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D)&54G(%*:#KN5@'9K&5,)*P·89+@WUpUp@'4C9;*�@'BC·8<	µ59%4GXY&5*�N)&54C#;X-& 1 *	BCBC*	#K#;$8,l(zD5*PBC@hST$89;Up* ancbn » 0 */N59%$WH
µ)BC¼:Uh*/*	#;(zXY&5*P(%$8&)(%*:#xBG*:#K·'9+@'UhUV@W4C9%*	#E@'BC·8<	µ59%4GXY&5*:#xXY&54�N59%$-D5&54G#%*	,Y(x&5,À(+*	B�B¶@W,5·l@'·8*�BC*
ST$',Y(�@²68*:MzD)*:#�#£(+9%&)M	(+&)9%*:#]#;$8&5#mHG�%@'M	*:,l(+*	#]BC4C,)·8&54C#£(+4GX-&)*:Uh*:,l(�4C,A@'D)<:XY&A@W(%*:#:Ã®NA@'9;M:*KXY& 1 *:BGBC*	#
@W#%#%$-M:4G*:,l(EBC*
N59;*:Uh4C*:9]N)9%$'(+@'·8$8,54G#;(%* ï 4CM	4eÄ;ä'*:@',®Å£ñ]@²68*	M�BG*
D5*:9;,54C*	9�6'Ý	(%*:Uh*:,l( ï Ämµ5BG$8&5#%$',®Å£ñ
*�(+MW»GÃ'@'BC$89;#�XY&5*?#%<:Up@',l(+4GXY&5*:Uh*:,l("M 1 *	#;(�@²68*	M�BC*ÏN59%*	Up4G*:9�68Ý�(+*:Uh*:,l(!XY& 1 4CB-D5*�6®9%@'4G(�Ý	(%9%*�Uh4C#
*	,v9%*	B¶@W(%4C$8,t»'= 1 *:#;(¬D)$8,5M�µ54G*:,v&5, N59;$8µ5BG¼:Uh*?D5*IÇ�ÈºÉ�ÊÌË�ÈºÊ-É%þ'È"�ç�¹ÿO���ç8�É;þ'É+Ë����"?:ÊÌÍ?*	(¬,5$',vD 1 *�¥YH
N)9%*:#;#%476®47(+<�@'&�,54768*²@W&°D)*:#EM½>A@Wð¶,)*:#�XY&5*
N[$84G,l(+*zM:*�(E*�¥®*:UhN5BC*W» ¡ BC&5#]N)9%<:M	4C#;<:Uh*:,l(E*:,5M	$89%*WÃ
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M:$'UpUh*VB 1 @'9;·8&5Uh*:,l(/Sº@W4G(/@'N5Ne*:B�.ÀBC@¸#%<	UV@W,Y(%4CXY&5*WÃ�M 1 *:#£( B 1 >l�®Ne$'(%>5¼:#;*�D 1 &),5*¸Ç���<f��I7þ'É=�×ÈH8
�-ÍKÇ�ÈºÉ�ÊÌË�ÈºÊ-É½Íz*:,l(+9;*z#;�-,l(½@¹¥®*z*	(�#%<:Up@',l(+4GXY&5* ï 4G#%#;&5*xD5& ¡ 9%4G,5M:4GN[*ID5*xM	$8UpNe$8#;4G(+4G$8,5,A@WBC4G(%<§ñ
XY&54q9%*	,5D°B¶@vM:$8,)#;(+9;&5M	(%4C$8,�4G,5M:$89;9%*	M	(+*W» L @',5#�BG*zUpÝ	Up*z*	#%N59;4G(²Ã)B 1 *�¥-(+9%@'M	(%4C$8,�D5*
N59;$8,5$8Uh#
ï ÄRB 1 >5$8UhUp*�D5$',Y(��;*ÀM:9;$84C#pX-&)*¸(+&êNA@W9%BC*	#£Åmñ D5*	UV@W,5D5*ÀD5*	#�#;(%&5M	(%&59%*	#�,5$8,ÖN59;$¹�;*:M�(+4768*:#
ï M 1 *	#;(£Hm.¹HÒD54C9;*z,5$8,°9%*:N)9%<:#;*:,l(½@Wµ5BC*	#INA@W9ED)*:#E@'9%µ)9%*:#+ñ ï «!UpUh#:ÃÑá§â8â ô ñ�»
©¸@'4C#ÏUpÝ	Up*EB 1 *�¥®N59;*:#;#%4G6-47(+<z@'&V,54G6'*²@'&�D5*	#�M½>A@WðC,5*:#]D)*KM:*	9;(+@'4C,5*	#�B¶@W,5·8&5*	#?,A@W(%&59%*	BCBG*:#

,5*�N[*	&)(IÝ	(+9;*�·'<:,5<	9%<:*�NA@'9E@'&5M	&5,5*�·89+@'UhUp@'4C9;*z@'BC·'<:µ59;4CXY&5*'»A­®M½>54C*	µ[*	9 ï ­®M½>54C*	µ[*	9:Ã�á§â Q8ù ñ
@/@W4C,5#;4A*�¥®>54Cµe<�&5,5*IM:$8,5#£(+9;&5M	(%4C$8,hD 1 &5,VD54C@'BC*	M	(%*E#;&54C#;#%*I@'BCBG<:Up@',54GX-&)*�XY&54[M	$89%9;*:#;N[$8,)Du@'&
B¶@W,5·l@'·8* anbncn » L *:N5&54G#:Ã-$8,u<�68$-X-&)*
@'&5#%#;4ÑBG*I·8<	,54G(%4GSÑ*:,�·8<	$89%·84G*:,V@',5M:4G*:, ï ©ª4CM½>5@'*:BG4C#(ö
�z9+@'M½>l(:Ãqá§â8â8ãlñ�Ã5$8&�B¶@v,Y&5Uh<:9;$'(½@W(%4C$8,�*	,ªM½>)4C,5$84G# ï ¤E@'D5Ô	4C,5#;¦-4ëÃtá§â8â®áÓñ�»

¡ $8&59E9%*	,5D59;*/M:$'UpN)(%*�D)*�M	*:#KN)>5<:,5$'Up¼	,5*:#	Ã[&5,)*/,5$8&®68*:BGBC*�M:BC@'#%#;*'ÃÌN5BC&)#IBC@'9%·8*
XY&5*�B¶@
M:BC@'#%#;*ID)*:#?·'9+@'UhUV@W4C9%*	#!@'BG·8<:µ59;4CXY&5*	#�Up@'4G#!#;(+9;4CM�(+*:Uh*:,l(ÏN5BC&)#�Ne*	(%4G(%*IXY&5*EM:*	BCBC*�D5*	#Ï·'9+@'UvH
Up@'4C9;*:#?#;*:,5#;4Cµ5BG*:#]@W&�M:$8,l(+*�¥-(+*�@/N59;$8·89%*	#%4768*:Uh*:,l(�<	Up*	9%·8<�O)M:*	BCBG*KD5*	#]·89+@'UhUp@'4C9;*:#�D54G(%*:#
I 8ç��0�É+Í�<VÍ�ÿAÈ¬Ç§Í�ÿ)Ç��"óMICÍ½Ç/þ'ÊÁË��¹ÿAÈmÍ;88ÈRÍ ï Uh4CBGD5BG�hM:$',Y(%*�¥-(;HÒ#%*	,5#%47(+4G6'*§ñ�» ¡ BC&5#;4C*	&59%#]ST$89;UV@'BG4C#;Up*	#
D 1 *�¥®N59;*:#%#;4G6-4G(%<?<	X-&)4G6W@'BC*	,l(+*�$8,l(�<�(+<ÏD5<	ÆA,)4C#�N[$8&)9�BC@]M²@'9%@'M	(%<:9%4G#%*	9 ï ©ª4CM½>A@W*:BC4G#:Ã��èh^h)áÓñ�» 2 ,5*
@'&)(%9%*xM	B¶@'#;#%*xXY&54Ñ<	(+*	,5D�BC*	#?B¶@W,5·l@'·8*	#�@'BG·8<:µ)9%4CXY&5*	#�#+@W,5#�#%*zM	$8,)ST$8,)D59%*xNe$8&59?@'&)(+@',l(�@²68*:M
B¶@�M:BC@'#%#;*pD)*:#�B¶@',5·8@'·8*:#
BG<:·8¼	9%*:Uh*:,l(�#%*	,5#%4Gµ5BC*	#/@W&dM:$',Y(%*�¥-(+*WÃ�*	#;(�D5<:M	9%47(+*hDA@',5# ï ±?<	M½>5*	(
*	(�@'Bó»7Ã$�'h'h ù ñ�»

©¸@'BC>)*:&59;*:&5#;*:Uh*:,l(²Ã�BC*	#
·89+@'UhUp@'4C9;*:#z@²68*	MpBG*:#;X-&)*:BCBG*:#
,5$8&)#/@²68$',5#�(%9+@²6W@'4CBGBC<WÃ[*�(/XY&5*
,5$8&)#zN59%<	#%*:,l(%$8,5#
*:,\NA@W9;(+4G*/#;&54G6W@',l(+*WÃt,5*PN)9%$-D5&54C#;*:,l(zXY&5*vBG*:#xBC@',5·l@'·'*:#KD)*vM½>A@Wð¶,)*:#z@'BîH
·8<	µ59%4GX-&)*:# ï ±�@'9 NI4GBCBC*	BÑ*�(�@'Bë»GÃtá²â8ã^hlñ�»Ì= 1 *	#;(K@'&5#;#%4�BC*zM:@'#�D5*:#E·89+@WUpUp@'4C9;*:#ÏD5* 0 @'U/µ[*	¦
ïë¡ *:,l(+&)#:ÃEá§â8â8Jlñ�*	( D5*	#h·'9+@'UhUV@W4C9%*	#/D5*�N59;<:·89;$8&5Ne*:# ï ±Ï&5#%Ô	¦'$§Ð�#%¦Y4óÃ(�'h'h)áÓñ�»"«¬BGBC*	#P#%$8,l(
D5$8,)M¸D5*ªM:*�Sº@'4G(hD5*	#u@'N5N)9%$²¥®4CUp@W(+4G$8,5# 4CUhNA@'9£Sº@'4G(%*:#vD5*	#V·89%@'UpUp@'4G9%*:#/X-&)*ÀBC*	#p*	,)Sº@',l(+#
#%*	UPµ5BG*:,l(EM²@'NA@Wµ5BC*	#ED 1 @'M	XY&5<:9;4C9:»
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¨I$'(%9%*\M½>5$84î¥ê# 1 *	#;(°D5$8,5MÁNe$89;(%<\#%&59�BG*:#Î�'É;þ'<f<hþ'�×É+Í½ÇcË%þ'È98ç���¹É=�óÍ�I�ICÍ½Ç�Ã?#;$8&5#�D54G6'*:9;#%*:#
6W@'9%4C@',l(+*	#öO?·89+@'UhUp@'4C9;*:#VD)*Á(R�-Ne*c¢K± ï ±�@'9 NI4GBCBC*	BI*�( @'Bë»GÃKá§â8ã^hlñ�Ã?·89%@'UhUV@'4G9%*	#VD5*
0 @'UPµe*:¦ ïë0 @'UPµe*:¦ÌÃ�á§â ù'Q ñ;ñE$8&\D)*:#z*�¥-(%*:,5#;4C$8,5#z9;<:M	*:,l(+*	#hO[·89+@WUpUp@'4C9;*:#�D5*vN59;<:·89;$8&5Ne*:#
ïë0 @'U/µ[*	¦eÃÑá§â8â : ñ�»Ì=?$8UhUp*KBC*:#�@W9;(+4GM:BG*:#�M	$8,l(+4C*	,5,5*	,Y(ID5*	#ED)*:#%M	9%4GN)(+4G$8,5#]D5<�(½@'4GBCBC<	*:#�D)*�M	*:#
ST$89;UV@'BG4C#;Up*	#:Ã�,5$8&5#q,5$'&5#�M:$8,l(+*	,l(+*:9;$8,5#�D5*¬N59%<	#%*	,Y(%*:9�9+@'N)4CD5*	Up*	,Y(t4CM:4ëÃ:*�(�D5*!Sº@'à:$8,�@'&®(½@',l(
4C,l(%&54G(%4G68* XY&5* ST$89%Uh*:BGBC*WÃtBC*	#�·'9+@'UhUV@W4C9%*	#xM²@¹(+<:·'$89%4G*:BCBG*:#zBG*:#�N5BC&5#
#;4CUhN5BC*	#:ÃqD)ðG(+*:#
¢K±�*:,
>5$8UhUp@'·8*z.vBC*	&59%#�M	$8,5M:*	N)(+*	&59%#E¢]D¹�;&5¦Y4G*	Ð�4CM	Ô�*�(E±�@'9mHHNI4GBCBG*:Bó»

­®$84G( B &5, *:,5#;*:UPµ5BG*E@'&vN5BC&)#!D5<:,5$'UPµ59+@Wµ5BC*]D5*/Ë%þ'È98ç���¹É=�óÍ½Ç°�-Í°ó½þ¹Ç§Í�Ã8N5@'9%Uh4)BG*:#%XY&5*	BCBG*:#ÆA·8&)9%*z&5,5*VË%þ'È98ç���¹É=�óÍJ�'�CÇ�È"�×ÿ��'Ê-8½Í S ∈ B ÃA@'N)N[*	BC<:*KB 1 @¹¥®4C$8Uh*'» 0!1 *	,5#%*	UPµ5BC*KD5*:#PË%þ'È98ç���¹É��óÍ½Ç�;�¹ÿ���8½Í½Ç�Ç�Ê-É B ÃÏ,5$W(+< Cat(B) ÃÏ*	#;(VBC*°N5BC&5#pN[*�(+47(V*	,5#%*	UPµ5BC*°(+*	BEXY&5* B ⊂ Cat(B) *	(Ne$8&59¬(+$8&)( A, B ∈ Cat(B) $8,V@pO A/B ∈ Cat(B) *	( B\A ∈ Cat(B) » 0 *	#?<:BG<:Uh*:,l(+#�D5*
Cat(B) �;$8&5*	,Y(�Ne$8&59qBG*:#�·89+@WUpUp@'4C9;*:#eM²@W(%<:·8$'9%4C*	BCBG*:#tBG*!9A@8BG*"D5*:#�#;�-UPµe$8BG*:#q,5$8,
(+*	9%Uh4C,A@W&®¥
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Ne$8&59�BG*:#�·89+@WUpUp@'4C9;*:#ÑST$'9%Uh*:BCBG*:#t(%9+@'D547(+4G$8,5,5*	BCBC*	#:»²©¸@'4C#�BC@�D)4Gå[<:9%*	,5M:*WÃÓ*:#%#;*:,l(+4G*:BGBC*'Ã§*	#;(�XY&5*
BG*:#]<	BC<:Uh*:,l(%#]D5*

Cat(B) #%$8,l(zÇ�ÈëÉ�ÊAË�ÈëÊ-É
8½ÇpO54CBG#?#%*
N59;<:#;*:,l(+*	,Y(I*:,°*	å[*	(�#;$8&5#�B¶@/ST$'9%Uh*xD5*ÈRÍ�É=<VÍ½ÇE@'&v#;*:,5#�@'BG·8<:µ59;4CXY&5*WÃWM	$8,5#;(%9%&547(+#¬.xNA@W9;(+4G9�D5*	#!M:$8,),5*:M�(+*:&)9%#¬µ54C,5@'4C9;*:# / *	( \ *	(!D)*:#<	BC<	Up*	,Y(%#"D5* B Ã8D 1 @'9%47(+<Ï,-&)BCBC*W» L @',5#!M:*	9;(+@'4C,5#"@'9;(%4CM:BG*:#�$^[P4CB-*:#£(¬M:9;&5M:4C@'B)D5*?M:$8,5#;4CD5<	9%*	9"BC*	#M:@W(+<	·8$89;4C*:#�D5*
Cat(B) M	$8UpUh*?D)*:#�(%*:9%Uh*:#	Ã',5$'&5#¬@'D5$8N®(+$8,5#�N[$8&)9�*:BGBC*	#�&5,5*?,5$'(½@¹(+4C$',PXY&54Uh*	(
Uh4C*	&®¥Á*	,c<�6®4GD5*:,)M:*hM:*	(;(+*h,A@W(%&59%*WÃq*:,d&®(+4CBG4C#%@',l(zBC*	#�M	$8,5,5*	M	(%*:&59;#�M	$8UpUh*\�eÉ
8CVz8®Í½Ç

*�(u*	,Ö<:M	9%4G6W@',l(VBC*:#pM²@W(%<:·8$'9%4C*	#pD5@',5#u&5,é$89%D59;*¸#;4C·8,547ÆÌ@',l(°OÏBG*¸N59;*:Uh4C*	9V@'9;·8&5Uh*:,l(pD5&
M	$8,5,5*	M	(%*:&59I*:#;(IB¶@ M²@¹(+<:·'$89%4G*��;$'&A@',l(EBC*
9A@8BG*
D5*·��8�ÿ��]<f�×ÿeþ'ÈRÍ�Ê-É ï M	*:BCBG*
X-&)4�Æ5·8&59+@W4G(�#%$'&5#
BC@öST9%@'M	(%4C$8,Ö4G,54G(%4¶@'BG*§ñ�Ã"B¶@öD5*:&®¥®4G¼:Uh*À*:#£(�#%$8,�ÿAÊ�<O8�É;þ'ÈmÍ�Ê-É�»Ï¢I4C,5#;4óÃ A/B #%*\,5$W(+*À@WBC$89;#
/(B, A) *�( B\A #%*�,5$'(%* \(B, A) »¡ $8&59 (+$8&)(v6'$®M:@'µ5&5BC@'4C9;*u(+*	9%Uh4C,A@'BÏÆA,54 Σ

ï D5$8,l(pBC*:# Uh*:UPµ)9%*:# #;*:9%$',Y(p@'N)N[*	BC<:# D5*	#
Uh$'(%#½ñP*	(pN[$'&59v(+$8&)(h*	,5#%*	UPµ5BC* B D5*¸M:@W(+<	·8$89%4G*:# D5*°µA@'#;* ï S ∈ B ñ�Ã�&),5*a�'É;þ'<f<hþ'�×É+ÍË%þ'È98ç���¹É=�óÍ�I�ICÍ G *:#£(�&5,)*?9%*	B¶@W(%4C$8,zÆA,)4C*¬#%&59 Σ×Cat(B) »Wæz,�,5$'(%* 〈v, A〉 ∈ G B 1 @¹åÑ*	M	(½@¹(+4C$',
D)*�BC@PM²@W(%<:·8$'9%4C* A ∈ Cat(B) @W&ªUh$'( v ∈ Σ »2 ,5*Ì�'É;þ'<f<hþ'�×É½Í Ë%þ'È98ç���¹É=�óÍ�I�ICÍÒ�-Í/È�6��AÍJG5ñ ï $'&\#%4CUhN5BG*:Uh*:,l(K&),5*hF�= N5@'9xB¶@h#%&547(+*²ñ
*	#;(?&5,5*K·'9+@'UhUV@W4C9%*]M:@W(+<	·8$89;4C*:BGBC*]D5$',Y(?BC*	#?9%¼	·8BC*	#ÏD)*K9%<	<:M	9%4G(%&59%*I#%$8,l(?9%<:D)&54G(%*:#�@W&®¥pD5*:&®¥
Ç§Ë��$8�<hþ¹Ç
þ��Z��IT�óË%þ'È>� �+Ç�#;&54G6W@',l(%#�O ∀A, B ∈ Cat(B)4

FA
ïºß $'9;Ð?@'9%D°¢KN5N)BC4CM:@W(+4G$8,Ìñ�O A/B B → A4

BA
ï ±�@'M½¦lÐ�@W9%D¸¢IN5N5BG4CM²@¹(+4C$',ÌñEO B B\A→ A=?*	#u#%M½>)<:Up@'#u*�¥®N5BG4CXY&5*	,Y(V*	(
�;&5#;(%4GÆA*	,Y(VB¶@Á,5$'(+@W(+4G$8,øD)*:#uM	$8,5,5*	M	(+*	&59%#�#;$8&5#hST$89%Uh*ªD)*

ÄÒST9+@'M�(+4G$8,5#�$89%4G*:,l(+<	*:#£Å+Ã)DA@W,5#�BC*IUp*	#%&59;*z$^[uBG*:#�#;M½>5<:Up@'#
FA

*	(
BA

Ne*:&)6'*:,l(�*:&-¥-HÒUpÝ	Up*	#
Ý�(+9;*�M:$8,)#%4CD)<:9%<	#!M:$8UhUh*?D5*	#�Äm9%<	D5&5M�(+4C$',5#�D5*�ST9%@'M	(%4C$8,-Å½» 0 *:#",5$'Up#"D)*�Ä ß $89£Ð�@'9;DP¢KN)N5BC4GM²@¹H
(%4C$8,-Å�*	(!Ä£±�@WM½¦YÐ?@'9;Du¢KN5N)BC4CM:@W(+4G$8,®Å?Up*�(%(%*:,l(]@'&)#%#%4e*:,p<	6-4CD)*:,5M	*xBC*]Sº@'47(ÏXY& 1 &5,5*IM²@W(%<:·8$'9%4C*
D)*?B¶@]ST$89;Up* A/B

