution

Our knowledge on single neuron ISIs distribution 
can be used if we determine the correct copula: 
we know the marginal distributions.

Problem: spike trains are point processes 
and not simple single random variables.

Scarce literature on copulas and stochastic processes
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A toy example
Sacerdote and Sirovich J. Physiol. Paris (to appear)
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A TA : ISI of neuron A
TB: ISI of neuron B under 
spontaneous activity
TC: ISI of neuron B under 
spontaneous activity

B

When A is connected with B and C, B spikes 
at min(TA,TB) and C spikes at min(TA,Tc) TB and Tcare not independent

When TA, TB and Tc are exponentially distributed of parameters l12,l2,l3 we can 
compute the copula (Marshall Olkin, 1967)

C(u,v)=min(u1-a v,uv1-a)

ωchanging l12 we change the coupling strengh
ωwe could use the same copula with different marginals



Marshal Olkin Copulae

Probability densityProbability density
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C(u,v)=min(u1-a v,uv1-a)
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From coupled ISIs to time series

TA
(1) TA

(2) TA
(3) TA

(4) TA
(5)

TB
(1) TB

(2) TB
(3) TB

(5) TB
(5)

ωDifferent copulaewith the same marginals
give different raster displays
ωThe same copula with different marginals
gives different raster displays

Significant patterns: related to the 
copula structure

=100 

ev/sec

=10 

ev/sec

=1 

ev/sec

Marseille, January18-22,2010



Coupled point processes: 
FPT of diffusion  processes

ωDescription of the model:

Point processes as FPT through a boundary:

ςEquations 

ςMarginally: return processes (renewal)

ςGaussian increments coupled through different copulas
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How to couple the increments? 

h=T/k;  tn =n/h, 

Euler schema on (0,T):

where Zn
l =Wl(i/h) N(0, h),ƭҐмΣнΤ ƴҐмΣΧΣƪΤ

We couple the increments through suitable copula
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The model
Sacerdote and Tamborrino (submitted)

Coupling of the increments:

m: delay in the dependence of the increments

(. )=Erf(. )

Å If m=0: no delay

ÅDifferent criteria to determine the copula:
ïStatistical: from intracellular data

ïTheoretical: from assumption on causes determining the coupling

Marseille, January18-22,2010



Χ ǘƘŜ ŎƻǇǳƭŀ ŜȄǇǊŜǎǎƛƻƴ

Differences between spike trains coupled through different 
copulas (through crosscorrelograms)

Comparison criteria:

1. Wiener versus OU underlying diffusion (with the same coupling 
copula and coherent diffusion paramenters)

2. OU diffusions with different coupling copulas (but the two copulas 
have the same level of association, measured in terms of of 
Kendall)

3. OU diffusions with the same copula but with different levels of 
association (measured in terms of of Kendall)

4. OU with different coupling delays 
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OU versus Wiener model
Wiener Ornstein_Uhlenbeck

ÅBoth Wiener and OU: Bumps 
around 0 �Æsimultaneous 
inhibition

ÅBoth Wiener and OU:      -
Peaks around 0 �Æ
simultaneous excitation
- Bumps around 0 when 
increases
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