ï 9;*:#;Nt» B\A ñq*:#£("&5,5*Ï#%$89£(+*ÏD5*ÏST$8,)M	(+*	&59�XY&54®@W(;(+*:,)DPM:$8UhUh*?@'9;·8&5Uh*:,l(#;&59z#+@�D59;$84G(%* ï 9;*:#;Nt»t#%&)9�#%@�·l@'&5M½>5*²ñK&5,5*vM:@W(+<	·8$89%4G* B *	(
N)9%$-D5&54G(xM:$8UhUp*�9%<	#%&5B7(½@W(zBC@
M:@W(+<	·8$89;4C* A » 0 @�,5$W(½@W(%4C$8,À#;$8&5#zST$89;Up*vD5*P(%*:9;Up*vN59;<:#;*:,l(+*hB 1 @²6'@W,Y(+@'·8*vD5*v9;*:,5D)9%* N5BC&)#Sº@WM:4CBG*:Uh*:,l(]BG4C#%4Gµ5BC*IM:*	#E9P@8BC*	#:Ã)Æ®¥)<	#IN5@'9�B 1 $89%D59;*xD5*	#K@'9;·8&5Uh*:,l(+#�D5*	#�M:$8,5,)*:M	(%*:&59;# / *�( \ »0 *öB¶@',5·8@'·8* L(G) 9%*:M	$8,5,Y& ï $8&b*	,5·8*	,5D59%<²ñ°NA@W9°&),5*¿F�= G *	#;(ªB 1 *:,5#;*:UPµ5BG*ÁD5*:#
M½>5@Wð¶,5*	#xD5*vUh$'(+#IN[$'&59KBG*:#%XY&5*	BCBG*:#x4GB�*�¥)4G#;(%*P&5,5*v@¹åÑ*	M	(½@¹(+4C$',ÀD5*PM:@W(+<	·8$89%4G*:#xXY&54ëÃe6-4C@VBC*	#
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=?*�(R�®N5@'·8*/Ne*:9;Up*�(KD)*/M:$',Y(%9+@'4G,5D59;*�BG*:#x@WN5N5BC4GM²@W(%4C$8,)#�ST$8,5M	(%4C$8,),5*:BGBC*:#�Ne$8#%#;4Cµ5BG*:#�OÌ&5,
ST$',5M	(%*:&59 f D5*/(R�-N[* 〈a, b〉 ,5*/N[*	&)(z# 1 @'N5N)BC4CXY&5*	9KXY& 1 .V&5,Á@'9;·8&5Uh*:,l( u D5*�(R�®Ne* a Ne$8&59D)$8,5,5*	9 f(u) Ã�D)*u(R�®Ne* b » L @W,5#v&5,5*V(%*:BGBC*VBG$8·84GX-&)*'Ã�4CB�*:#;(P4CUhN[$8#;#%4Gµ5BC*hD 1 @'N5N5BG4CXY&5*:9�&5,ST$',5M	(%*:&59h#%&59hBC&)47HRUhÝ:Uh*¸O�@'&)M:&5,¾(R�®N5@'·8*°,5*ªNe*:9;Up*�(hD 1 <	M:9;4C9%* f(f) Ã"NA@'9h*�¥®*:UhN5BG*'»!¢B 1 $'9%4C·'4C,5*WÃWM	*	(%(%*I,)$'(+4G$8, D5*](R�®N5@'·8*E<	(½@W4G(!D5*	#;(%4C,5<	*K.
<	6-4G(%*:9¬BC*]N5@'9+@'D)$§¥®*�D5*I¤E&)#%#%*	B ï DA@',)#
BG*:XY&5*	B"&5,ö*:,5#;*:UPµ5BG*vN[*	&)(�Ý	(%9%*v<:BG<:Uh*:,l(
D5*vBG&547HÒUpÝ	Up*²ñ�#;&59
B¶@V(+>)<:$89;4C*PD5*	#
*:,5#;*:UPµ5BG*:#	»
©ª@'4C#	Ã®$8,�Ne*:&®(�@'&5#;#%4tBC@�68$84G9?M	$8UpUh*KBC@VÈºÉ%þ-Ë½Í�ICÍ;8^�óË%þ'ICÍxD)& ¡ 9;4C,5M	4CNe*KD5*KM:$8UhN[$'#%4G(%4C$8,),A@¹H
BG4G(%<'Ã)M	*
X-&)*�,5$'&5#�*�¥®N5BC4GXY&5$8,5#�DA@',)#EBC@P#%*	M	(+4G$8,°#%&5476'@W,Y(%*'»
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³r��³r��� ìÖ�5�e� ¹3� Çe����Ég¹V� ºÂ�����-�����5�µ���î��¹jº»�«¹k�S�����-¹k�5�e�j�-�����
L @',5#!(+$'&5#¬BC*:#!*�¥®*:UhN5BC*	#�N)9%<:M	<:D5*	,l(+#:Ã-$8,h@
@'D5Uh4C#"4GUpN)BC4CM	4G(%*:Uh*:,l(�XY&5*�ÄmB 1 @WN5N5BC4GM²@W(%4C$8,

ST$8,5M�(+4G$8,5,5*	BCBC*�Å�*�¥®N59;4CUh<:*IDA@',5#�BG*:#Ï#%M½>5<	UV@'#�@'N5N5BG4CM²@¹(+4GST#
FA

*�(
BA

Ã®N)9%$8N59;*:#]@W&®¥p·89+@'UvH
Up@'4C9;*:#�M²@W(%<:·8$89;4C*	BCBC*	#�D5*Ï(R�-Ne*�¢x±KÃW@²6W@'4G(�N[$'&59�*�¥5@WM	("Ne*:,)DA@',l(!#%<	UV@W,Y(%4CXY&5*ÏB 1 @'N5N5BG4CM²@¹(+4C$',
ST$8,5M�(+4G$8,5,5*	BCBC*!Up@W(%>5<:Up@W(+4GXY&5*"#;(+@',5DA@W9%D/D)*ÏBC@�BG$8·84GX-&)*!*	(�D5& λ HRM:@'BCM	&5Bó» 0 *:#�@',A@'B7�®#;*:#�#;�-,®H(½@Ó¥)4GXY&5*v*	(z#;<:Up@',l(+4GX-&)*vN[*	&)68*	,Y(�@'4G,5#%4�ÆA·8&59;*:9zDA@W,5#Ì�-Í�Ê)8¸þ'ÉEó:É½Í½Ç´�CÇ��]<O�¹É �$�AÍ½ÇvM:$'UpUh*
B 1 4CBGBC&5#£(+9;*:,l(
BC*	# ß 4C·8&59;*:#�J)»���*�(PJ®» J)» 0 .�$^[dBG* 9%<:#;&5BG(+@W(�#;�-,l(½@¹¥®4GX-&)* ï D5@',5#�BC*:#�@'9;µ59%*	#/.
·l@'&)M½>5*§ñÏ*	#;(]&),5*xM²@¹(+<:·'$89%4G*K4C#;#%&5*KD 1 &),5*x9%<	D5&5M�(+4C$',uD5*KST9%@'M	(%4C$8,tÃYBG*I9;<:#%&)BG(½@¹(�#%<	UV@W,Y(%4CXY&5*
ï D5@',5#
BC*	#
@'9%µ59;*:#
.�D59;$84G(%*§ñI*	#;(�B¶@uM	$8UPµ54G,A@'4C#;$8,ÀD5* D5*	&®¥Á#;$8&5#£HóST$89%U/&5BC*	#:ÃtDA@W,5#zB 1 $89%D)9%*
4C,)D54CXY&5<ªNA@'9uBC@c,A@W(%&59%*¸D5&ê#%M½>5<	UV@|XY&54K@d<	(%<Á@'N5N5BG4CXY&5< ï N5&)4C#%XY&5*\BG*ªST$8,)M	(+*	&59u*	#;(�.
·l@'&)M½>5*�#;4

FA
# 1 @WN5N5BC4GXY&5*'ÃÌ.vD59;$84G(%*z#%4C,)$8,Ìñ�»

0 *VNA@'#%#%@'·8*uD)*:#¸Ë%þ'È98ç���¹É��óÍ½Ç Ç76¹ÿAÈÒþ�8^�"?:ÊAÍ½Ç�@W&®¥ÖÈ�6��AÍ½ÇñI �A�'�"?:ÊAÍ½Ç�Ne*:&)(:Ã"@'BG$89%#	Ã�Ý�(+9%*p6®&
M:$'UpUh*�&5,uUh$89%N5>)4C#%Uh*'Ã',5$'(+< h Ã®XY&54ÌUh*	(Ï*:,p9%*:BC@W(+4G$8, D5*:&-¥u*	,5#%*	UPµ5BC*	#?D5*�(+*	9%Uh*:#	ÃY(%$8&5#BC*	#�D5*:&-¥êST$8,5D5<	#�#%&59�&5,)*\,5$'(+4G$8,øÄmD 1 @'N)N5BC4GM²@W(%4C$8,¾ST$8,5M	(%4C$8,),5*:BGBC*�Å+»¬¢K&®¥�Ë%þ'È98ç���¹É=�óÍ½ÇÔ�-Í
ó½þ¹Ç§Í�D5*�B 1 *:,5#;*:UPµ)BC* B Ã h M	$8UpUh*:,)M:*
NA@'9]Sº@'4G9%*zM:$'9%9%*	#%Ne$8,5D59;*�D)*:#�(R�®Ne*:#ED5*�B 1 *:,5#;*:UPµ)BC*
T Ãq*:,ö9%*	#%Ne*:M�(½@',l(PBC@uM:$89;9%*	#%Ne$8,5DA@',)M:*V*	,l(+9%* N5>)9+@'#;*:#/M	$89%9;*:M�(+*:#�*	(�N59;$8Ne$8#%47(+4C$',5#x#%$'4G(hO
h(S) = t ÃWN5&54G#�4CB-# 1 <	(%*:,5D ,A@¹(+&59;*:BCBG*:Uh*:,l(�.I(+$8&®(+*:#�BC*:#�M²@W(%<:·8$'9%4C*	#�D5* Cat(B) D5*�BC@ESº@'à	$8,#%&)4G6W@',l(+* ï $',¸@'D)$8N)(+*
4GM:4tBC@P,5$'(½@¹(+4C$',°D)*:#�M²@W(%<:·8$'9%4C*	#�#%$8&5#]ST$89;Up*zD)*
(%*:9;Up*WÃA,5*	(;(+*:Uh*:,l(
Uh4C*:&-¥�@'DA@WN)(+<	*§ñxO h(/(B, A)) = h(\(B, A)) = 〈h(B), h(A)〉 »

ó ­B� ÷ �F�C� � �Y�����$�7�7�'���"��� �7���¼�^�������-�-�]�"���ñ�QÓ+�����¼­+��®��+�¸�·���O­ �pÓB�2���¼�"�-����®��7���]£ Õ
6Í8E��IT�óË��×ÈH�¹ÿ)Ç2ICÍ�<O�¹É9�$���CÇ�<VÍ h Ç��¹ÊYÇ7<�à	þ-Ë½Í�ÿAÈ
ô�I7þIÉ+Í�I7þ'È"�ç�¹ÿVÍ�ÿAÈëÉ+Í�I7þ��'É;þ'<f<hþ'�×É+Í(�-ÍeIA. 6Í8®Í�<���ICÍ�ÂÍ�È/ICÍ½Ç�ÈºÉ;þZ�'ÊÌË�È"�ç�¹ÿ)Çx�-Í·I7þñ�)þ'É�È>�óÍ���D���D��ZD�XÈ�¹Ê®ÉñICÍ½ÇªË%þ'ÈH8ç���¹É=�óÍ½Ç¼�-ÍÎó½þ¹Ç§Ígþ\�¹ÿÖþ ���¹ÿÑË��
h(S) = t þ h(T ) = e Í�È h(NC) = 〈e, t〉 D��5�¹È9�¹ÿ)ÇK?:ÊAÍ É=�óÍ�ÿ|ÿ�. �×ÿAÈRÍ�ÉA�'�×È!?:Ê2. ôªÊ-ÿÑÍuË%þ'È987<
���¹É=�óÍ5�-ÍJó½þ¹Ç§Ígþ h þ¹Ç½Ç��§Ë��óÍzÊ-ÿÀÈ�6=�AÍ5?:Ê�� þeI Ê�� þ¬ÿ�. Í½Ç�È��)þ¹Ç
Ê-ÿÀÈ�6=�AÍ5�-ÍJó½þ¹Ç§Í � Ë��]<f<VÍ�Ë$. Í½Ç�È�ICÍË%þ¹Ç �$�¹Ê-É�ICÍ½Çxÿ��]</Ç/Ë��]<f<vÊ-ÿ)Ç��¤÷�	'DB��ÍzÈ�6��AÍPË��¹É�É½Í½Ç9�$�¹ÿ��lþ'ÿAÈ!þ'Ê)8Ì&'Í�ÉMó�Í½Ç��×ÿAÈºÉ%þ'ÿ)Ç��×È"� �+ÇJ�-Í
Ë%þ'È98ç���¹É��óÍ T\S Í½Ç�È"þ'I �¹É+Ç h(\(T, S)) = 〈h(T ), h(S)〉 = 〈e, t〉 DWb�ÿuÉ+Í�ÈºÉ
�¹Ê¸&'Í°óM�óÍ�ÿ¼þ�þ'�×ÿ)Ç�� þICÍ+�	þ'�×È2?:ÊAÍ!ICÍ½ÇEÿ��]</ÇzË��]<f<vÊ-ÿ)ÇxË��]<f<VÍ úóË��)þ'È;ý�Í�ÈWICÍ½Ç!&'Í�ÉEó�Í½ÇÈ�×ÿAÈºÉ;þ'ÿ)Ç��×È>� �+ÇzË��]<f<VÍKú"���¹É�È;ý
�¹ÿAÈ�ICÍÌ<���<VÍvÈ�6��AÍvÇ�8�<hþ'ÿAÈ>�"?:ÊAÍO�-Í½Çg�eÉ
8A�'�óË%þ'ÈTÇÌô¸Ê®ÿÑÍg��I7þ-Ë½Í 〈e, t〉 þ�óM�óÍ�ÿ ?:Ê2. ��I ÇhÿÑÍg�eÉ
�F<&��óÍ�ÿAÿÑÍ�ÿAÈ7�)þ¹Ç\�-Í½Ç5<���<VÍ½ÇvË%þ'È98ç���¹É=�óÍ½Ç�Ç76¹ÿAÈóþ�8^�"?:ÊÌÍ½ÇMDF6ÏÈ7�$�¹Ê-É\ICÍ5<O�¹È2�'É;þ'<f<hþ'È"�óË%þ'IVú×Ê®ÿUý�þ
�¹ÿ�þ´óM�óÍ�ÿuþ'ÊYÇ½Ç���� h((S/(T\S))/NC) = h(/(NC, /(\(T, S), S))) = 〈〈e, t〉, 〈〈e, t〉, t〉〉 D
2 , <O�¹É �$���CÇ�<VÍ´�7. þ'ÉMó:É+Í½Ç/ST$8,5D5<P#;&59x&5,Á4G#%$8Uh$89%N)>54C#;Up*
D5*v#£(+9%&)M	(+&)9%*:#z*�(z&5,5*vUh4C#;*

*:,ªM:$89;9%*	#%Ne$8,5DA@',)M:*/D)*:#IST*	&54CBGBC*	#:Ã5M 1 *	#;(xBC@vM:$8,5M	*:N)(%4C$8,ªD5*�B¶@vM:$8UhNe$8#%47(+4C$',5,A@'BG4G(+<I>5<:9;4G(%<:*
D5*p©ª$8,l(+@'·8&5* ï ©ª$',Y(+@'·8&5*WÃ!á§â :Wô Ü L $§Ð](R�Á*	(³@'Bó»7Ã"á§â Q á8Ü�ä8@',5#;#%*	,tÃ¬á§â8â : ñ�»t¢�6-9+@'4!D)4C9%*WÃ
BC&)4�, 1 &)(+4GBC4G#+@'47(KNA@W#xBC*	#z#%M½>5<	UV@'#

FA
*	(

BA
Up@'4C#xD 1 @'&®(+9%*	#z9%¼	·8BC*	#x#;�-,l(½@¹¥®4GX-&)*:#VþZ�ñ�$�§Ë�Ã

@'&®¥®XY&5*	BCBC*	#!4CB-Sº@'4C#%@'4G(�M:$89;9%*:#;N[$',5D59%*E@'&®(½@',l(!D5*�9;¼:·8BG*:#"D5*�M	$8UpNe$8#;4G(+4G$8,/#;<:Up@',l(+4GX-&)*'Ã'(%$8&)(
*:,v9;*:#;N[*	M	(½@W,Y(¬BG*ÏN5@'9+@'BGBC<	BC4C#;Up*!M:@W(+<	·8$89;4C*:#
�¹(R�-N[*	#:»8©¸@'4C#�$8,PNe*:&)(!@'BCBG*:9�N5BC&)#�BC$'4C,t»Ó¢K&/N59%4î¥
D 1 &5,5*�9%<	<:M:9;4G(%&59%*�D5*:#�M²@¹(+<:·'$89%4G*:#�D5*�B¶@�ST$89%Uh* A/B *	, B −→ A *�(�D)* B\A *:, A←− B ÃBC*	#�#%M½>5<	UV@'#

FA
*	(

BA
Ne*:&)6'*:,l(z.vBG*:&59�(%$8&59]# 1 <:M	9%4G9%*
M:$8UhUh*zD5*:#�#%<	XY&5*:,l(+#KBC$8·84GXY&5*:#xO
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[FA]
B −→ A , B

A [BA]
B , A←− B

A

FA
*�(

BA
@'N5NA@'9%@'4C#;#%*	,Y(�@'BG$89%#�M:$'UpUh*¬D5*:#�4C,5#£(½@',)M:*:#�$89%4G*:,l(+<	*:#�D5&O<O�M�'ÊlÇ+�$�¹ÿÑÍ�ÿ)ÇÏD5*

BC@ªBG$8·84CXY&5* M	B¶@'#;#%4CXY&5*Q:P*	(/B¶@°M:$89;9%*:#;N[$',5DA@',5M	*u#;�-,l(½@Ó¥)*;�W#%<	UV@W,Y(%4CXY&5*�, 1 *:#£(v9%4G*:,cD 1 @W&)(+9;*
XY& 1 &5,5*�4G,5#;(+@',5M:*VD5*aIA. �CÇ��]<O�¹É �$���CÇ�<VÍO�-Íå÷"Ê-É�É76F<��J����þ'ÉA�'»!­®*:BG$8,|M:*�(%(%*�4C#%$'Up$89;N5>54G#%Uh*'Ã
(%$8&)(%*pN59;*:&)6'*VBG$8·84CXY&5* Ne*:&)(�<:·8@'BC*	Up*	,Y(�Ý�(+9%*h4C,l(%*:9%N)9%<	(%<:*hM:$8UhUh*h&),dN59;$8·89+@WUpUh*'Ãt*�¥YH
N)9%4CUh<�NA@'9�&5, λ Hó(+*	9%Uh* ï *	("4G,l68*:9;#%*	Up*	,Y(½ñ�» L @',5#�BG*?M:@'#�XY&54®,5$8&5#�4C,l(+<	9%*:#;#%*WÃ8M 1 *:#£(!#%&59£(+$8&®(B 1 4GD5*:,l(%4GÆAM:@W(+4G$8,�*:,l(+9;*�B 1 @WN5N5BC4GM²@W(%4C$8,pST$8,5M	(%4C$8,),5*:BGBC*z@'&-¥°,54G6'*²@'&®¥°#£�-,Y(+@¹¥®4CXY&5*�*	(I#%<:Up@',®H
(%4CXY&5*\XY&54x*	#;(°@'4G,5#%4¬�;&5#;(%4GÆA<	*'Ã�*�(�X-& 1 $8,ìNe*:&)(�D)& M	$8&5Nì4C,l(%<:·89;*:9�DA@',)#�&5,5*ªÄmN)9%*:&®68*�Å
&),54CXY&5*WÃ!D5$8,l(hBC*:# #;<:XY&5*:,l(%#V#%&)4G6W@',l(+# M:$',5#;(%4G(+&)*:,l(VBG*:#v9;¼:·8BG*:# ï $^[ f *	( u #%$8,l(hD5*:# λ H(%*:9;Up*	#�ÄÒ(R�-N[<	#£Å
NA@W9]BC*:#�M:@W(+<	·8$89%4G*:#]XY&54qBG*:&59]#;$8,l(K@W#%#%$-M:4G<:*	#½ñxO

[FA]
f : B −→ A , u : B

f(u) : A
[BA]

u : B , f : A←− B
f(u) : A

=?*�(%(+*z4GD5*:,l(%4GÆAM:@W(+4G$8,V@�<	(+<WÃ)µ54G*:,�#;÷59:Ã®D5<	6'*:BC$'N5N[<	*x*	(]@'N5N59;$'ST$8,5D54G*ID5@',5#�BG*KM²@WD59%*xD)*
ST$'9%Up@'BC4G#%Uh*:#�M:@W(+<	·8$89;4C*:BG#"N5BG&5#!M:$8UhN5BG*�¥®*:#¬M:$'UpUh*�BC*	#!·89+@WUpUp@'4C9;*:#�D5* 0 @WUPµ[*	¦ ï ©ª$®$'9;(;H
·8@W(²Ã�á²â Q^Q ñ�Ã!#%*:#h*�¥-(%*:,5#;4C$8,5#hUP&5B7(+4GUp$-DA@'BG*:# ï ©ª$-$89;(%·l@W(²Ã?á§â8â : ñ�Ã"*	(hBC@ÁBG$8·84GX-&)*�BC4C,)<²@'4G9%*
ï ©ª$89;4CBCBëÃ�á²â8â ô ñ�» 0 *:#
¢Kµ)#;(+9%@'M	(/=�@W(%*:·8$'9%4¶@WB!Fz9+@'UhUV@W9%# ï D5*ÚFz9%$-$'(+*WÃB�'h'h)áÓñI#;$8,l(/@W&5#%#;4
ST$',5D5<:*	#I#;&59�M:*�(I4G#%$8Uh$89;N5>54C#;Up*W»

L @W,5#I#%@ ST$'9%UP&5BC@W(+4G$8,u#£(½@',5D5@'9%DtÃABG* ¡ 9%4C,)M:4CNe*zD5*�M:$8UhNe$8#%47(+4C$',5,A@'BG4G(+<�*�¥)N)BC4CXY&5*
M	$8U H
Uh*:,l(�BC@c#;<:Up@',l(+4CXY&5*¸N59%$8Ne$8#;4G(+4G$8,5,5*	BCBG*\Ç§Ía��8A�'Ê��×ÈpD 1 @'&)(%9%*	#u4C,)ST$'9%Up@W(+4G$8,5#:»�©ª@'4C#uM	*:BC@
,)*ö9;*:,5D NA@'#/�;&5#£(+4GM:*ö.¾&),5*\ST$89%Up@'BC4G#+@W(%4C$8,¾XY&54óÃ]*	BCBG*'Ã�@WM:M:$'9%D5*ö&5, #;(½@¹(+&)(°<:XY&5476W@'BC*	,Y(
@W&®¥d@',A@'B7�®#;*:#�#;�-,l(½@¹¥®4CXY&5*V*	(�#%<:Up@',l(+4GXY&5*'Ã�NA@'9�BC*hµ54¶@W4C#
D 1 &5,s�CÇ��]<O�¹É �$���CÇ�<VÍ�»�=?$8UhUp*
,)$'(+9;*/N59;$¹�;*	(K*:#;(xN5BC&)(A@'(ED 1 *�¥®N5BC4GXY&5*:9xM	$8UhUp*	,Y(IB¶@h#;�-,l(½@¹¥®*PNe*:&®(xÝ	(%9%*v@WM:XY&54C#;*P.VB 1 @W4CD5*
D 1 4G,)ST$89%Up@W(%4C$8,5#�#%<	UV@',l(%4CXY&5*:#	Ã¬,5$8&5# 68*	9%9%$',5#p*	,éNA@W9;(+4G* ù »7áªXY&5*°M:*�(%(+*ª@'N5N)9%$-M½>5*�D5$84G(
# 1 @WM:M:$'UpNA@W·8,5*:9ÏD 1 &5,5*vÉ+ÍC�;�¹É=<vÊ¸I7þ'È"�ç�¹ÿ��'ÊOXÏÉ=�×ÿÑË����AÍg�-Í�Ë��]<��$�§Ç��×È"�ç�¹ÿAÿeþ'IT�×ÈH8IXY&54AÄm4C,l6'*:9%#;*�Å
*	,ªXY&5*	BCXY&5*�#%$89£(+*z#;$8,ª#;*:,5#	»

0!1 &)(+4GBC4C#%@W(+4G$8,°D5*vB¶@VM	$8UhN[$8#;4G(%4C$8,5,5@'BC47(+<'ÃAUh$-D5<:BG4C#%<	*/NA@W9xB 1 4C#;$8Up$'9%N5>54G#%Uh*
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Ç��¹ÊlÇ7<óÇ9�$8½Ë�� V�8½Í]D)*EBG*:&59!#;*:,5#	ÃYM 1 *:#;(£Hm.¹HÒD54C9;*�.z&5,5*E*�¥®N59%*	#%#;4C$8,hXY&54A#%*EM:$8,l(%*:,l(+*ED5*�#%Ne<:M	4GÆA*	9
BG*:#x#;*:,5#�Ne$8#%#;4Cµ5BG*:#x#%@',5#zBC*	#z<:,Y&5Uh<:9;*:9:Ã�.uB 1 @W4CD5*�D 1 &),¿Ç76§Ç�È90�<VÍK�-ÍVË��¹ÿAÈºÉ;þ'�×ÿAÈmÍ½Ç ï ¤E*��-BC*'Ã
á²â8â ù @)Ü-¤�*	�-BC*WÃ[á²â8â ù µtÜ��E$8BCBG*:9¬*	(Ö@'Bó»7Ã¸�'h^h^h)Ü-«!9%¦h*	(Ö@'Bó»7Ã¸�'h^hZ�'ñ�»YQRBÑ@�*:,5#;&54G(%*K<	(%<xUh$8,l(+9%<
XY& 1 $8, Ne$8&)6W@'4G(�*:,)·8*:,5D)9%*:9!&),5*]*�¥®N59;*:#%#;4C$8, #;$8&5#£HÒ#%Ne<:M	4GÆA<	*]D5*]UV@W,54C¼	9%*?M	$8UhN[$8#;4G(%4C$8,5,)*:BCBG*
. NA@'9£(+4G9�D 1 &5,5*Vþ'ÿeþ'I�6ÓÇ§ÍzÇ76¹ÿAÈÒþ�8^�"?:ÊAÍ
Ê-ÿ$�"?:ÊÌÍ�D5*
BC@ N)>59+@'#;*�@'UPµ54G·8&5òz4C,)4G(+4C@'BC*W»5=?*z(%9+@²6W@'4CB
@ <	(%<
9%<²@WBC4C#;<
@²68*:M�BC*	#]·89+@'UhUp@'4C9;*:#�D5*
D5<	N[*	,5DA@',)M:* ïºL 4C¦W$§6®#;¦l�8Ã��'h^h ù ñ�Ã5*	(I*:#£(E*:,¸M	$8&59;#
D 1 <	B¶@'µe$89+@¹(+4C$',�*:,À*�¥)N)BC$847(½@',l(�BC*	#I#£(+9;&5M	(%&59%*	#KD5*�D5<:9;4G6W@W(%4C$8,�D5*	# 0 ¯�¢EF ï ä'$8#;>54�*	(�@'Bë»GÃtÜ
¡ $8·8$-DA@'BGB¶@)Ã]�'h'h ô ñ�»ÓQRB-N[*	9%Uh*	(:ÃWDA@W,5#"BC*ÏN54C9;*ÏD)*:#"M:@'#:ÃW&5,v·l@'4G,/*�¥®Ne$8,5*	,Y(%4C*	B)*:,vM	$8UhN5BC*�¥)47(+<
@WBC·8$89;4G(%>5Up4GXY&5*'»

=?*�(%(+*¬4GD5<:*!#;<:D5&54G#+@',l(%*Ï, 1 @]N5&
Ý	(%9%*¬Up4G#%*!.]N59;$'Æ5(�DA@W,5#�,5$8#t(+9%@²6'@W&®¥[Ã§X-&)4l#%*¬#%$8,l(�@W(;(½@¹H



á�í�á�íx¬ ï�ªsâe¨+­Y«¸©�¯�¨B¦ é ïÈ¬�ë!ï!«�­M¥7­�ïÈî°î°¦�¨+­M¥wâ J8â

M½>5<	#Ï.xD)*:#!ST$89%Up@'BG4C#%Uh*:#ÑÄRM:B¶@W#%#%4GXY&5*:#mÅ]Ne$8&59"BG*:#%XY&5*	BC#!B 1 <	X-&5@W(+4G$8,�Ä£@W&)(½@',l(!D 1 @',5@'BG�-#%*	#!#;�-,®H
(½@Ó¥)4GXY&5*:#ÏD54Gå[<:9;*:,l(+*	#?XY&5*KD)*K#%*	,5#?Ne$8#;#%4Cµ)BC*:#mÅ�D5*�6'@W4G(ÏÝ	(+9;*I#%@W(+4G#;Sº@'47(+*W»-æz,pN[*	&)(ÏD 1 @W4CBCBG*:&59;#
9%*	UV@W9%XY&5*:9�XY&5*u#%4ÏBC*	#�9;*:N59;<:#%*	,l(½@W(%4C$8,5#/#%<:Up@',l(+4GXY&5*:#P#;$8&5#mHR#%Ne<:M	4GÆA<	*:#v#;$8,l(P&)(%4CBC*	#�D 1 &5,
Ne$84C,l(
D5*v6-&5* M²@'BGM:&5BC@W(+$'4C9%*WÃ[Ne$8&59z9;*:#£(+9%*	4C,5D)9%* B 1 *�¥®N5BG$8#%4G$8,\M:$8U/µ54C,A@¹(+$84G9%*PD5*	#
4C,l(+*	9%N59;<�H
(½@¹(+4C$',5#�N[$8#;#%4Gµ5BC*	#IM	$8UpN5@W(+4Gµ5BC*	#I@²6'*:M/&),À<:,5$',5M:<�D5$8,5,5<WÃ[BG*:&59�Ne*:9£(+4C,)*:,5M	*/M:$'·8,54G(%4G6'*�*	#;(
N5BG&5#]D5$8&)(%*:&5#;*'»e«!,�*	å[*	(²ÃA#;4qBC*	#�<:,5$',5M:<	#ID5&�BC@',5·l@'·'*xN[*	&)68*	,l(KÝ�(+9%*�@'U/µ54C·8&)#:Ã)BG*:#]#;4G(+&5@¹H
(+4G$8,5#PXY& 1 4CBG#PD5<	M:9%4768*	,Y(hBG*u#%$8,l(h*:,Â·8<	,5<:9%@'B�µe*²@'&)M:$8&5NÂUh$84C,)#:»�QRB?*:#;( D)$8,5M�D547ÞpM	4CBG*VD5*
#%&)N5N[$'#%*:9�XY&5*pB 1 *	#%N59;4G(
>Y&5Up@'4C,ÁBG*:#
N59%$-D5&547(
#%Ne$8,l(½@',)<:Uh*:,l(/Ne$8&59
9;*:N59;<:#%*	,l(+*:9�M:*hXY& 1 4GB
Ne*:9%à	$84G(�NA@'9�#%*	#!#%*:,)#:Ã'4G,5D5<	N[*	,5DA@'UhUp*	,l(�D5*?B¶@IUh<:D)4¶@W(%4C$8,
D 1 &5,5*�BC@',5·8&)*Ï,A@¹(+&59;*:BCBG*'»¹«!BCBG*:#
,5*zM	$8,5#;(%4G(%&5*:9;$8,l(]D5$8,5MKNA@'#�&5,)*zD5$8,5,5<	*zD 1 *:,l(+9;<:*zD5*x,)$8#�@'BC·'$89%47(+>5Uh*�D 1 @WN5N59%*	,l(+4C#;#+@'·'*'»

¨I$8&5#E, 1 @²68$8,5#INA@'#E,5$8,ªN5BC&5#EM½>5*	9%M½>5</.p*�¥®N5BG$84G(%*:9�&5,5*�M:$'UpNe$8#%47(+4G$8,5,A@'BG4G(%<KXY&54�$8Ne<�H
9%*	9+@'47(E@'&�,54G6'*²@'&°D5&°D54C#;M:$8&)9%#:ÃAM	$8UhUp*xM	*:BC@h#;*�N)9+@W(%4CXY&5*z*:, L ¤�¯z»

«!,b·'&54C#;*\D5*ÁM:$8,5M	BC&5#;4C$8,ì.¿M	*	(%(%*Á#%*:M�(+4G$8,tÃ�,5$'&5#�N[$8&®68$8,5#�Up@'4C,l(%*:,A@',l(�9;*:N59;*:,5D)9%*öB¶@
ÄmN5@'9;(%4C*PµA@W#%#%*�Å D5&ö#%M½>5<	UV@�D5*vBC@ ß 4C·8&59;*Ò�®»7á ï XY&54"M	$8,5M:*	9%,5*hBC*	#z,54G6'*²@'&-¥ÁXY&54!,5$8&5#
4G,®H
(+<	9%*	#%#%*	,l( NA@'9;(%4CM	&5BC4G¼:9%*	Up*	,l(�ñ�Ãq*	,d(+9%@',5#£ST$89%Up@',l(/BG*:#�<:BG<:Uh*:,l(+#�X-&)4?B¶@�M:$',5#;(%4G(+&5@'4C*	,Y(�*:,
D5$8,),5<:*	#
ST$'9%Uh*:BCBG*:#�Ot*:,Á9%*	N59%*	,A@',l(�BC*	#z*�¥®*:UhN5BC*	#zD5<:M	9%47(+#zDA@',)#
«"¥®*	UpN5BG*�áv*	( ù »��®»7áv*	(
*:,pNA@'9£(+4C*�J®» J)»7á8Ã8M	*:BC@�D5$',5,5*�B¶@ ß 4G·8&59%*�J®» ô Ãl$'[pBG*:#!D5$8,),5,5<:*	#?4GUpNe$89;(+@',l(+*	#!#%$8,l(�*:,p·89+@'#	»

¢K&c6-&cD5*p(%$8&)(�M:*hX-&)4?@�<	(%<V<	6'$®XY&5<	#v@'&cM:$8&59;#�D)*VM:*�(%(%*V#%*	M	(%4C$8,c*	(�D5*pBC@°N)9%<:M	<�H
D5*	,Y(%*'Ã�$8,|Uh*:#%&)9%*VUh4C*	&®¥ÁBC@ªNA@'9£(/D)*V#%4GUpN)BC4GÆ5M²@W(%4C$8,\XY&5*p9%*:N)9%<:#;*:,l(+*�BG*pN5@'#%#%@'·8*VD 1 &5,
#%M½>)<:Up@z.KB 1 @'&)(%9%*'» 0 *:#�ST$'9%Up@'BC4G#%Uh*:#:Ã	(½@',l(!#£�®,l(+@¹¥®4CXY&5*:#!XY&5*?#%<:Up@',l(+4GXY&5*:#	Ã8XY&5*�,5$8&)#"*:UvH
N5BG$Ó�'$8,5#xD5@',5#z,5$8#x@'BC·8$'9%4G(%>5Uh*:#:ÃA,)*v#%$8,l(z#%@',5#xD5$'&)(+*vXY&5*PD)*:#
@'N5N)9%$²¥®4CUp@W(+4G$8,5#E*:,5M	$89%*
(+9;¼:#�·89;$8#%#;4C¼:9;*:#ED5*
M:*	BCBC*	#]UV@W,54CN5&)BC<:*	#�NA@'9�BG*:#]>5$8Uh$8#]#%@'N54C*	,5#:»

©ªÝ:Uh*�D 1 &),øNe$84C,l( D5*�6-&5*°N5&59%*	Up*	,l(p4G,)ST$89;UV@W(%4CXY&5*WÃ�BC*	# M½>5$847¥¿*	å[*:M	(%&5<:#p,5*�#%$8,l(
NA@'#�BG*:#]N5BG&5#?Ä£.I�;$8&59mÅxD5*	#I9;*:M½>5*	9%M½>5*	#x@'M�(+&5*	BCBG*:#:» ¡ $8&59�BC@PUp$-D5<:BG4C#%@W(+4G$8,u#;�-,l(½@Ó¥)4GXY&5*'ÃÌ$8,
@'&59%@'4G(/NA@'9P*�¥®*:UhN5BC*uN)&¾M½>)$84C#;4C9/BG*:#P·'9+@'UhUV@W4C9%*	# 0 ¯�¢EF ï D5$',Y( B 1 *�¥®N59%*	#%#%476-4G(+<VUp4GD5D5BG�
M:$',Y(%*�¥-(;HÒ#%*	,5#%47(+4G6'*x*:#£(]N5BG&5#Ï·'9+@',5D)*KXY&5*xM	*:BCBG*ID)*:#?·'9+@'UhUV@W4C9%*	#!M²@W(%<:·8$'9%4C*	BCBG*:#½ñ"$8&V*:,5M	$89%*
BC*vST$89;UV@WBC4C#;Up*�D5*:#�¢Kµ5#£(+9%@'M	(P=�@W(+*	·8$89;4¶@'B¬Fz9+@WUpUp@'9%#	ÃÑN5BG&5#
·8<:,)<:9+@WB�*�(/>)$8Up$'·8¼:,5* XY&5*
M:*	&®¥ÁXY&5*v,5$'&5#z*:UhN5BC$§�'$8,5#:» ¡ $8&59zBC@V#%<	UV@W,Y(%4CXY&5* @'&)#%#%4ëÃÑ4GB�*�¥®4G#;(+*vD)*:#zB¶@W,5·l@'·8*	#xD5*v9;*�H
N59;<:#%*	,l(½@W(%4C$8,�D5*	#]M:$8,5,5@'4C#;#+@',5M	*:#�D5$8,l(�BC@/N5&54G#%#+@W,5M:*zD 1 *�¥®N59;*:#;#%4C$',ª*	#;(�Uh*:4CBGBC*	&59%*EXY&5*
B¶@
BC$'·84CXY&5*�D5*	#�N59%<	D54CM:@W(ÏD5&uN59;*:Uh4C*:9¬$89;D59%*K.�BC@'XY&5*:BGBC*�,5$8&5#Ï,5$8&5#Ï#%$8UhUh*:#�9%*:#£(+9;*:4C,l(:»5©¸@W4C#
,5$8&)#�<�(+4G$8,5#!(+9;4Cµ5&)(+@'4C9;*:#"D)*:#¬(+>5<	$89%4G*:#!D54G#%Ne$8,54Cµ)BC*:#¬.zB 1 <	N[$-XY&5*�$^[ ,5$8#!(+9%@§6W@'&-¥ $8,l(�M:$8UvH
Uh*:,5M	<v*	(
#%&)9;(+$'&)(²ÃtBG*:#x·'9+@'UhUV@W4C9%*	#ID)*P(R�®Ne*:#
¢K±`#;$8,l(
BC*	#xN59%*	Up4G¼:9;*:#zNe$8&59xBG*:#%XY&5*	BCBG*:#
D5*	#I9;<:#%&)BG(½@¹(+#J�7. þ��Z�eÉ+Í�ÿeþZóM��IT�×ÈH8z$8,l(�<	(+<
N5&)µ5BC4G<:#:»

QRBe9;*:#£(+*KD)$8,5Mx.�*�¥®N5BG4CXY&5*:9�M:*IXY&5*xM:*	#?9;<:#%&)BG(½@¹(+#�#%4C·',54GÆA*	,l(²ÃY*:,uUh$-D5<:BG4C#+@W,Y(¬B 1 @WN5N59%*	,®H
(+4G#%#%@'·8*
BC&54îHRUhÝ:Uh*'»®= 1 *:#;(IB 1 $8µ-�;*�(�D5*
B¶@v#%*	M	(%4C$8,�#%&)4G6W@',l(+*W»



ô h é¢ê ¦�ëe­M¥F¯!©¸á�íx¬ ï�ªsâe¨+­Y«¸©�¯�¨+©|¨B¦�î¤£�¦¥£!©

�7��ø
���$��­|�7���^� ÷ �2�
�M�C���C��� �M� ÷ �$�
����®��+�����;�M�B�Z�C���
Up$'9%N5>5¼	Up*	#]$8&°Up$'(%# #%<:Up@',l(+4GXY&5*zBC*�¥)4GM²@'BG*

Σ = {un, chat, dort}

&5,öO λP〈e,t〉λQ〈e,t〉∃xe[P (x) ∧Q(x)]M½>A@W(�O chat′〈e,t〉D5$'9;(
O dort′〈e,t〉

@'9;µ59%*
#£�®,l(+@¹¥®4CXY&5* @'9%µ)9%*
#%<	UV@',l(%4CXY&5*

S
FA

S/(T\S)
FA

(S/(T\S))/CN�F� CN�FÒ+���

T\S�+�-���

λQ∃x[chat′(x) ∧Q(x)](dort′)
→β ∃x[chat

′(x) ∧ dort
′(x)]

FA

λPλQ∃x[P (x) ∧Q(x)](chat′)
→β λQ∃x[chat′(x) ∧Q(x)]

FA

λPλQ∃x[P (x) ∧Q(x)] chat′

dort′

G = {
〈un, (S/(T\S))/NC〉

〈chat, NC〉
〈dort, T\S〉

*

.0/�132 J)» ô 4VUh$®D)<:BC4G#+@W(%4C$8,pD5*:#E,54768*²@W&®¥�D 1 @',A@'B7�-#%*
D5*:#�BC@',5·8&5*	#�,A@W(+&)9%*:BGBC*	#
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�'h^h^�8ñ�»

L @',5#�M	*	(%(%*ÁNA@'9;(%4C*WÃÏ,5$'&5#�N59%<	#%*:,l(%$8,5#�D 1 @'µ[$'9%DìBC*	#u<:BG<:Uh*:,l(+#�XY&54xM	$8,5#£(+4G(%&5*:,l(�&5,
N59;$8µ5BC¼	Up*KD 1 @WN5N59%*	,l(+4C#;#+@'·'*
@'9;(%4GÆAM	4C*:B[4C,5D)&5M	(%4GS�*:,�·8<	,5<:9%@'BóÃ®*	(�BG*xUp$-D5¼	BC*KD®ðC(ÏÄRD 1 @WN5N59%*	,®H
(+4G#%#%@'·8*P.pB¶@ BC4CUh4G(%*�Åx*:,ÀNA@W9;(+4GM:&5BG4C*	9:»Ì¨I$'&5#KM:@'9+@'M�(+<	9%4C#;$8,5#IBC*/N)9%$8µ5BG¼:Uh*�D)*/B 1 @'M	X-&)4C#%47(+4G$8,
D5*vBC@p#;�-,l(½@Ó¥)* *	,\M:*:#x(%*:9;Up*	#:» ¡ &54G#:Ã[,5$8&5#zD5<	M:9;4G68$',5#zBC*	#K9%<	#%&5B7(½@W(%#xD 1 @'N5N59;*:,A@Wµ54CBG4G(+<�D5*
M:BC@'#%#;*:#�D5*\·89%@'UhUV@'4G9%*	#VM²@¹(+<:·'$89%4G*:BCBG*:#pX-&)4x$8,l(�<	(%<c.|B 1 $'9%4C·'4C,5*ªD5*\,5$8#u(%9+@²6W@'&®¥[»�=?*:#
M:BC@'#%#;*:#	Ã-4G,l(+9%$-D5&547(+*	#!DA@',5#�B¶@zNA@'9£(+4G*]N59%<	M:<:D)*:,l(+*WÃ®#;*:9%$',Y(ÏD5$8,)ME*	,VXY&5*	BCXY&5*E#%$89£(+*�9%<	4C,l(+*	9£H
N59;<	(+<	*:#"4GM:4lM	$8UpUh*¬&5,Pµ54C@'4C#	ÃÓ@'&/#;*:,5#�$^[/*	BCBG*:#�M²@'9%@'M	(%<:9;4C#%*	,l("*	(�M:$',Y(%9+@'4G·8,5*	,Y(�B 1 *:#;NA@'M:*�D5*
9%*	M½>5*:9;M½>5*ED5*:#¬@'BG·8$89;4G(+>)Up*	#�D 1 @'N)N59%*	,Y(%4C#;#+@'·8*W»Y=?*], 1 *:#£(¬X-&)*]DA@',5#"BC@KNA@'9£(+4G*?#%&)4G6W@',l(+*]XY&5*
BC*	#ÏUh$-D5¼:BG*:#¬#%<	UV@',l(%4CXY&5*:#Ï#%*	9%$8,l(�M	$8,¹�;$84G,l(+*:Uh*:,l(ÏN59%4G#¬*:,uM	$8UpN®(+*EDA@',5#�BC*	#?@'BG·8$89;4G(+>)Up*	#
D 1 @'N5N59;*:,l(+4G#%#%@'·8*'ÃÌUp@'4C#?,5$8#�M½>5$84î¥�D5*
Up$-D5<	BC4C#%@W(+4G$8,V#;$8,l(ED5<m�%.v<	6'$®XY&5<	#K4GM:4ó»

=-A7D5W�M�bQ`(PICXWzbpPFE�E�CUE�A7PFn7J�DlW�T*JVW�J;M�?BJkbpDFZ7T�bpC�E�i�A7DFE�b7i�M�YV`(Jzc�?3b7i�yIC*DIJ{T*J;bpM�DIC*DIZgf{\FbpM c�bp\F\IM�J;DlW�C�E�E�bpZQJbpPIW�A7?3bpW�C�NQPFJ�f�h(?Bb7C*EHDFA7PFEH\IM�Y1!�Y;M�AQDFEHb7`(AQ\(W�J;M�C*i�CUT�b@`IY�DIAQ?@C*DFbpW�C*A7Ds`(J3254�AQM�D�PIY�v�A7T�E7698KC�i-T*J-W;h;:=<�<>:�?
ô á
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�� �h��~]�	���³�dkR��}�}������v
��	�����
���

0!1 @'N5N59;*:,l(+4G#%#+@W·8*v@'9£(+4GÆ5M:4C*	B�*:#;(:ÃÑ#;*:BC$',Á©ª4G(%M½>5*:BGBóÃÌB 1 <	(%&5D5*PD)*:#xN59;$8·89%@'UpUh*:#E4C,®ST$89%Up@¹H
(%4CXY&5*	#vX-&)4�# 1 @'Uh<:BC4G$89%*	,l(v@'&)(%$8Up@W(+4GX-&)*:Uh*:,l( @²68*	M°B 1 *�¥®N[<	9%4C*	,5M:* ï ©ª4G(%M½>5*:BGBóÃ�á§â8â : ñ�» 0 *	#
*	,)Sº@',l(+#¸,5*d#;$8,l(ÀNA@'#¸D5*:#ªN59%$8·'9+@'UhUp*	#ªUp@'4G#:Ã�.éB 1 <�6®4GD5*:,)M:*'ÃE4CBG#ª# 1 @WUp<	BC4C$'9%*:,l(�ST$89£(+*�H
Uh*:,l( @²6'*:M�B 1 *�¥®Ne<:9%4G*:,5M	*"è!¨E$8&5#vNA@'#;#%$8,)#v*:,Â9%*�6®&)*°4GM:4¬(+$8&®( M:*uXY& 1 $8,ÂD5*:Up@',5D)*�.À&5,
N)9%$8·89%@'UhUp*�Ne$8&59hX-& 1 4GBIN5&)4C#%#;*¸Ý�(+9%*ªM:$8,)#%4CD)<:9%<¸M:$8UhUp*�&5,é#;�-#;(%¼:Uh*ÀD 1 @'N5N59;*:,l(+4G#%#+@W·8*
@W9;(+47ÆAM:4G*:B[4C,5D5&)M	(+47Sm»

Ït���k�;� ¦¤������¹0º»��¹k���k�0�����e�Ê�7ª��V�5�e� ���0���-�S���k�k�Ê�V�������s���������-�5�e�5�^�¼�-É
0 *\D5$8Up@'4G,5*ªD)*\B 1 @'N5N59;*:,l(+4G#%#+@W·8*À@'9£(+47ÆAM:4G*:BI@|&5,5*\BC$',5·8&5*ª>54C#£(+$84G9%*'Ã�*	(uM:$8&)6-9;*\&5,

M½>5@'UpN D5*�N5BG&5#!*:,hN5BG&5#"6W@'#;(%*I@W&hST&59!*�(�.�Uh*:#;&59%*]D)*EB 1 @WUp<	BC4C$'9+@W(%4C$8,�D5*�#%*	#�M	$8,5M	*:N)(%#Ï*�(
D)*P#%*	#K(+*	M½>5,54CXY&5*	# ï ©ª47(+M½>5*	BCBëÃ�á²â8â : Ü[=?$89;,-&)<m�;$8BG#�ö�©ª4CM	BC*�(²Ã
�'h^hZ�'ñ�»[¨I$8&5#I,5$8&5#K9%*:#£(+9;*:47H
·',5$8,5#z4GM:4".uB 1 þ��Z�eÉ+Í�ÿAÈ"�CÇ½Ç:þ��-Í�Ç76]<Ìó��]IT�"?:ÊAÍ�Ç�Ê��AÍ�É=&��CÇ�8�ÃÑN5BG&5#zN59%<	M:4G#%<:Uh*:,l(�.uB 1 �×ÿ��'ÊAË�È>�ç�¹ÿ ô
�)þ'É�È"�×Éf�7. Í;8®Í�<���ICÍ½Ç�ÃADA@W,5#KBG*�M:@'#x$^[ÀB 1 $',ªD54G#%Ne$8#%*�D 1 &5,5*ªË��¹ÿAÿeþ'�CÇ½Ç:þ'ÿÑË½ÍvÍ;8E��IT�óË��×ÈRÍ´�'ÊÔ���F<
<hþ'�×ÿÑÍ�Ã�XY&54Ï*:#;(P&5, Í½Ç9�)þ-Ë½Í Ç�ÈëÉ�ÊAË�ÈëÊ-É
8�»!¨I$8&)#/D5<�(½@'4GBCBC$',5#�D5@',5#/M	*uXY&54�#;&54G(�M:*uXY&5*�M	*:BC@
#;4C·8,)4GÆA*W»

=?*�(%(+*KUV@',)4C¼:9;*ID)*KM:$',5#%4GD5<:9;*:9?B 1 @WN5N59%*	,l(+4C#;#+@'·'*x@'9£(+4GÆ5M:4C*	BÌ9%*:Uh$8,l(+*I@'&uUh$84G,5#?.�B¶@
ÆA,
D)*:#]@',),5<:*	#]ã^h)Ã®@'&uM	$8UpUh*:,)M:*:Uh*:,l(?D5*xB 1c� ·8*ED 1 $89?D)*xB 1 4C,l(+*	BCBG4C·8*	,5M:*�@'9£(+47ÆAM:4G*:BCBG*ÏÄm#£�®U/µ[$WH
BG4CXY&5*�Å½Ã)M	*:BGBC*xXY&54qM½>5*	9%M½>A@W4G(I.PUp$-D5<	BC4C#;*:9�BG*:#]N59;$®M	*:#;#%&5#EN5#;�-M½>5$'BC$8·84GXY&5*:#]>Y&5Up@'4C,)#]NA@'9]BC*
µ)4¶@'4G#zD5*v(+*:M½>),54CXY&5*	#/D5*°É+Í9�eÉ�8½Ç§Í�ÿAÈóþ'È"�ç�¹ÿ �-Í½ÇuË��¹ÿAÿeþ'�CÇ½Ç:þ'ÿÑË½Í½Ç�»qæx,öM:47(+* #%$8&®68*:,l(/M:$8UhUp*
N)4C$8,5,)4C*:9V*:, B¶@¿UV@¹(+4C¼	9%*ÀBG*\N59%$'·89+@'UhUh*°Äm¢I9%M½>®ÅÁD)* Ø 4G,5#;(%$8, ïTØ 4G,5#;(%$8,tÃzá§â8â ù ñ�Ã�XY&54
D5@W(+*vD5* M	*	(%(%*v<:Ne$®XY&5*�OtBG*v#;�-#;(%¼:Uh* M½>5*:9;M½>A@'4G(�.�@'N)N59%*	,5D59%* BC@uD5<	ÆA,)4G(+4G$8,\D5&ÁM:$',5M:*	N)(
D 1 Äm@'9%M½>5*	#£ÅPM:$8,5#£(+9;&54G(%*:#zDA@',)#z&5,ÁUp$8,)D5*PD5*vµ5BG$®M	#:Ãq.uN5@'9;(%4C9KD 1 *�¥)*	UpN)BC*:#z*�(
D5*vM:$',Y(%9%*�H
*�¥®*:UhN5BC*	#EN)9%<:#;*:,l(+<	#K#;$8&5#�B¶@PST$89;Up*xD)*hÉ
8½Ç§Í%þ'Ê�8pÇ�8�<hþ'ÿAÈ>�"?:ÊAÍ½Ç�»

¡ $8&59!9%*	N59%<	#%*	,Y(%*:9¬BC*?#%M:<	,A@'9;4C$zM:BC@'#%#;4CXY&5*]D5*?B 1 @'N5N59;*:,l(+4G#%#+@W·8*�NA@'9�4C,5D5&)M	(+4G$8,tÃ8=?$89%,Y&5*�H
�;$'BC#z*	(/©ª4GM:BG*	( ï =?$'9%,Y&5<m�;$'BC#Jö ©ª4GM:BC*�(²Ã+�èh^hZ�8ñKN59;$8Ne$8#%*	,Y(�&5,ö#%M½>5<	UV@�XY&5*h,5$8&5#�9%*	N59%$WH
D)&54C#;$8,5# ï BG<:·8¼	9%*:Uh*:,l(�Uh$®D)4GÆA<²ñÏ*:, ß 4C·'&59%* ô »7á8»

J �LKPú M ���a�1N ü(N���� χ O'�� 	*��#�� P������ ���S'��)
�#���P�!
Dχ Q�R MûÿLS"þ NUT

VXWYW M5N��Yÿ-���(Z h(x, α)

x1, x2, ..., xm

Sm = (x1, u1), (x2, u2), ..., (xm, um)

xn, xo, ... yn, yo, ...

.j/�132 ô »7áå4Ö#%M	<:,A@W9%4C$¾ST$8,5DA@WUp*	,Y(+@'BzD5*öB 1 4C,5D)&5M	(%4C$8, ï D 1 @WN59%¼	# ï =?$89%,Y&5<R�;$8BC#xöÕ©ª4GM:BC*�(²Ã
�èh^hZ�8ñ;ñ
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¤E*	N59%*	,5$8,5#"*	,vD5<	(+@'4CB-BC*	#"M:$'UpNe$8#+@W,Y(%#�D5*?M:*]#%M½>)<:Up@)Ã'Ne$8&59�<:,Y&5Uh<:9%*	9!M:*�XY&54®#%Ne<:M	4GÆA*
&5,°N59%$'µ5BC¼	Up*zD 1 @'N5N)9%*:,l(%4C#%#%@'·8*�@'9£(+4GÆ5M:4C*	Bt4C,)D5&5M	(%4GS�O

4 0 *:#æ���¹ÿAÿ�8½Í½Ça�7. þ��Z�eÉ+Í�ÿAÈ>�CÇ½Ç:þ��-Í x1, x2, ..., xn ∈ χ #%$8,l(�(+4G9%<	*:#°@'BC<:@W(+$'4C9%*	Up*	,l(
D5*\B 1 *	,l6®4G9%$8,),5*:Uh*:,l( χ #%*:BG$8,ê&5,5*\D)4C#;(%9%4Gµ5&)(+4G$8, Dχ

ÃÏÆ)¥®*Á@'&ìM:$8&59;#�D5&Ö(+*	UpN)#:Ã
#;&59vB 1 *:#;NA@'M:*�D 1 *:,l(%9%<:* χ » 2 ,|ÄR$89+@WM:BC*�Åp<	(+4GXY&5*	(;(+*�M:*	# D5$8,5,5<	*:# *:,Â&)(%4CBG4C#+@W,Y(/&5,5*ST$8,)M	(+4G$8, f ∈ F OANe$8&59�(%$8&)( i = 1, ..., n, ui = f(xi)

»
4 0 @ìË��"óMICÍ°D)*ªB 1 @'N)N59%*	,Y(%4C#;#+@'·8*°*:#£(VBC@ÀST$8,5M	(%4C$8, f »¬¢ D5<�Sº@'&)(pD5*ª(%9%$8&)6'*:9h*�¥)@'M�(+*�H
Uh*:,l( f ÃlB 1 @'N)N59%*	,A@',l(¬M½>5*:9;M½>5*I.
*	,h$8µ)(+*	,54C9!&),5*E@'N5N59;$§¥®4GUV@W(%4C$8, h » ¡ $8&59!Ne$8&)6'$84C9M½>5*	9%M½>5*	9VM	*	(%(%*ªM	4Cµ5BG*'Ã"4GB?Sº@'&)(h*	,øÆ)¥®*:9h&5,5*ÁÉ+Í9�eÉ
8½Ç§Í�ÿAÈÒþ'È"�ç�¹ÿêDA@',)#h&), Í½Ç9�)þ-Ë½ÍÎ�-Í
É+Í½Ë��AÍ�É+Ë��AÍ�»

4 0!1 @'N5N59;*:,A@',l(ÏD54C#;N[$'#%*ED5* Ë��¹ÿAÿeþ'�CÇ½Ç:þ'ÿÑË½Í½Ç��×ÿ$�×È>�ºþ'ICÍ½Ç�Ãl4G,5,5<	*:#�$8&pN)9%$§68*	,A@',l(�D 1 @'M	X-&)47H
#;4G(+4G$8,5#�N59%<:@'B¶@Wµ5BC*	#:Ã�,5$'(%<:*:# α #;&59PBC*h#%M½>)<:Up@dO�M	*:#PM	$8,5,A@W4C#%#%@',5M	*:#PNe*:&)6'*:,l( Ý	(%9%*
D5*pD54G6'*:9;#%*:#/,A@W(+&)9%*:#	Ã�Up@'4G#�$',|N[*	&)(/�\Sº@W4C9%* ÆA·8&)9%*:9�B 1 *:#;NA@'M:*pD5* ST$8,5M	(%4C$8,)# H .
B 1 4G,Y(%<:9;4C*:&)9�D)&5XY&5*:B h *	#;(P9;*:M½>5*	9%M½>5<ÁO�M 1 *:#£(vBC* Sº@'Uh*:&®¥sóM�ºþ'�CÇV#+@',5#/BC*:XY&5*	B?@W&5M:&5,
@'N)N59%*	,Y(%4C#;#+@'·8*
, 1 *:#£(KNe$8#;#%4Cµ)BC*'»Aæz,�, 1 @ NA@'#�,5<:M	*:#;#+@'4G9%*:Uh*:,l( f ∈ H »

­®&59�BC*Á#%M½>)<:Up@)Ã�$8, 6'$84G(ª@'&)#%#%4
BG*:# ���¹ÿAÿ�8½Í½ÇR�-ÍÁÈRÍ½Ç�È xn, xo, ...
Ã]*:,bN59%4G,5M:4GN[*\D547S¶H

ST<:9;*:,l(+*	#xD5*	#ID5$',5,5<:*	#xD 1 @'N5N59;*:,l(+4G#%#%@'·8*'ÃÌUp@'4C#�N59;$§68*:,5@',l(xD5&ªUpÝ	Up*
*:,l6-4C9;$8,5,5*	Up*	,l( χ Ã@'&®¥®XY&5*	BCBC*	#"B 1 @'N5N)9%*:,5@',l(!D5$847(!@W(;(+9%4Gµ5&5*	9�BC&)47HRUhÝ:Uh*!&5,5*]<�(+4GX-&)*	(%(%* yi = h(xi)
»8©¸@'4G#�Ne$8&59

D5<�ÆA,54C9�9%4G·8$8&59;*:&5#;*:Uh*:,l("&),O<O�M��0�ICÍ��7. þ��Z�eÉ½Í�ÿAÈ"�CÇ½Ç:þ��-Í�Ã²4GB-Up@',5XY&5*�*:,)M:$89;*?BC*	#�M	$8UpNe$8#%@',l(+#
#%&)4G6W@',l(+# ï XY&54q,)*�#;$8,l(KN5@'#�6-4C#%4Gµ5BC*	#]#%&59�BG*z#%M½>5<	UV@lñxO

4 0 *°�eÉ
�¹È9�§Ë��]ICÍx#;&54G6-4ÑBG$89%#ÏD5*xB 1 @'N)N59%*	,Y(%4C#;#+@'·8*K9%<:·'4G(�*	,�NA@'9£(+4CM	&5BC4G*:9¬B 1 8�&'�]I Ê-È>�ç�¹ÿ°ÈmÍ�<æ<
�$�¹É+Í�I�ICÍVD5&|#;�-#£(+¼:Uh*ÀO�M:$8UhUh*:,l(/#;$8,l(/ST$8&)9%,54G*:#/BG*:#�D5$8,5,)<:*:#vD 1 @'N)N59%*	,Y(%4C#;#+@'·8*p*	(
BG*:#KD)$8,5,5<	*:#xD5*�(+*	#;( ï (+$8&®(+*:#I*:,ÀUhÝ:Uh*
(+*:UhN5#E$8&ÀB 1 &5,)*/@'N)9%¼:#IB 1 @'&)(%9%*'»7»7»õñ�Ã[.pX-&)*:B
Uh$8Uh*:,l(](+*	#;(+*�HÒ(£HR$8,�BC*	#�9%<:Ne$8,5#;*:#�D5*
B 1 @'N5N)9%*:,5@',l(�#

4 0 *�D54C#;N[$8#;4G(%4GS�D5$847(K@W&5#%#;4�Ý�(+9;*�UP&),54�D 1 &),¾Ë�É=�×ÈH0�É+Í\�7. þ'É�É[��È]*	(��W$8&¸D 1 &5,)*/�eÉ
�§Ë�8A�'Ê-É½Í
�7.18�&¹þ'I Ê)þ'È>�ç�¹ÿ¸N[*	9%Uh*	(%(+@',l(]D 1 <	(+@'µ5BC4G9�BC*KD54¶@'·',5$8#;(%4CMxD)*z#%&5M	M:¼:#I$8&�D 1 <:M½>5*	M/D5*zB 1 @WN®H
N59;*:,l(+4G#%#%@'·8*'»

2 ,5*vD5*	#zN59%*	Up4G¼:9;*:#z4CD)<:*:#KX-&)*hB 1 $',ÀN[*	&)(�@²68$84G9xNe$8&59zD5<�ÆA,54C9K&5,ö@'N5N59;*:,A@',l(
*	#;(
D5*
Uh4CUh*:9PB 1 @'N)N59%*	,Y(%4C#;#+@'·8*uÄmN5@'9vM:$-*:&59mÅ�*:,øUp<	Up$'9%4C#%@',l(v#%4GUpN)BC*:Uh*:,l( BG*:# D5$8,5,)<:*:#pD 1 @'N®H
N59;*:,l(+4G#%#+@W·8*z@'&VST&)9Ï*�(�.�Uh*:#;&59%*IX-& 1 *	BCBC*	#?#;$8,l(�ST$8&59;,54C*	#:»)=?*	(%(%*I(%*:M½>5,54GXY&5*'Ã5M	$8,5,Y&5*x#;$8&5#
BC*?,5$8U D)*ÏÄmUh*:Uh$89;�lHRµ5@'#%*	DvBC*²@W9%,54G,5·WÅÏ*:#£(¬Up4G#%*�*	,h$-*:&®6®9;*�DA@',5#!M	*:9;(+@'4C,)#!#;�-#;(%¼:Uh*:#¬$8Ne<�H
9+@¹(+4C$',5,5*:BG#:Ã¹�PM:$'UpN59;4C#"D5@',5#!BC*?D5$8Up@'4C,5*ÏBC4G,5·8&54G#;(+4GXY&5* ïºL @'*:BG*:Up@',5#	ÃZ�'h^h ù ñ�» 0 *	#!D5$8,5,)<:*:#
D5*v(+*	#;(�#%$',Y(�@'BG$89%#K*:,ö·8<:,5<	9+@'B�<	(+4GXY&5*	(%<:*:#�NA@'9zB 1 @WN5N59%*	,A@',l(
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Í�È°8ç�lþ'IFô G �)þ'É�È9�¹Ê®È�Ç:þ'Ê����$�¹Ê-É/Ê-ÿöÿ��]<Ìó:É+ÍeV¬ÿ$�(�-Í5&¹þ'ICÍ�Ê®É+Ç´�-Í i ∈ N
�¹Ê&þIË½Í´?:Ê��

É+Í�&��óÍ�ÿAÈ]þ'Êx<���<VÍgþ!Ç�� ∃n0 ∈ N
ÈRÍ�IF?:ÊÌÍÈ�$�¹Ê-É�È9�¹Ê-È i ≥ n0

þ Gi
Í�È���8CV¬ÿ$�?Í�È°8ç�lþ'I7ô

G Dk b�ÿa�'�×È(?:ÊAÍ φ wyxex tnr;o0zÔI7þ�Ë�I7þ¹Ç½Ç§Í G �)þ'É�Í;8®Í�<���ICÍ½Ç(�$�§Ç��×È"� �+ÇKÇ����$�¹Ê®ÉxÈ9�¹Ê-È(I7þ'ÿ��lþ��-Í
L �-Í L(G) = {L(G)|G ∈ G} Í�È¢�$�¹Ê®É È9�¹Ê®ÈRÍPÇ�8A?:ÊAÍ�ÿÑË½Í 〈si〉i∈N

?:Ê��°8�ÿAÊ�<O0�É½Í L þË$. Í½Ç�È�<Yô)<Y�'�×É½Í/ÈRÍ�I�ICÍÒ?:ÊAÍ {si|i ∈ N} = L þ���I!Í;8^�CÇ�ÈmÍ G ∈ G ÈRÍ�I�ICÍÒ?:ÊAÍ L = L(G) Í�È
φ Ë��¹ÿ$&'Í�É>�-Í�&'Í�É½Ç G Ç�Ê-É 〈si〉i∈N

Dk G Í½Ç�È wyxex t{r;o we|c} rVÇ$. ��I�Í;8^�CÇ�ÈmÍzÊ®ÿÑÍe�;�¹ÿÑË�È"�ç�¹ÿ φ Ë%þ'ICË�Ê�I7þZóMICÍJ?:Ê���þ��Z�eÉ+Í�ÿ�� G D
0 *pN59%*	Up4G*:9
Ne$84C,l(�D5*uM:*�(%(%*VD5<�ÆA,54G(%4C$8,öÆ)¥®*uBC*hN59;$'(+$-M:$8BG*p*�(PBG*pM	9%4G(%¼:9;*pD 1 @'9;9%Ý	(:» 0 *

(+*	UpN)#?*:#£(�4GUpN5BG4CM	4G(+*	Up*	,l(!D54C#;M:9;<	(+4G#%<INA@'9
N
*�(�B 1 @'N5N)9%*:,5@',l(²Ã-9%*:N)9%<:#;*:,l(+<zN5@'9ÏBC@�ST$8,)M	(+4G$8,

φ Ã�9%*	à:$847(u&5,)*À,5$8&)6'*:BGBC*¸D)$8,5,5<	* si

ï M 1 *	#;(;HR.¹HRD)4C9%*ª&5,5*ÀN)>59+@'#;*'ÃÏ&5,ê<:,5$',5M:<²ñV.dM½>A@'XY&5*
&5,547(+< D5* (+*	UpN5# i »�¢ M½>A@WX-&)*p9;<:M:*	N)(+4G$8,tÃ�4CB�# 1 @'µ5#;(%4C*	,Y(�$8&ÁST$89%U/&5BC*v&5,)*p>l�-N[$W(+>5¼	#%* Giï XY&54?*:#;(P&5,5*�·89%@'UpUp@'4G9%*§ñ�Ãq*:,|(%*:,A@',l(vM	$8UhN)(+*uD)*V(+$8&®(+*:#vBG*:#PD)$8,5,5<	*:#vXY& 1 4CB�@ª9%*:à	&5*:#
�;&5#;X-& 1 .EN59%<	#%*:,l(?O Gi = φ(〈s0, ..., si〉)

» 0 *�ÄmM	9%47(+¼:9;*¬D 1 @W9%9%Ý�(;Å¬*	#;(:Ã¹*	,/B 1 $-M:M	&59%9;*:,5M	*'ÃÓ&5,�N[*	&
NA@'9£(+4GM:&5BG4C*:9EN5&54G#%XY&5*WÃ®�;&5#;(%*:Uh*:,l(²Ãt4GB�, 1 4GUpNe$8#%*�NA@'#zD 1 @'9;9%Ý	(xD5<	ÆA,)4G(+47S¬*	(
# 1 4G,5#%N54G9%*PN)BC&)(A@'(
D5*°B¶@\,5$'(%4C$8,ÂD5*uÄmBG4CUh4G(%*�Åh*:,øUV@¹(+>5<	UV@W(%4CXY&5*	#:»!«!,é$'µ5#%*	9;6W@',l(VBG*:# #%$'9;(+4G*:# #%&)M:M:*	#%#;4G68*	#
G0, G1, G2, ... D5* φ Ãe$8,À,)*P#+@'47(¬�%@WUV@'4G#�#%4�&),5*�Äm·'9+@'UhUV@W4C9%*KBC4CUh4G(%*�Åx*:#;(z@W(%(%*:4C,l(%*/$8&,5$8,Ñ»qFz$8BCDªUp*�(%(½@W4G(I*:,Á@²6W@',l(zB 1 @'N5N59;*:,l(+4G#%#%@'·8*�ÄÒ(+$8&)(x@'&ÀBG$8,5·uD5*/B¶@h6-4G*�Å�N[$'&59��;&5#£(+4GÆ5*:9
M:*�(%(%*pD5<�ÆA,547(+4C$',t» ¡ *	9%#;$8,5,5*WÃ�*	,c*�åÑ*�(²Ã�,5* N[*	&)(�N59%<�(+*	,5D59%*pXY&5*p#%@°N)9%$8N59;* M:$8UhN[<�(+*	,5M:*
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Ne$84C,l(�*	#;(EBC*VË�É=�×È90�É½Í\�-ÍzÇ�ÊAË½Ë�0½Ç�»5QRBq*	#;(E4CUhN[$'9;(½@W,Y(�D5*
9%*:Up@'9;X-&)*:9�XY& 1 4GB
Ne$89;(%*c,5$',b#;&59¸&5,)*c·89%@'UhUV@'4G9%*ÀN5@'9;(%4CM:&)BC4C¼	9%*ÀUp@'4G#°#;&59°&5,5*êË�I7þ¹Ç½Ç§Íæ�-Íx�'É;þ'<f<hþ'�×É+Í½Ç�»
0!1 @WN5N59%*	,A@',l(h, 1 *:#;( N5@'#v#%Ne<:M	4¶@'BG4C#;(%*uDA@',)#vB 1 @'N5N59;*:,l(+4G#%#+@W·8*uD 1 &5,5*�·89%@'UpUp@'4G9%*hNA@'9;(%4CM	&®H
BC4G¼:9;*'Ã8Up@'4C#�4CB5Ne*:&)(�@WN5N59%*	,5D59;*E(%$8&)(+*	#¬M:*:BGBC*	#¬@'N5NA@'9£(+*	,A@',l(Ï.�&5,)*EM	*:9£(½@'4G,5*�Sº@'Uh4CBCBG*'»W= 1 *:#;(
<	6-4GD5*:UhUp*	,l(¬&5, N[$84G,l(!M:9;&5M:4C@'B5Ne$8&59!B¶@xM	9%<	D54Cµ54GBC47(+<�N5#;�-M½>5$8BG$8·84GX-&)*ED)&hUh$-D5¼:BG*'» 2 , µ[<	µ[<
>Y&5Up@'4C,�*:#£(KM:@'NA@'µ)BC*
D 1 @'N5N59;*:,5D59;*�, 1 4GUpNe$89;(%*zB¶@'XY&5*	BCBG*xD5*:#EXY&5*:BGXY&5* ù h^h^hvBC@',5·8&5*	#�,A@¹H
(+&)9%*:BGBC*	#/4CD)*:,l(+47ÆA<:*	#vDA@',5#PBG*VUh$8,5D5*WÃ�Ne$8&59£6®&¿XY& 1 4CBÏ#%$847(PUh4C#�DA@',5#v&),¿*:,l6-4C9%$',5,5*:Uh*:,l(
@'DA@WN)(+<W»



ô Q é¢ê ¦�ëe­M¥F¯!©A@�íÎ¨CB ¦�ë�ëe¯!©eîÒ¥7­Y«�«¸¦¥£È©ED ¦�¯!¥7­1FW­ é ­H©e¨7G�©�¥{«�ïÈîv¨B¦�î¤£�¦¥£!©
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$'BCD
,5*�9%*:XY&54G*:9£(�NA@W#�BC@�D)<	ÆA,547(+4G$8,
D 1 &),5*

D)4C#;(%9%4Gµ5&)(+4G$8,/D)*]N59%$8µ5@'µ54CBG4G(%<Ï#;&59¬BC*:#�D5$8,5,5<	*:#!ST$8&59;,54C*	#!.xB 1 @'N5N)9%*:,5@',l(qÜ84CB®D5*:Up@',5D)*��;&5#;(%*
XY&5*?B 1 @'BC·8$'9%4G(%>5Uh*"#%*ÏM:$8UhN[$'9;(+*�M:$'9%9%*	M	(%*:Uh*:,l("#;&59�(+$'&)(�<	M½>A@',l(+4GBCBG$8,�D)*?D5$8,),5<:*	#!X-&)4óÃ¹.IBC@
BG4CUh4G(%*'Ã�<:,Y&5Uh¼:9;*�BG*!B¶@',)·l@'·8*�D5*¬M:*	(;(+*¬·89%@'UpUp@'4G9%*'»�¨E$'(+$8,)#�@W&5#%#;4lX-&)*'Ã§M:$'UpUh*!@W(;(+*:,)D5&tÃ§#%4
φ M:$8,l68*	9%·8*�68*	9%#¬&5,5*�·89%@'UhUV@'4G9%*�XY&545, 1 *:#£(ÏN5@'#¬B¶@KUhÝ:Uh*�XY&5*�B¶@x·89%@'UhUV@'4G9%*�M:4Gµ5BC*WÃ'Up@'4C#·'<:,5¼	9%*h*�¥)@'M	(%*:Uh*:,l(PBG* UpÝ	Up* B¶@W,5·l@'·8*WÃtB 1 @'N5N)9%*:,l(%4C#%#%@'·8*h*:#£(/&5,c#%&5M	M:¼	#:»"¨E$8&5#
68*	9%9%$',5#
N)BC&5#pBC$84G,øM	$8UpUh*:,l(V<	6-4G(%*:9VD 1 @²68$'4C9u.c9%<²@WBC4C#;*:9hD5*:#V$8N[<	9+@W(%4C$8,)#V4C,)D5<:M	4CDA@'µ)BC*:#	Ã¬M:$8UhUp*
D)*ª(+*	#;(%*:9uB 1 4G,5M:BG&5#%4G$8,ø*	,l(+9%*¸B¶@',5·8@'·8*:#p@'BG·8<:µ59;4CXY&5*	#:»Ï«¬,ê*�åÑ*�(²Ã�BC*ªD5*:9;,54C*	9VNe$84C,l(pD5*¸BC@
D)<	ÆA,547(+4G$8,�#;(%4CN5&5BG*zXY&5*�B 1 @WN5N59%*	,A@',l(�D5$847(�Ý	(%9%*
&5,°N59%$8·'9+@'UhUp*W»

Ït���k��Ï ~Ö���S�5�����{�������-�k���S�-ÎB�5�����¥�-�0���H�����¼�������-��ºÂ���¼���
L @W,5#�#%$8, @'9£(+4GM:BC*°ST$8,5DA@¹(+*:&)9uD5*¿á§â8ã : Ã]Fz$8BCDø,5*\#%*\M	$8,l(+*	,Y(+@'4G(�N5@'#uD5*\N59;$8Ne$8#%*	9

#;$8,°Up$-D5¼:BG*zD 1 @'N5N59;*:,l(+4G#%#+@W·8* : ÜA4CBtD)<:Uh$8,l(+9+@W4G(�@'&)#%#%4�BG*:#�N59%*	Up4G*:9;#�(%>5<:$'9%¼:Uh*:#E@'&)X-&)*:B�4CB
D)$8,5,A@'47(�BC4G*:&t» 0 *�N5BC&5#�4GUpNe$89;(+@',l(qNe$8&59�,5$8&5#�*:#£(�Up@'BC>)*:&59;*:&5#;*:Uh*:,l(�&5,/9;<:#%&)BG(½@¹(�,)<:·l@W(%4GSm»
QRB!#£(+4GN5&5BC* XY&5* (+$8&®(�*	,5#%*	UPµ5BG*pD5*h·89%@'UpUp@'4G9%*:#KM²@'NA@Wµ5BC* D5* ·8<	,5<:9;*:9VÈ9�¹ÊlÇÌICÍ½ÇÌI7þ'ÿ��lþ��-Í½Ç
V¬ÿ$�CÇ�Í�È
þ'Ê <O�]�×ÿ)ÇhÊ®ÿ I7þ'ÿ��lþ��-ÍK�×ÿ;V¬ÿ$�x*:#£(P,5$8,Â@WN5N59%*	,A@'µ5BG*u.°B¶@ªBG4CUh4G(%*vNA@'9/*�¥®*:UhN5BC*	#
Ne$8#;4G(+47ST#:»�«¬#;#+@²�8$',5#VD5*�D5$',5,5*:9hB 1 4C,l(%&54G(%4C$8,c#%$8&5#mHG�%@'M	*:,l(+*ª.\M:*°9%<	#%&5B7(½@W(:Ã"*:,¾#%&5N)N[$8#%@',l(
XY&5*\BC@|M:BC@'#%#;*\D5*\·89+@WUpUp@'4C9;*:#p.¿@'N5N59;*:,5D)9%*Á·8<:,)¼:9%*À(%$8&5#�BG*:#uBC@',5·l@'·'*:#VÆA,)4C#uN5BG&5#�BC*
BC@',5·l@W·8* Σ∗ » * &5*:BGBC*�XY&5*°#%$847( B¶@\#;(%9+@W(%<:·84G*ª@WD5$8N)(%<:*�NA@'9 B 1 @'N5N)9%*:,5@',l(pNe$8&59 4GD5*:,l(+47ÆA*:9
&),5*
·89+@'UhUp@'4C9;*KD5*
M:*�(%(%*
Sº@WUp4GBCBC*WÃY*:BCBG*zN[*	&)(EÝ	(%9%*
Up4G#%*x*	,ª<	M½>5*:MW»Ñ«!,°*	å[*	(Y��O
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�;&5#%XY& 1 .VN59;<:#%*	,l(vO[M	*	(;(+*/#£(+9%@W(+<	·84C*�<:M½>5$'&5*:9%@p(+$8&Ó�;$8&59%#K.p4GD5*:,l(+47ÆA*:9EB¶@ ·89%@'UpUp@'4G9%*
·8<:,5<	9+@',l( Σ∗ *	(I.vM:$8,l68*	9%·8*	9I6'*:9%#E*:BGBC*"Ü
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*:,Á#;$8UpUh*:#KD5$8,5MP(%*:,Y&ö.uM:*vUh$®D5¼	BC*WÃ[XY&54"# 1 *	#;(�@²68<	9%< #%&)Þh#%@'UpUh*:,l(
#;$8&5N5BG*PN[$'&59xÝ	(%9%*
Sº@'M	4CBC*	Up*	,l(E@'DA@'N)(+@'µ5BG*
@'&°(R�-Ne*�D)*�D)$8,5,5<	*:#K#£�-,Y(+@¹¥®4CM	$WHR#;<:Up@',l(+4CXY&5*	#ID)$8,l(I,)$8&5#I@§6-4G$8,5#
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0 *pM:9;4G(+¼	9%*hD 1 @'N5N59;*:,A@'µ)4CBC47(+<PÄ£.°B¶@�BC4CUh4G(%*�ÅPD5*�Fz$8BCDö4CUhNe$8#%*hB 1 *�¥®4C#£(+*	,5M:*pD 1 &),Â@'BC·8$¹H
9%47(+>5Uh*hD 1 @WN5N59%*	,l(+4C#;#+@'·'*�UV@'4G#�D)4G(PNe*:&dD5*uM½>5$8#;*:# #%&)9P#%$8,cST$8,5M	(%4C$8,),5*:Uh*:,l(²»�¢�6'*:M�BG*:#
M:$',5D54G(%4C$8,)#�,)<:M:*	#%#%@'4C9;*:#/*�(=�W$'&c#;&)Þh#+@',l(+*	#PD5*hB¶@ ß 4G·8&59%* ô »��®Ãq4GB!*:#;(�UhÝ:Uh*vN[$8#;#%4Gµ5BC* D5*
D5<	Up$8,l(%9%*:9hB 1 @'N5N)9%*:,5@'µ54CBG4G(%<VD 1 &5,5*ªM:B¶@W#%#%*�D5*°·89%@'UpUp@'4G9%*:#/#+@',5#h*�¥®>54Gµ[*	9pNe$8&59h@'&®(½@',l(
&5,ö@'BG·8$89%47(+>5Uh*�D 1 @WN5N59%*	,l(+4C#;#+@'·'*'»�=?*:&-¥ÁD5<:M	9%47(+#zNA@'9�Fz$8BGDÀDA@',5#z#;$8,ö@'9;(%4CM	BC*/ST$8,)DA@W(+*	&59
N59;$®M	<:DA@'4G*:,l(h.À&5,5*�<	,-&)Up<	9+@W(%4C$8,|*�¥®>A@'&5#£(+4G6'*�D5*�B¶@¸M	B¶@'#;#%*�.\@'N5N)9%*:,)D59%*"Ü!M	*�(R�®Ne*�D5*
#;(%9+@W(%<:·84G*p, 1 *	#;(P<�6-4CD5*	UpUh*:,l(�,54¬*	ÞhM²@WM:*u,54!(%9%¼:#�Ne*:9;(%4C,5*	,l(/D 1 &5,|Ne$84G,Y(�D5* 6-&5*VM	$8·8,54îH
(+47Sm» 0!1 @'BC·8$'9%4G(%>5Uh*�Äm·'<:,5<	9%4CXY&5*�ÅzD 1 ¢K,)·8BC&54G,�N[$'&59]B 1 @'N5N59;*:,l(+4G#%#%@'·8*zNA@'9]*�¥®*:UhN5BC*	#ENe$8#;4G(+47ST#
*:#£(�D5<R�%.|,5*	(;(+*:Uh*:,l(VN5BC&5#V4C,l(+<	9%*:#;#+@',l(:» L *	N5&54C#	Ã?BG*:#p(%9+@²6W@'&®¥éD5*Á©ª47(+M½>5*	BCB ï ©ª4GM½>A@'BG#%¦Y4
*	(�@'Bó»7Ãtá§â Q ãlñ?$8,l(I@'&5#%#;4�M:$8,l(+9;4Cµ5&)<�. 9%*	M:$8,)#%4CD)<:9%*	9IB 1 @WN5N59%*	,l(+4C#;#+@'·'*
@'&)(+$'UV@W(%4CXY&5*z#£�®UvH
µe$8BC4GX-&)*hM	$8UhUp* &5,cN59%$8µ)BC¼:Uh* D5*h9%*:M½>)*:9%M½>)*�DA@',5#�&5,d*	#%NA@WM:*u#£(+9%&)M	(+&)9%<'»�¨I$'&5#/@WBCBC$',5#
68$'4C9"DA@W,5#¬M:*	(;(+*]NA@W9;(+4G*�M:$'UpUh*:,l("(%4C9%*	9�NA@W9;(+4)D5*]M:$8,),A@'4C#;#+@',)M:*:#¬#;&59!B¶@K#£(+9;&5M	(%&59%*�D5*]B 1 *	#£H
NA@'M	* D5* 9%*:M½>)*:9%M½>)*VNe$8&59zM:$',5#;(%9%&54G9%* D5*:#�@'BG·8$89;4G(+>)Up*	#KD 1 @'N5N59;*:,l(+4G#%#%@'·8*h@'&5#;#%4¬*	ÞhM²@WM:*:#
XY&5*°N[$8#;#%4Gµ5BC*W»!¨I$8&)#hB 1 4GBCBG&5#;(%9%$8,5#�D 1 @'µ[$'9%DÂ*:,¾D5<	(+@'4CB�@§6'*:M°&5,5*°#%$8&)#£HRM	B¶@'#;#%*�D5*	#h·'9+@'UvH
Up@'4C9;*:#�M:@W(+<	·8$89%4G*:BGBC*:#?D5*z(R�®Ne*
¢x± ï ,)$'(+<	*:#IF�=?#�NA@W9]B¶@P#%&)4G(+*²ñ�Ã5D)$8,l(IBG*:#]N59;$8N59;4C<	(%<:#�$8,l(
<	(%< <	(+&)D54C<	*:#
NA@'9
±?&)#%Ô:¦W$§Ð�¦-4�*	( ¡ *:,5, ï ±Ï&5#%Ô	¦'$§Ð�#%¦Y4�ö ¡ *	,5,tÃ¬á§â8â'hlñI*	(
D)$8,l(�B 1 @WN5N59%*�H
,A@'µ)4CBC47(+<�@u<	(%< @',A@'B7�®#;<:*vNA@W9g�
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N)9%4C,)M:4CN5@'&®¥¿9;<:#;&5BG(+@W(+# M:$',5,Y&5#pD)*:N5&54G# #%&59hB 1 @'N5N59;*:,A@Wµ54CBG4G(+<pD5*�M:BC@'#%#;*:# D5*°·89+@'UhUp@'4C9;*:#
M:@W(+<	·8$89;4C*:BGBC*	#:»

Ït���B�;� ÀÃ¨r�Oº»�s�-�����&���¼�5�^�¼�t� ������� �S� ���-�-�-��� �5�����¸ÐÅ���¼���k�-�5���
¨E$8&5#ª@§6'$8,5#ª<	68$-XY&5<dD5@',5#�B¶@ÂNA@'9£(+4C*\N)9%<:M	<:D5*	,l(+*|XY& 1 4CBz<�(½@'47(ªNe$8#;#%4Cµ)BC*\D 1 @'#%#;$®M	4C*	9

@W&®¥cF�=?#�&),|I7þ'ÿ��lþ��-Í XY&54!9;*:,5D5*hUh4C*:&-¥\M:$'UpN)(%* D5* B¶@�,A@W(%&59%*h@'9;µ[$89;*:#;M:*:,l(%*pD5* BG*:&59;#
@W,A@'BG�-#;*:#�#;�-,l(½@¹¥®4CXY&5*	#:»Y= 1 *:#£("M	*?XY&5*?,)$8&5#�Sº@'4C#;$8,5#�4CM:4ë»Ó¨I$8&)#�@'N)N[*	BC$8,5#�(+$'&)(�D 1 @'µe$89;D ý¸GK<
Ç�ÈºÉ�ÊÌË�ÈºÊ-É½Í ïëß ¢ Ne$8&59¬Ä ß $8,5M	(%*:&59mHR¢I9%·8&5Uh*:,l(£Å£ñ!#%&59�&),V68$-M²@'µ)&5B¶@'4G9%* Σ (+$8&)(�@'9%µ)9%*Kµ)4C,A@'4G9%*
D)$8,l(�BG*:#zST*:&)4CBCBG*:#x#;$8,l(�<	(+4GXY&5*	(%<:*:#�NA@'9zD5*	#�<	BC<	Up*	,Y(%#
D5* Σ *	(�D5$8,l(�M½>A@'XY&5*h,5$-*:&5Dc*:#£(
<�(+4GX-&)*	(+<E#%$'4G(�NA@'9

BA
#%$'4G(�NA@'9

FA
» 0!1 *:,5#;*:UPµ)BC*ED5*:# ß ¢EHÒ#;(%9%&5M�(+&59;*:#?#;&59 Σ *:#£(?,5$W(+< ΣF »

¡ $8&59P(%$8&)(+*°F�= G ⊂ Σ × Cat(B) Ã"&5,�Í;8®Í�<���ICÍVÇ�ÈºÉ�ÊÌË�ÈºÊ-É�8°Ne$8&59 G *:#;( &),ø<	BC<:Uh*:,l(
D)* ΣF XY&54z*	#;(°$8µ)(%*:,Y&�.¿NA@'9£(+4G9uD 1 &5, @W9%µ59;*\D 1 @W,A@'BG�-#;*ö#£�-,Y(+@¹¥®4CXY&5*öN59%$-D5&547(�NA@'9 GNe$8&59 &5,)*°N)>59+@'#;* w ∈ L(G) Ã!*:,¾*	åÑ@'à:@',l(VDA@W,5# M:*	(V@'9;µ59%*�(+$'&)(+*	#hBG*:# M²@¹(+<:·'$89%4G*:# D5*
Cat(B) »e«¬,®ÆA,tÃÌN[$'&59](+$8&)(%*�F�= G ÃÌBC*fI7þ'ÿ��lþ��-ÍJ�-Í½ÇzÇ�ÈëÉ�ÊAË�ÈëÊ-É+Í½ÇPD5* G ÃA,5$'(%< FL(G) *:#;(B 1 *	,5#%*	UPµ5BG*�D5*�#%*	#K*�¥)*	UpN)BC*:#I#;(%9%&5M�(+&59;<:#:» 0 @ ß 4G·8&59;* ô » JhN59%<	#%*:,l(%*PD5*:&-¥ ß ¢EHÒ#;(+9;&5M	(%&59%*	#
<	BC<	Up*	,Y(%#"D5&vBC@',5·l@'·'*?D5*�#£(+9;&5M	(%&59%*	#�D)*�B¶@K·'9+@'UhUV@W4C9%*¬D5<�ÆA,54G*�DA@',5#�B 1 «"¥®*	UpN5BG*Ká8ÃWNA@'9£(+4C*
J®»Gá8»3J ï *	,¸M½>5$84G#%4G#%#+@W,Y(ENe$8&59?Äm&),®ÅzBC@ M:@W(+<	·8$89;4C* (S/(T\S))/NC ÃAM	$8UhUp*Ï�;&5#£(+47ÆA<
NA@'9]B¶@M	$8UhN[$8#;4G(%4C$8,5,5@'BC47(+<�*:,°NA@'9£(+4C*
J®» J)»7áÓñ�»

BA

ä'*²@', D5$89£(

FA

FA

&), M½>5@W(

D5$89;(

.0/�132 ô »3J«4VD5*	&®¥ ß ¢�HR#£(+9%&)M	(+&)9%*:#�<	BC<:Uh*:,l(%#ED)* FL(G)

¡ @'9+@'BGBC¼	BC*:Uh*:,l(¬@W&hBC@',5·l@W·8*�D5*�#;(%9%&5M�(+&59;*:#	Ã-$',hD)<	ÆA,547(¬&5,5*�9%*	B¶@W(%4C$8,vD 1 $89;D59%*�NA@W9;(+4G*:BGBC*
#;&59�B 1 *	,5#%*	UPµ5BG*?D5*	#"·89+@WUpUp@'4C9;*:#qM:@W(+<	·8$89%4G*:BGBC*:#�·89 � M:*?.KB¶@E,5$'(%4C$8,�D5*IÇ�Ê�ó�Ç�È>�×ÈºÊ-È>�ç�¹ÿA»'­®$847( χ&),u*:,5#;*:UPµ)BC*x4G,)ÆA,54eD5<:,)$8UPµ59%@'µ5BC*ID5*K6W@'9;4¶@'µ5BG*:#¬*	(�#%$847( B = χ∪ {S} » 2 ,5*�Ç�Ê�ó�Ç�È"�×ÈëÊ-È>�ç�¹ÿ*	#;(�&5,5*PST$',5M	(%4C$8, σ : χ −→ Cat(B) XY&54�(%9+@',)#;ST$89;Up*v&5,)*P6'@W9%4¶@Wµ5BC*P*	,Á&5,5* M²@W(%<:·8$'9%4C*W»¡ @'9zM:$',Y6'*:,l(+4G$8,tÃqNe$8&59zD5<�ÆA,54G9z&5,5*v#%&)µ5#;(%4G(+&®(+4C$', σ Ãt$8,ÁD5<	Æ5,54G(z&),54CXY&5*	Up*	,Y(�#%@�6W@'BG*:&59#;&59VBG*:#h<:BG<:Uh*:,l(+#hD5* χ XY& 1 *:BGBC*°Up$-D547ÆA* ï NA@'9hD5<�Sº@'&)(²Ã σ(x) = x ñ�» 2 ,5*¸#;&5µ5#;(%4G(%&)(+4G$8,*	#;(z<�(+*	,5D5&5*PN5@'9KUh$89%N)>54C#;Up*�.V&5,5*�ST$8,5M	(%4C$8,ªD5*

Cat(B) DA@',5# Cat(B) D5*/BC@pUp@',54C¼	9%*#;&54G6W@',l(%*uO ï 4×ñ σ(S) = S Ã ï 4G4×ñ σ(A/B) = σ(A)/σ(B) *	( ï 4C4C4¶ñ σ(A\B) = σ(A)\σ(B)Ne$8&59P(%$8&)( A, B ∈ Cat(B) » L *°UhÝ:Uh*'Ã"&5,)*°#;&5µ5#£(+4G(%&)(+4G$8,ÂN[*	&)(hÝ	(%9%*�<	(%*:,5D5&)*¸.Á&5,5*·'9+@'UhUV@W4C9%*IM²@W(%<:·8$'9%4C*	BCBG*KXY&5*:BGM:$8,)X-&)* G O σ(G) = {〈v, σ(A)〉|〈v, A〉 ∈ G} »
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2 ,5*Ï#%&5µ5#£(+47(+&)(%4C$8, σ *:#£("D547(+*+V(��0�ICÍ?.I&5,5*Ï·89+@WUpUp@'4C9;* G #%4-B¶@�M:$',5D54G(%4C$8,�#%&)4G6W@',l(+*Ï*:#;(

68<	9%47ÆA<:*zO8Ne$8&59�(+$8&)( v ∈ Σ Ã'#%4 〈v, A〉 ∈ G *	( 〈v, B〉 ∈ G *	( A 6= B @WBC$89;# σ(A) 6= σ(B) »­®$847( v B¶@�9%*	B¶@W(%4C$8,pµ54C,A@W4C9%*�#;&59�BC*	#?·89%@'UhUV@'4G9%*	#�D)<	ÆA,54G*xNA@'9IO G1 v G2
#%4[*	(?#%*:&)BC*:Uh*:,l(

#%4-4CBl*�¥®4C#;(%*Ï&),5*?#;&5µ5#;(%4G(%&)(+4G$8, σ ÆAD5¼	BC*Ï. G1
(+*	BCBG*�XY&5* σ(G1) ⊆ G2

» ¡ @'9�&5,5*�#%&5µ5#£(+47(+&)(%4C$8,
ÆAD5¼	BC*WÃ54CB[*:#;(�4GUpNe$8#;#%4Cµ)BC*f�7. Ê-ÿ$� V�Í�É/BG*:#�M:@W(+<	·8$89;4C*:#]D)4C#;(%4C,5M�(+*	#]@Wå[*:M	(%<:*	#I.v&5,�UhÝ:Uh*xUh$'(
ï M	*:BC@x@'&59%@xN[*	&vD 1 4G,5M:4GD5*:,)M:*:#�NA@'9�BC@K#%&)4G(+*ÏM²@'9�M:*	(;(+*],5$W(+4C$',/#%*	9+@x#;&59;(%$8&)(!*	UpN5BG$§�8<:*?DA@',5#
BC*?D5$8Up@'4C,5*?D5*:#�F�=?#]É=�U�'�"�-Í½Ç�Ã'$^[ M½>A@'XY&5*�Uh$'("*	#;(Ï@'#;#%$-M:4C<�.�@W&vN5BC&5#!&),5*]M²@W(%<:·8$'9%4C*²ñ�»'«¬,
9%*�6W@',5M½>5*WÃe&),5*�(%*:BGBC*x#;&5µ5#;(%4G(%&)(+4G$8,�N[*	9%Uh*	(�NA@'9�*�¥)*	UpN)BC*zD5*z(+9%@',5#£ST$89%Uh*:9]&5,)*�M:@W(+<	·8$89;4C*
D5*IµA@'#%*I*:,u&),5*KM:@W(+<	·8$89%4G*�X-&)4óÃ-*:BCBG*'Ãl, 1 *:#£(�N5BG&5#�DA@',5# B » v D)<	ÆA,547(?&),5*K9;*:B¶@¹(+4C$',hD 1 $89;D59%*#%&)9EB 1 *	,5#%*	UPµ5BG* G D5*	#xF�=?#:»

QRB�,)$8&5#PUp@',5XY&5*hXY&5*:BGX-&)*:#PD5*	9%,54G¼:9;*:#PD5<�ÆA,547(+4C$',5#�·'<:,5<	9+@'BG*:#�N[$89£(½@',l(/#%&59�BC*:#/F�=?#:»
2 ,)*/F�=Ö*:#£(�D54G(%*/Ç:þ'ÿ)Ç/Ë%þ'È98ç���¹É��óÍ��×ÿAÊ®È"��ICÍ
#;4Ñ(+$8&®(+*:#�#;*:#�@Wå[*:M�(½@W(%4C$8,5#]D)*zM²@W(%<:·8$89;4C*	#�#%$8,l(
*:UhN5BG$Ó�'<:*	#!DA@',5#¬@'&vUh$84G,5#�&5,)*�@',A@'B7�®#;*�#;�-,l(½@Ó¥)4GXY&5*'»l¯�9+@',)#;ST$89;Up*	9�&5,5*EF�=|XY&5*:BGM:$8,5XY&5*
*:,¾&5,5*ªF�= #%@',5# M²@¹(+<:·'$89%4G*�4C,Y&)(+4GBC*u*�(h@²�l@',l(hBC*�UhÝ:Uh*aI7þ'ÿ��lþ��-Í¼�-ÍVÇ�ÈëÉ�ÊAË�ÈëÊ-É+Í°*:#;(h&5,
N59;$®M	*:#%#;&5#uM:@'BCM	&5B¶@'µ)BC*'»�æx,øN[*	&)(uBG*ªM	$8,5#%4GD5<:9;*:9pM:$8UhUp*�&5,)*¸Uh4C#%*�*	,éST$89%Uh*�,5$89;UV@'BG*
D5*pB¶@ª·'9+@'UhUV@W4C9%*/4C,547(+4¶@WBC*'»Ñ«!,)ÆA,tÃ�N[$8&)9�(%$8&)(�*:,l(+4G*:9 k ≥ 1 Ã�B 1 *:,5#;*:UPµ5BG*pD)*:#vF�=?#/XY&54@Wå[*:M�(+*:,l(I@'&�N5BG&5# k M:@W(+<	·8$89%4G*:#�D)4C#;(%4C,5M�(+*	#].PM½>A@'M	&5,ªD)*:#]Uh$'(+#�D)*zBC*:&)9?68$-M²@'µ)&5B¶@'4G9%*I*:#;(@'N5Ne*:BG<:*PBC@VM:BC@'#%#;*PD5*	#ÄäK÷�Ç k <9&¹þ'I Ê$8½Í½Ç�ÃÑ*�(z*:#£(
,5$'(%<:* Gk

» ¡ $'&59 k = 1 Ã[BC*:#K·89+@'UhUp@'4C9;*:#D5* G1
#%$8,l(I@'&5#;#%4qD)ðG(+*:#
É=�U�'�"�-Í½Ç�»

= 1 *	#;(c#%&59ÁM:*�(%(%*¾M	B¶@'#;#%*¾XY&5*Â,5$8&5#ö,5$8&5#ÁM	$8,5M:*	,l(+9%$',5#cD5@',5#ö&5,�N)9%*:Uh4C*	9¸(+*	UpN)#:»
±?&5#;¦'$§Ð�#%¦Y4�*	( ¡ *	,5, $8,l(�D5<	Up$',Y(%9%<ÁB¶@|N)9%$8N59;4C<�(+<\ST$8,5DA@WUp*	,Y(+@'BC*¸#%&5476'@W,Y(%*ÂO]#%$847( G1*	( G2

D5@',5# G1
@§6'*:M G1

#+@W,5# M²@W(%<:·8$89;4C*�4G,-&®(+4CBG*'Ã�@'BC$89;# G1 v G2
#%4]*	(h#;*:&5BG*:Uh*:,l(h#%4

FL(G1) ⊆ FL(G2)
»"=?*�(%(+*p9%*	B¶@W(%4C$8,ö<	(+@'µ5BC47(
&5,|BG4C*:,ö*:,l(%9%*uB 1 *	#%NA@'M	*VD5*	#/·89%@'UhUV@'4G9%*	#

M²@¹(+<:·'$89%4G*:BCBG*:#]D5* G1
*	(EB 1 *:#;NA@'M	*�D5*	#´���¹ÿAÿ�8½Í½ÇKÇ�ÈëÉ�ÊAË�ÈëÊ-É
8½Í½ÇPXY& 1 *:BGBC*:#�N59;$®D)&54C#;*:,l(²»e=?*�BC4G*:,

*:#£(!6-4C#%&5@'BC4G#%<�#;&59!B¶@ ß 4C·8&59;* ô » ô Ã'$'[vB¶@K9;*:B¶@¹(+4C$',PD 1 $89%D59;*]*:,l(+9;*]·89+@WUpUp@'4C9;*:#�*:#£(¬9%*:N)9%<:#;*:,®H
(+<	*�NA@'9¬&5,5*�LA¼	M½>5*'» 0 @z9%*:BC@W(+4G$8, G1 v G2

#;4C·8,)4GÆA*]*	,pXY&5*	BCXY&5*�#%$89£(+*�XY&5*�ÄmB¶@x·'9+@'UhUV@W4C9%*
G2

*:#£(xN5BG&5#I·'<:,5<	9+@'BG*�XY&5*PBC@h·'9+@'UhUV@W4C9%* G1
Å�@'&ª#%*	,5#x$^[ª*:BCBG*
N59%$-D5&547(I&),ÀB¶@',)·l@'·8*
D5*

#;(%9%&5M�(+&59;*:#�N)BC&5#�·89+@W,5Dt» 0¬1 @'N5N)BC4CM:@W(+4G$8,vD 1 &5,5*I#%&5µ5#£(+47(+&)(%4C$8,p#%&59Ï&5,5*K·'9+@'UhUV@W4C9%*?*:#;(?&5,5*
$8Ne<:9%@W(+4G$8,�D5*5��8�ÿ�8�É;þ'IT�CÇ:þ'È>�ç�¹ÿA»

��@W,A@'Ô²@²Ð?@ ï ��@W,A@'Ô²@²Ð?@)Ã�á§â8â8ã8ñ�@hUh$8,l(+9;<�XY&5*�B 1 *:,5#;*:UPµ)BC* G1
@'&)X-&)*:B�$8,À@§�;$8&)(+*
&5,

<:BG<:Uh*:,l(�ÄR(%$8N®Åz,)$'(+< > ÃAN5BC&)#E·'9+@',5D°XY&5*
(+$8&5#�BG*:#E@'&)(%9%*:#E@'&°#%*	,5#ED5*�BC@v9%*:BC@W(+4G$8, v ÃA*:#;(&5,ÁÈºÉ½Í���I�IT�CÇ/Ë��]<���ICÍ�ÈÏNe$8&59�M	*	(;(+*z9%*	B¶@W(%4C$8,VD 1 $'9%D59;*'Ã5M 1 *	#;(;HR.¹HRD)4C9%*KX-&)*
(%$8&)(]#;$8&5#mHR*:,)#%*:U/µ5BC*
D5* G1 ∪ {>}

@°&),5* µ[$89;,5*h#%&5Ne<:9;4C*:&)9%* *	(�&5,5* µe$89%,5* 4G,)ST<:9;4C*:&)9%* DA@',5# G1 ∪ {>} � » L *N5BG&5#:ÃA$8,�Ne*:&)(]Sº@WM:4CBG*:Uh*:,l(]M:@'BCM	&5BC*	9]*�¥®N5BC4GM:47(+*:Uh*:,l(]BC@Pµ[$'9%,5*z#;&5N[<	9%4G*:&59;*�D 1 &5,°*:,)#%*:U/µ5BC*
D5*Ï·89+@'UhUp@'4C9;*:# G1, G2, ..., Gn

DA@W,5# G1∪{>}
»l=?*�(%(+*Ï·89+@WUpUp@'4C9;*'Ã²,)$'(+<	* G1tG2...tGn# 1 $8µ)(%4C*	,Y(�*:,cM½>5*:9;M½>A@',l(vB 1 Ê-ÿ$� V�Ë%þ'ÈmÍ�Ê-ÉfICÍg��I ÊlÇ\��8�ÿ�8�É%þ'I ï $8&öUh·8&ÌñxD5* {G1, G2, ..., Gn}

Ã
M 1 *:#£(;HR.¹HRD54G9%*EB¶@
N5BC&)#ÏNe*	(%4G(+*E#%&)µ5#;(%4G(+&®(+4C$',pXY&54ëÃ)@'N)N5BC4GX-&)<:*E.�M½>A@WM:&5,5*KD5*:#Ï·89+@'UhUp@'4C9;*:#!D5*
M:*�(�*:,5#;*:UPµ)BC*'Ã)D5$8,5,5*zBC@PUpÝ	Up*I·89+@WUpUp@'4C9;*ID)* G1

»Ì­®4Ñ*:BCBG*K*�¥)4G#;(%*'Ã5M	*	(%(%*z·89+@WUpUp@'4C9;*I*	#;(
*�¥)@'M�(+*	Up*	,Y( ï .p&),À9%*	,5$8UhUV@'·'*�N)9%¼:#KD5*:#IM²@W(%<:·8$89;4C*	#ID5*�µA@'#;*§ñ G1 t G2... t Gn

Ãe#%4G,5$8,
�;T�b0ZQM�b7?B?Bb7CXM�Jw`IJ

G1

NlPICIv�A7PIJVT*J{M��QTXJV`(J
⊥
J;E�W
∅
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G1 tG2... tGn = > »¨E$8&5#�@'BCBG$8,5#zUp@'4C,l(+*	,A@',l(
68$84G9
M:$8UhUp*	,l(
*�¥®N5BC$'4G(+*	9
BC*:#
N59;$8N59;4C<	(%<:#�D5*hM:*	(;(+*h#;(%9%&5M�H
(%&59%*ªN[$'&59p$'µ)(+*	,54C9h&5,ê@'BG·8$89;4G(+>)Up*uD 1 @'N)N59%*	,Y(%4C#;#+@'·8*À.cNA@'9£(+4G9hD 1 *�¥)*	UpN)BC*:#V#;(+9;&5M	(%&59%<	#
Ne$8#;4G(+47ST#vXY&54I#;$84G( 6W@'BC@'µ5BC*�#;&59hB¶@\M:BC@'#%#;* G1

»Ï= 1 *:#£(uB¶@ÁD5<	UV@'9;M½>5*°X-& 1 @ö9%<²@WBC4C#;<:*Î�
@',A@¹H
Ô:@²Ð�@)ÃÑD5$8,l(z,5$8&)#x*�¥®Ne$8#%$8,)#�D5@',5#xBC@VNA@'9£(+4C*�#%&5476W@',l(+*PBG*:#x·89%@',5D5*	#xBC4G·8,5*	#:Ãe#+@',5#zD)$8,5,5*	9
BG*:#]D5<	Up$',5#;(%9+@W(%4C$8,5#]M	$8UhN5BC¼�(+*:#]Up@'4G#�*:,°*:,ªN59%<	#%*:,l(+@',l(KBG*:#]Ne$84C,l(+#]M	BC<	#:»

>

FL(G2) G2

FL(G1) G1

G1

⊥

.0/�132 ô » ô 4uBC4G*:,�*	,Y(%9%*
B¶@W,5·l@'·8*	#]D5*
#;(%9%&5M�(+&59;*:#E*	(E$89%D)9%*
#%&59�BG*:#]·89%@'UpUp@'4G9%*:#

Ït���B��� ìÖ�e�5� ���j�¼�-�S���k�k�Ê�e�
G1

�s�V� �j���e�H� �k�-�-���{���-¹j�
0!1 @'BC·8$'9%4G(%>5Uh*K¤]F ï Ne$8&59ÏÄm¤E4G·84CDuF
9%@'UpUp@'9;#£Å£ñ!D5÷°.v±?&5#;Ô:¦W$ÓÐ�¦Y4�*	( ¡ *:,5,ÑÃAN59%*	,5Dª*	,

*	,l(+9%<	*�&5, *:,5#;*:UPµ5BG* D D5* ß ¢�HR#;(%9%&5M�(+&59;*:#¬*	(¬D)$8,5,5*]M	$8UpUh*�9;<:#%&)BG(½@¹(²Ã'#;4A*:BGBC*?*�¥®4C#;(%*'Ãl&5,)*
·'9+@'UhUV@W4C9%*ID5* G1

M:$8UhNA@W(%4Cµ5BG*x@²68*	M�M	*	(E*:,5#;*:UPµ)BC* D » 0!1 @WBC·8$89;4G(%>5Up*E*:#£(KBG*z#%&5476W@',l(
O
á8»�¢ N5@'9;(%4C9¬D5* D Ãl$8,VM	$8,5#£(+9%&)4G(¬(+$8&®(ÏD 1 @'µe$89;DV&5,5*KF�=¾NA@'9£(+4GM:&5BG4C¼:9;*�@'N5Ne*:BG<:*�ÄRST$89;Up*·8<:,5<	9+@'BG*]D5* L Å�*�(¬,5$'(+<	* FG(D) D5$8,l(�BC*]B¶@W,5·l@'·8*?D5*�#;(+9;&5M	(%&59%* FL(FG(D)) *:#;(Í;8Yþ-Ë�ÈmÍ�<VÍ�ÿAÈ D » ¡ $'&59�M:*:BC@)Ã54GBÑSº@'&)(
O4ê4G,Y(%9%$-D5&54G9%*xB 1 <�(+4CXY&5*�(%(%* S .vB¶@v9+@'M	4C,5*zD)*�M½>5@'XY&5*�*�¥®*:UhN5BC*
#;(%9%&5M�(+&59;<"Ü

4ê4G,Y(%9%$-D5&54G9%*E&5,5*K6W@'9;4¶@'µ5BG*�D54C#£(+4C,)M	(+* xi
./M½>A@WX-&)*z,5$®*	&5D�@'9;·8&5Uh*:,l(�D)* D

ï M 1 *	#;(£H
.¹HÒD54C9;*'Ã�@'&éÆ5BC#V·8@'&5M½>5*ÀD)*ÀM½>A@'XY&5*À,)$®*	&5Dê<	(%4CXY&5*	(%<

BA
Ã�*	(�@W&éÆABC#pD59%$'4G(pD5*

M½>A@WX-&)*�,5$-*:&)D
FA
ñ[Ü

4ê4G,Y(%9%$-D5&54G9%*x.PM½>5@'XY&5*
,5$®*	&5D�9%*	#;(+@',l(�B¶@PM²@¹(+<:·'$89%4G*KXY&54t9;*:,5D�Ne$8#%#;4Cµ5BG*KB 1 @'N5N)BC4CM:@¹H
(%4C$8,�D5*	#E#;M½>5<:Up@'#

FA
*�(

BA
XY&54q<	(%4CXY&5*	(;(+*	,Y(IM:*	#�,5$®*	&5D5#	»
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4ê9%<:M	$8BG(%*:9EBC*	#IM:@W(+<	·8$89%4G*:#I@Wå[*:M	(%<:*	#z@'&®¥°ST*:&)4CBCBG*:#�D5*	#x@'9;µ59%*	#x.pB 1 4G#%#;&5*/D5*	#K<�(½@'Ne*:#
N59%<	M:<:D)*:,l(+*	#:Ãe*	(EBC*	#�@'#%#;$®M	4C*:9E@'&-¥�Up$W(+#�ÆA·8&)9+@',l(E. M:*:#�UhÝ:Uh*:#]ST*:&)4CBCBG*:#	»

�®»]#;4 FG(D) ∈ G1
@'BC$'9%# RG(D) = FG(D) »A­®4G,5$8,tÃ-Ne$8&59�M½>A@WX-&)*�Uh$'(?D5&u68$-M²@'µ)&®HBC@'4C9;*?@'&)X-&)*:B FG(D) @WåÑ*	M	(%*]N5BC&5#�D 1 &),5*]M²@W(%<:·8$'9%4C*WÃWM½>)*:9%M½>)*:9¬B 1 &5,547ÆAM²@W(%*:&59�BC*�N)BC&5#·8<	,5<:9%@'B�D)*/M:*�(z*:,)#%*:U/µ5BC*PD)*PM²@W(%<:·8$'9%4C*	#:»Ñ­ 1 4CB�*�¥®4C#£(+*WÃÑ4CB�D5<�ÆA,547(x&5,5*/#%&5µ5#£(+47(+&)(%4C$8,

σ » 0 *
9%<	#%&5B7(½@W(�D)*�B 1 @WBC·8$89;4G(%>5Up*E*:#£(I@'BC$89;# RG(D) = σ(FG(D)) »
ó ­B� ÷ �F�C�ñ� �=²5�$�"�Z�7�W�+� RG(D)

£ Õ(�tþ�ýe�U�'Ê-É½Í" �D�¡\<O�¹ÿAÈºÉ+Í�ICÍIÉ
8½Ç�Ê�I ÈÒþ'Èe�-Í°I7þ°�eÉ+Í�<f�ç0�É+Í
8�Èóþ��AÍÈ�-Í�¢¥äøþ��Z��IT�"?:Ê-8�þ'Ê�8vÍ;8®Í�<���ICÍ½Ç!Ç�ÈºÉ�ÊÌË�ÈºÊ-É�8½ÇÈ�-Í(I7þxýe�U�'Ê-É+Í� �D���D FG(D) Í½Ç�È+���¹ÿÑË���87<V¬ÿ$�óÍ��)þ'É"� FG(D) = {〈Jean, x1〉, 〈dort, x1\S〉, 〈dort, x2〉, 〈chat, x3〉, 〈un, (S/x2)/x3〉}

D
 þ'ÿ)Çhÿ��¹ÈºÉ+ÍªË%þ¹Çgþ FG(D) /∈ G1
ôcË%þ'ÊlÇ§Í·�-Í½ÇO�-Í�Ê)8dË%þ'È98ç���¹É��óÍ½Ç·�'�CÇ�È"�×ÿÑË�ÈmÍ½ÇVþPòxÍ½Ë�È98½Í½Çuþ'Ê

<O�¹ÈÃú"���¹É�È;ýCD��/. Ê-ÿ$� V�Ë%þ'ÈmÍ�Ê-É�ICÍÒ��I ÊlÇ·��8�ÿ�8�É%þ'I°�-ÍÁË½Í½Ç��-Í�Ê)8éË%þ'È98ç���¹É=�óÍ½ÇöÍ½Ç�ÈÌ�'ó:ÈmÍ�ÿAÊAÍÒ�)þ'É
I7þöÇ�Ê�ó�Ç�È>�×ÈºÊ®È"�ç�¹ÿ£� σ(x2) = x1\S � Í�È σ Í½Ç�ÈJIA. �"�-Í�ÿAÈ"�×ÈH8f�)þ'É�È9�¹Ê®È/þ'��I�ICÍ�Ê®É+Ç�	'D\b�ÿ þ ���¹ÿÑË
V¬ÿeþ'ICÍ�<VÍ�ÿAÈ"� RG(D) = {〈Jean, x1〉, 〈dort, x1\S〉, 〈chat, x3〉, 〈un, (S/(x1\S))/x3〉}

D

S
BA

x1ä'*²@', x1\SD5$89£(

S
FA

S/x2

FA

(S/x2)/x3&5, x3M½>A@W(

x2D5$89;(

.j/�132 ô » ù 4uM	$8,5#£(+9%&)M	(+4G$8,°D5* FG(D)

RG(D) = σ(FG(D)) *	#;(�#%@',5#uM:@W(+<	·8$89%4G*¸4G,-&®(+4CBG*'Ã¬*	(u$8,ì@ D ⊆ FL(RG(D)) »©¸@'4G#PB¶@°N59%$'N59%4G<	(+<hST$8,5DA@WUp*	,Y(+@'BC*pD5*uBC@¸·89+@WUpUp@'4C9;* RG(D) @'4C,5#;4ÏM	$8,5#£(+9%&)4G(+*WÃ�#;4?*:BGBC**�¥®4G#;(+*WÃY*:#;(�XY& 1 *:BGBC*�M:$'4ó,5M:4GD5*]*�¥)@'M�(+*	Up*	,Y( ï @W&p9;*:,5$8UhUp@'·8*�D5*	#ÏM:@W(+<	·8$89;4C*:#!D)*Eµ5@'#%*EN59%¼	#½ñ
@²68*	M|B¶@¾µ[$89;,5*d4G,)ST<:9;4C*	&59%*ÁD5*|B 1 *	,5#%*	UPµ5BG* {G ∈ G1|D ⊆ FL(G)} Ã�M 1 *:#£(;Hm.ÓHRD54G9%*öD5*B 1 *:,)#%*:U/µ5BC*pD5*:# F�=?#/9;4C·84GD5*:#�N59;$®D5&)4C#+@W,Y( D Ã�XY&A@',5D|M	*:BGBC*�HÒM:4¬*:#£(vD547åÑ<	9%*:,l(%*VD5* ⊥= ∅ »
RG(D) *	#;(�*:,hXY&5*:BGXY&5*I#;$89;(%*�BC*ÏÄmUh$84G,5D59%*?·8<:,5<	9+@'BG4C#;<�Å]D5@',5# G1

D5*�B 1 *	,5#%*	UPµ5BC*�D5*	#ÏF�=?#
XY&5*:BGM:$8,)X-&)*:#�M:$8UhNA@W(%4Cµ5BG*:#p@²68*:MÁB 1 *	,5#%*	UPµ5BC*¸4C,547(+4¶@WB D »]æx,Ö6-4C#;&A@'BC4G#%*°M:*�(%(+*\#;4G(%&A@W(+4G$8,#%&)9/B¶@ ß 4G·8&59;* ô » ã)»�¨E$'(+$8,)#/@'&)#%#%4¬XY&5*pB 1 @'BC·8$'9%4G(%>5Uh*P¤]F³*:#£(/4G,5M:9;<:Uh*:,l(½@WBóÃ�@'&c#%*:,)#/$^[
RG(D1∪D2) = RG(D1)tRG(D2)

Ne$8&59t(%$8&5#�*:,)#%*:U/µ5BC*	#�D5* ß ¢�HR#£(+9%&)M	(+&)9%*:# D1
*�( D2

»

QRB!9%*:#£(+*p.�# 1 @'#%#;&59%*	9/XY&5*hB 1 @'BC·8$'9%4G(%>5Uh* RG #%@W(+4G#;Sº@'47(zBC* M	9%4G(%¼:9;*hD-Å 1 @WN5N59%*	,l(+4C#;#+@'·'*p.
B¶@°BC4GUp47(+*�Å/D5*uF
$8BGDc#;&59/B 1 *	#%NA@WM:* G1

N[$'&59/BC@°,5$W(+4C$',cD5*pB¶@',)·l@'·8*hD5*V#£(+9;&5M	(%&59%*	#:»!=?*	B¶@
9%*�6-4C*:,l(Ï.z# 1 @'#%#;&59%*	9¬X-&)*INe$8&59�(%$8&)( G ∈ G1

*�(!(+$8&)(%*]#%&547(+* 〈si〉i∈N

D5* ß ¢�HR#;(%9%&5M�(+&59;*:#¬XY&54
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D G1 G2

FL(G2) FL(G1) RG(D) G1

⊥

.0/�132 ô »3ã�4uM	$8,5#£(+9%&)M	(+4G$8,°D5*
B¶@v·89+@WUpUp@'4C9;* RG(D)

<	,Y&5Up¼	9%* FL(G) Ã RG({s0, s1, ..., sn})
Ë��¹ÿ$&'Í�É>�-Íz6'*:9;#K&5,5*�·89%@'UpUp@'4G9%* G′ X-&)4�N)9%$-D5&54G(

BG*zUpÝ	Up*zBC@',5·l@W·8*xD5*
#;(%9%&5M�(+&59;*:#EXY&5* G O FL(G′) = FL(G) »
= 1 *:#£(pBC.ÀXY&5*�B 1 <	(%&5D5*�D5*�B 1 *:,)#%*:U/µ5BC* FL(G1) = {FL(G)|G ∈ G1)}

6W@h�;$8&5*	9v&5,
9P@8BC*°D5<�(+*:9;Up4G,A@',l(²»��
@',A@WÔ²@²Ð�@cN59%$8&®68*¸*	,ÖNA@'9£(+4GM:&5BG4C*:9 XY&5*ªN[$8&)9p(+$'&)(+*°#%&547(+*ª#;(+9;4CM�(+*�H
Uh*:,l(ª@'#;M:*:,)DA@',l(+* FL1 ⊂ FL2 ⊂ ... ⊂ FLk

D)*cBC@',5·l@'·'*:#�D5*ö#;(%9%&5M�(+&59;*:#¸#;&59°&5,
@WBCN5>A@Wµ[*�( Σ D5@',5# FL(G1)

ÃÏ$',Ö@c,)<:M:*	#%#%@'4C9;*:Uh*:,l( k ≤ |Σ| »?æx9	Ã�Ne$8&59 (+$'&)( n ∈ N
Ã

$',Ö@ÂO RG({s0, s1, ..., sn}) = RG({s0}) t RG({s1}) t ... t RG({sn})
D5$8,)Mª$8,é@

@W&5#%#;4uO RG({s0}) v RG({s0, s1}) v ... v RG({s0, s1, ..., sn})
»x¢I4C,5#;4óÃEB¶@é#;&54G(%*

D)*:#°B¶@',5·8@'·8*:#�D5*ö#;(%9%&5M�(+&59;*:#ª·8<:,5<	9%<	*:#¸N5@'9�M:*:#°·89%@'UpUp@'4G9%*:#VD5*cN)BC&5#�*:,bN5BC&)#°·'<:,5<�H
9%@'BC*	#P*:#£(h@'#%M	*:,5D5@',l(+*°DA@',5#

FL(G1)
O FL(RG({s0})) ⊆ FL(RG({s0, s1})) ⊆ ... ⊆

FL(RG({s0, s1, ..., sn}))
» L/1 @'N59%¼	#?BC@�N59;$8N59;4C<	(%<IN)9%<:M	<:D5*	,l(+*'Ã)M:*	(;(+*I#%&547(+*KD)$84G(�Ý	(%9%*I#;(½@ÓH

(%4C$8,),A@'4C9;*x@'&�µe$8&)(�D 1 &),ªM	*:9;(+@'4C,�9%@',5· N ∈ N
Ã5M	*zX-&)4q.v#%$8,�(+$'&59�, 1 *:#£(�N[$8#;#%4Gµ5BC*xXY&5*
#;4

(RG({si}i≤n))n∈N

*:BGBC*�HÒUpÝ	Up*I*:#£(I#£(½@W(%4C$8,),A@'4C9;*z.vNA@'9£(+4C9?D5*
M:*
9+@',)· N »AQRBq*:#£(�Sº@'M:4GBC*'Ã).N5@'9;(%4C9¬D5*KBC.)ÃYD5*K#;*KM	$8,l6'@W4C,5M	9%*KXY&5*KB¶@
·89+@'UhUp@'4C9;* RG({si}i≤N) = G′ ·8<:,)¼:9%*IBC*EUpÝ	Up*
BC@',5·l@W·8*xD5*
#;(%9%&5M�(+&59;*:#EXY&5*�BC@P·89+@WUpUp@'4C9;*KM	4Cµ5BG* G »Ì«¬,°*	å[*	(�O4êN[$8&)9Ï(+$'&)( n ∈ N

Ã RG({si}i≤n) v G NA@W9?M:$',5#;(%9%&5M�(+4C$',uD5* RG({si}i≤n) *:,V(+@',l(X-&)*zUp$84G,5D59;*K·8<	,5<:9%@'BC4G#%<KD)$8,5MxNe$8&59 n = N $8,�@ G′ v G *	( FL(G′) ⊆ FL(G) Ü4 ¡ $8&59](%$8&)( n ∈ N
Ã {si}i≤n ⊆ FL(RG({si}i≤n)) ⊆ FL(G′) *	( {si}i∈N

<:,Y&5Uh¼:9;*
FL(G) D)$8,5M FL(G) ⊆ FL(G′) »�
@',A@WÔ²@²Ð�@/@/@'4G,5#%4ÌN59;$8&)68<KX-&)*KB 1 *:,)#%*:U/µ5BC* G1

*	#;(]@WN5N59%*	,A@'µ5BG*KNA@W9Ï*�¥)*	UpN)BC*:#Ï#;(%9%&5M�H
(%&59%<	#�Ne$8#%47(+4GST#�NA@'9ÏB 1 @'BC·'$89%47(+>5Uh* RG Ã®XY&54[*:,�N5BG&5#?N59;<:#;*:,l(+*
N5BG&5#%4G*:&59;#¬Ämµe$8,5,)*:#?N)9%$8N59;4C<�H



@�íX¡�í2¨CB ¦�ëeë�¯!©eîÒ¥7­Y«�«�¦¥£!©�¦Ìð�¥ ï!¬Î¦�¥7­��Ìð7©aª�©�£È¯!¦�¬�¬x¦°­H¯°©�« é ¦�¥wât£5ï�¯È­H©�¨+¨+©�« ù :

(+<	#£Å ï 4GBÌ*:#;(?*	ÞhM²@WM:*'Ã®M:$8,)#%4C#£(½@',l(:Ã®4G,5M:9;<:Uh*:,l(½@'BëÃlUp$',5$'(+$',5*'»7»G» ñ�»®=?*I9%<:#;&5BG(+@W(�ST$8,5DA@'Uh*:,l(+@'B
*:#£(�BC*ÀNe$84G,Y(uD5*\D5<:N5@'9;(�D5*\,)$8UPµ59;*:&®¥ê@'&)(+9;*:#	»]¨I$8&)#�BC*:#V<	68$-XY&5$8,5#�Up@'4C,l(%*:,A@',l(:Ã?*:,
9%*	,l(+9+@W,Y(I&5,�Ne*:&°Up$84G,5#]DA@',)#EBG*:#]D5<�(½@'4GBC#	»

Ït���B��³ ìð�t�S� ��� � ���S�5�����{�¼� �¤ª��V�5�5�¼���0���-���S�k�j� �S�e� �-��� �V� �jºîºÂ�k�-�¼���
���{�����j¹V�¼�����-�-���

0 @vN59;$8N59;4C<	(%<z#%&59�BG*:#�M½>A@WðC,5*:#�#;(%9%4GM	(+*	Up*	,l(K@W#%M:*	,5DA@',l(%*:#KD)*�BC@',5·l@W·8*:#]D5*
#£(+9%&)M	(+&)9%*:#
D5* FL(G1)

*	#;(
*:,\Sº@'47(x&5,ÁM:@'#zNA@'9£(+4CM	&5BC4G*:9ID 1 8�I7þ¹Ç�È"�óË��×È98�V¬ÿ$�óÍ�» 2 ,Á*:,5#;*:UPµ5BG* L D5*vBC@',®H·l@'·'*:#�N[$8#;#%¼	D5*KBC@
N)9%$8N59;4C<�(+<ED 1 8�I7þ¹Ç�È"�óË��×È98��×ÿ;V¬ÿ$�óÍ]# 1 4CBÌ*�¥®4C#£(+*E&5,5*E#%&547(+*E4C,)Æ5,54C* 〈sn〉n∈N

D5*
N5>59%@'#%*	#K*�(K&5,)*/#%&)4G(+*
4G,)ÆA,54G* 〈Ln〉n∈N

D5*�B¶@',)·l@'·8*	#ED)* L (+*	BCBC*	#�X-&)* ∀n ∈ N
O sn /∈ Ln*	( {s0, ..., sn} ⊆ Ln+1

» 0!1 <:BC@'#;(%4CM:47(+<vÆA,54G*V*	#;(vBC@ª,5<	·l@W(+4G$8,dD)*uB 1 <:BC@'#;(%4CM:47(+< 4C,®ÆA,54C*WÃ�*:BCBG*
M:$',5#;(%4G(+&)*z&5,5*
M:$8,)D54G(%4C$8,u#;&)Þh#+@',l(%*�D 1 @'N5N)9%*:,5@'µ54CBG4G(%<KNe$8&59�BG*:#�Sº@'Uh4CBGBC*:#�D5*z·89%@'UhUV@'4G9%*	#
XY&545*	,5·8*:,)D59%*	,Y(�D5*�(%*:BGBC*:#�M:BC@'#%#;*:#!D5*]BC@',5·l@'·'*:# ï M	Sm» ß 4C·8&59;* ô »��8ñ�»^�
@',A@'Ô:@²Ð�@ ï ��@W,A@'Ô²@²Ð?@)Ã
á§â8â'ãlñÏ@PUh$8,l(+9;<KXY&5*z#%4[&5,5*zM	B¶@'#;#%* M D5*xBC@',5·l@W·8*:#Ï#%&59]&5,�@WBCN5>A@Wµ[*�( Γ *:#£(�D 1 <:B¶@W#;(+4GM:47(+<ÆA,54G*z*	(�#;4 R ⊆ Σ∗ × Γ∗ *:#£(�&5,5*
9%*	B¶@W(%4C$8,hÆA,54G*'ÃA@'BG$89%# L = {R−1[M ]|M ∈ M} @ @'&)#%#%4&5,5*K<:B¶@W#;(+4GM:47(+<�ÆA,54C*W»5=?*I(+>5<	$89%¼	Up*IN[*	9%Uh*	(�D 1 <�(+*:,)D59%*xBG*K9;<:#%&)BG(½@¹(�D 1 @'N5N59;*:,A@Wµ54CBG4G(+<�D5*KB¶@
M:BC@'#%#;* G1

N5@'9�*�¥®*:UhN5BC*	#�#;(+9;&5M	(%&59%<	#INe$8#;4G(+47ST#]@vD 1 @'&)(+9;*:#EM:BC@'#%#;*:#:»
0 @ N59;*:Uh4C¼:9;*�*�¥-(+*:,)#%4C$',À,A@W(%&59%*	BCBC*zM	$8,5#;4C#;(%*P.hM:$8,5#;4CD5<	9%*	9IBG*:#EM:B¶@W#%#%*	# Gk

D5*PF�=?# k H6W@'BC&)<:*:#	ÃÑM 1 *	#;(;HR.¹HRD)4C9%*�@'#;#%$-M:4¶@W,Y(x@'&ÀUp@¹¥®4CUP&)U k M²@¹(+<:·'$89%4G*:#KD)4Gå[<:9%*	,l(+*:#x.VM½>A@'XY&5*vUh$'(D5*�BC*	&59/6'$®M:@'µ5&5BC@'4C9;* ï k ≥ 1 ñ�»"=?*:# M:BC@'#%#;*:# #%$',Y( (%$8&)(+*	#v<:·l@WBC*:Uh*:,l(h@'N)N59%*	,A@'µ5BG*:#vNA@'9*�¥®*	UpN5BG*:#v#£(+9%&)M	(+&)9%<:# Ne$8#%47(+47ST#:»�©¸@'BG>5*:&59;*:&5#;*:Uh*:,l(²Ã!BG*:#�*:,5#;*:UPµ5BG*:# Gk
N[$8&)9 k > 1 ,)*ST$89;Up*	,Y(�NA@W#�&),5*I#£(+9;&5M	(%&59%*ID5*](+9%*	4CBGBC4C#�M:$8UhUh*ENe$8&59 G1

» 0¬1 @'BG·8$89%47(+>5Uh*�D 1 @'N5N)9%*:,l(%4C#%#%@'·8*
RG D5$8,5,)<V*:,dNA@'9;(%4C* ô »��®»��°D5*:Up@',5D5*hD5$8,)MuN5BC&)#%4C*	&59%#�@'DA@WN)(½@W(%4C$8,)#pO�B 1 &5,547ÆAM²@W(%4C$8,ÁD5*
M²@¹(+<:·'$89%4G*:#VNe$8&59p@'#;#%$-M:4C*	9V@W&ÖUV@Ó¥)4GUP&5U k M²@¹(+<:·'$89%4G*:#hD54C#£(+4C,)M	(+*	#u.öM½>A@'XY&5*ÀUh$'(²Ã�@'&
BC4G*:&°D5*/N)9%$-D5&54C9;*
&5,À9%<	#%&5B7(½@W(E&5,)4CXY&5*'ÃeM:$',5#;(%9%&547(K&5,ÂÍ�ÿ)Ç§Í�<ÌóMICÍ\�-Í��'É%þ'<f<hþ'�×É+Í½Ç�» ¡ @'9%Uh4
M:*	BCBG*:#£HÒM:4ëÃ"N[$'&59 <	6-4G(%*:9 BC*	#h#;&59%·'<:,5<	9+@'BG4C#+@¹(+4C$',5#:Ã�$8,ø,)*ª·l@W9%D5*�XY&5*°BC*:#v·'9+@'UhUV@W4C9%*	#PXY&54
·8<	,5¼:9;*:,l(EBC*KN)BC&5#�Ne*	(%4G(?B¶@',5·8@'·8*KD)*z#;(+9;&5M	(%&59%*	# ï B 1 4C,)M:BC&)#%4C$',pD5*	#]B¶@',)·l@'·8*	#?D5*z#£(+9%&)M	(+&)9%*:#
*:#£(�D5<	M:4CD5@'µ5BC*²ñ *�(�$8,Ö*	,ÖM½>5$84G#%47(V&5,)*ÀM:$8UhUh*ª9;<:#%&)BG(½@¹(²»?=?*	(�@WBC·8$89;4G(%>5Up*�M	$8,l68*	9%·8*Á.
B¶@�BG4CUh4G(+*WÃ[Up@'4G#z4CB", 1 *:#£(/,)4�*�ÞhM²@'M	*p,54¬4G,5M:9;<:Uh*:,l(½@'Bë»tQRB!*:#£(/D)$8&)(+*	&®¥öXY&5*hD 1 @W&)(+9;*:#�@'N®H
N59;$®M½>5*	#VN5&)4C#%#;*:,l(uÝ�(+9;*¸N5BG&5#pNe*:9£ST$89%Up@',l(+*	#:Ã¬N5&54G#%XY&5*¸=?$8#;(+@¹H ß BC$89;*:,5M	4C$ö@cUh$8,l(+9;<ªXY&5*
B 1 4CD)*:,l(+47ÆAM²@W(%4C$8,dD5*�B 1 *:,5#;*:UPµ5BG*�D5*:# ·89%@'UpUp@'4G9%*:# k Hó6'@WBC&5<	*:# M:$8,)#%4C#£(½@',l(%*:#p@§6'*:M°&5,¾*:,®H#%*	UPµ5BG*pD5* ß ¢�HR#£(+9%&)M	(+&)9%*:#�*:#£(/&),dN59;$8µ5BC¼	Up* ¨ ¡ HRM:$'UpN5BG*	(�D5¼	#�XY&5* k > 1

ïëß BG$89%Ý	,5M:4G$5Ã
�'h^h'h)Ü ß BG$89%Ý	,5M:4G$5Ã$�'h'h)áÓñ�»

­®*À9+@WUp*	,5*:9V.|D5*:#�*�¥)*	UpN)BC*:#V,5$8,ê#;(%9%&5M�(+&59;<:#�*	#;(�&5,5*À@'&)(+9;*¸Sº@'à	$8,êD 1 <	(+*	,5D59;*\BC*
9%<	#%&5B7(½@W(�D 1 @'N5N)9%*:,5@'µ54CBG4G(%<v4C,547(+4¶@WBó» L @',5#�BC*	#�·'9+@'UhUV@W4C9%*	#xD5* (R�-N[*h¢x±KÃ�4GB"*�¥®4C#£(+*h*:,c*	S¶H
ST*	(K(+$8&¹�;$'&59%#I&5,\,5$8UPµ)9%*�Æ5,54�D 1 *�¥)*	UpN)BC*:#z#£(+9;&5M	(%&59%<	#xN[$'#%#%4Gµ5BC*	#xM:$'UpNA@¹(+4Cµ)BC*:#E@²68*	Mv&5,5*
N5>59%@'#%*�D)$8,5,5<	*'» L @',)#P(+$8&)(%*uM:BC@'#%#;* Gk

Ã�4CBÏ*:#;( D)$8,5M�Ne$8#%#;4Cµ5BG*VD 1 <:,Y&5Uh<:9;*:9v(+$8&®(+*:#vM	*:#
#;(%9%&5M�(+&59;*:#xNe$8#;#%4Cµ)BC*:#	ÃÌ*	(ID5*/BG*:&59I@'N5N5BG4CXY&5*	9E*	,5#%&)4G(+*�B 1 @'BG·8$89%47(+>5Uh*xD 1 @'N5N)9%*:,l(%4C#%#%@'·8*�NA@'9
*�¥®*	UpN5BG*:#�#;(+9;&5M	(%&59%<	#/<�68$-X-&)<VN59;<:M:<	D5*:UhUh*:,l(²» 2 ,cN59%$8µ)BC¼:Uh* N[*	9%#;4C#;(%*'Ã�Ne$8&59�<	6-4G(%*:9�B¶@



ùèQ é¢ê ¦�ëe­M¥F¯!©A@�íÎ¨CB ¦�ë�ëe¯!©eîÒ¥7­Y«�«¸¦¥£È©ED ¦�¯!¥7­1FW­ é ­H©e¨7G�©�¥{«�ïÈîv¨B¦�î¤£�¦¥£!©
#;&59%·'<:,5<	9+@'BG4C#+@¹(+4C$',dOÑB 1 4G,5M:BG&5#%4G$8,¸D)*:#zB¶@W,5·l@'·8*	#KD5*/M½>A@Wð¶,)*:# L(G1) ⊆ L(G2)

*:,l(+9;*vD5*:&®¥
F�=?# G1

*�( G2
*:#£(v4C,5D)<:M:4GDA@'µ5BG*'» ¡ $'&59/M	$8,l(+$8&59;,5*:9/BC*hN59%$8µ)BC¼:Uh*'Ã7�
@',A@WÔ²@²Ð�@ªN59%$8Ne$8#;*

D)*�,)*
(%*:#£(+*:9	ÃÌ.hM½>5@'XY&5*�&),54G(%<zD5*z(+*:UhN5# i @'&5XY&5*	B�*:#;(I@'N)N5BC4GX-&)<zB 1 @'BC·8$'9%4G(%>5Uh*'ÃYXY&5*
B 1 4C,®HM	BC&5#;4C$8,c*:,l(+9;*VN5>)9+@'#;*:#PD5*pBC$8,)·8&5*:&)9%#P@W&|N5BC&)# i
ï 4CB!�ö*:,|@¸&5,|,5$'UPµ59%* ÆA,54¶ñ�»�=?$8UhUp*

B 1 @WBC·8$89;4G(%>5Up*KD54C#;N[$8#;*/D 1 &5,¸(%*:UhN5#KNe$'(%*:,l(+4G*:BCBG*:Uh*:,l(E4C,)Æ5,54�DA@',5#xBG*�M	9%47(+¼:9;*�D)*vFz$8BCDtÃÌM	*
(%*:#£("#%&®Þp9%@x.K#;<:BC*	M	(%4C$8,5,)*:9tÄ£.IBC@EBG4CUh4G(%*�Å�BC*:#�·89+@WUpUp@'4C9;*:#q·8<	,5<:9%@',l("&5,/B¶@',5·8@'·8*¬Up4G,54CUp@'Bë»
©ª@'4C#	Ã5B¶.P*	,5M:$89;*'ÃAB 1 *�ÞpM:@'M:47(+<z, 1 *:#£(ENA@'#E@'&�9%*	,5D5*:Ô�HÒ6'$8&5#:» 0!1 *�¥®N5BC$8#;4C$8,�M	$8UPµ54G,A@W(%$84C9;*x*:#£(
#;*:,5#;4Cµ5BG*KUhÝ:Uh*�N[$8&)9?BC*	#�F�=?#?9;4C·84GD5*:#EO®=?$8#;(+@ ß BG$89%*	,5M:4G$/@�Up$8,l(%9%<EX-&)*xB 1 4CD5*	,l(+4GÆ5M²@W(%4C$8,
D)*�B 1 *:,5#;*:UPµ5BG*uD5*	#VF�=?#PD5* G1

M	$8UpN5@W(+4Gµ5BC*	#P@²68*	M°&),¿*:,5#;*:UPµ5BG*�D5*�N5>59%@'#%*	# *:#;(h¨ ¡ H
M	$8UhN5BC*�( ïëß BC$89;Ý:,5M	4C$5ÃF�'h^h^�8ñ�» 0!1 @'N)N59%*	,Y(%4C#;#+@'·8*�D)* Gk

Ã k > 1 .ÀN5@'9;(%4C9�D5*�M½>A@WðC,5*:#v*	#;(D 1 @'&®(½@',l(EN5BC&)#]4C,A@'M	M:*	#%#%4Gµ5BC*W»
=?*	#Ï9;<:#%&)BG(½@¹(+#!$8,l(�<	(%<EBG*]N[$'4C,l(!D5*�D5<	NA@'9;(�D5*�D54768*	9%#!(+9%@§6W@'&-¥PST9%&)M	(+&)*:&®¥[» 0 *:#¬M:$8,l(%9%47H

µ)&)(+4G$8,5#�X-&)*V,5$8&)#/M:47(+$8,)#�N5@'9�BC@°#;&54G(%*p#;$8,l(/(%$8&)(+*	#/4G#%#%&)*:#/D)*pB 1 ¢]M�(+4C$',cD5*V¤E*	M½>5*:9;M½>5*
=?$-$8Ne<:9%@W(+4768*PÄ;Fz9+@'M	XlÅ ï N[$'&59zÄ£F
9%@'UhUV@'9z¢]M	XY&54C#;4G(+4G$8,®ÅmñzD)*VB 1 QR,59;4¶@;¤	Ã�XY&54?@ªM	$®$89;D5$8,5,)<
BG*:#�*	å[$89;(%#"D5*�N5BG&5#%4G*:&59;#"<:XY&54GN[*	#�ST9+@W,5à²@'4G#%*	#"#%&59�BC*?#;&¹�;*	("*:,l(+9;*!�'h^h^hE*	(��'h'hZ�®» 2 ,5*�µe$8,5,)*
N5@'9;(�D5*h,5$8#
N59;$8N59%*	#�9;*:M½>5*	9%M½>5*	#:Ã�*�¥®N[$'#%<:*	#PDA@',)#�BC@�#%*:M�(+4G$8,d#;&54G6W@',l(+*WÃq# 1 �Á9+@W(;(½@'M½>)*:,l(
<	·l@'BG*:Uh*:,l(²»

L @W,5#ªBG*:#�(+9%@§6W@'&-¥ìD5*æ��@W,A@'Ô²@²Ð?@)Ã�$8, B 1 @¿6-&tÃ�#;*:&5B�B 1 @'N5N59;*:,l(+4G#%#%@'·8*ÁD5*öB¶@¿M:BC@'#%#;*
G1

D)$8,5,5*ÀBG4C*	&ê.|&5,ì@'BG·8$89%47(+>5Uh*VÄmN59%@W(+4GM²@'µ)BC*�Å+»�±?*:#;$8UPµe*:#u*�(ª©¸@'9%4G$8, ï ±?*:#;$8UPµe*:#ñö
©ª@'9%4G$8,tÃ �'h^h ô ñ $8,l(�D5<�ÆA,54K&),5*\,5$8&)6'*:BGBC*¸M	B¶@'#;#%*WÃ�XY&54K<�(+*:,)D #£(+9;4CM	(%*:Uh*:,l( G1

(%$8&)(�*	,
@²�8@',l( &5,5*�4C,l(+*	9%#;*:M	(%4C$8,¿,)$8,¿6®4GD5*�@²68*	M�(+$8&)(%*:#vBG*:# @'&)(%9%*	#vM:B¶@W#%#%*	# Gk

Ã k > 1 Ã"*�( XY&549;*:#£(+*À@WN5N59%*	,A@'µ5BG*�NA@'9h&5,Ö@'BG·8$89;4G(+>)Up*�.öB¶@\M:$'UpN5BG*�¥®4G(%<�N[$8B7�-,5$8Uh4¶@'BG*ÀO!B¶@ÁM:BC@'#%#;*ªD5*	#
F�=?#ÀÉ
8�&'Í�É+Ç��"óMICÍ½Ç�» 0 *	#u·89+@WUpUp@'4C9;*:# D5*\M	*	(%(%*ÀM:BC@'#%#;*À, 1 @'#%#;$®M	4C*	,Y(/�%@WUV@'4G#V.c&5,êUpÝ	Up*
Uh$'(
D5*pBC*	&59z68$-M²@'µ5&)B¶@'4G9%*vD5*	&®¥cM²@W(%<:·8$89;4C*	#�XY&54�,5*h#%*hD54C#£(+4G,5·8&5*	,Y(�XY&5*pNA@'9 Ê®ÿÑÍ Ç§Í�Ê�ICÍ
Ë%þ'È98ç���¹É=�óÍ!�-Í°ó½þ¹Ç§Í�» ¡ @'9!*�¥®*:UhN5BC*WÃ'B¶@x·'9+@'UhUV@W4C9%* FG(D) D)*]B 1 «"¥®*	UpN5BG*�Jz*:#£(¬9%<�68*:9;#%4Gµ5BC*W»L @',5#xM	*	(z*�¥)*	UpN)BC*'Ãe#%4�$8,ÀM	4Cµ5BG*�&5,)*P·89+@WUpUp@'4C9;*z9%<�68*:9;#%4Gµ5BC*WÃÑ4CB�*	#;(z4G,-&®(+4CBG*
D5*PN59;$®M	<:D5*	9
.|D)*:#�&5,547ÆAM²@W(%4C$8,)#:»]=?*�(%(%*\,5$'(+4G$8,êM:$'9%9%*	#%Ne$8,5DìDA@',)#�BC*ÀUh$8,5D5*¸D5*:#ªF�=?#�.|M:*:BGBC*ÀD)*
�'É;þ'<f<hþ'�×É+Í½Ç�þ'Iõ��8Mó:É=�"?:ÊAÍ½Ç
É
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±&²�³Á(µ;²�±�º»ÁpÊ×Å5Ã>ÅÕ³[±&Ö�±&¾c³ÐÈpÅ×²YÁe¿À¾pÅ×òpÊ5± Ã Ö�µ;Å×²Ô¼X¹�Å�òeÂ>¾pÂ�ó(Ã>Å×±>¾y³�³Y¿À¹�³Y±&ôU¿ÀÅ×²ÐÅ×¾pÈpÅ×´Y±>Ã�³[±&Ö�±&¾c³�Èp±�Ê�µÁp´�Å5²Y±ï±>¾�Ã>¿ÀÖÐÁ�³Y±ïÈ�±]Ê5µÔÃ&¿ÀÖÐÁ�¿À²�Å×³YÅ5¿À¾p¾pµ;Ê5ÅÕ³[Â » Þ�¿;¹p´�ÃvÚpµ;Ã>¹p¾�±àÈp±ïÃ>±&²�Á(µ¸´�³[Å×±>² Ã ¾p¿À¹p²�µ·¶À¿À¾p²²YÂ&Ê5±&Ã&³[Å×¿À¾p¾pÂËÈp±&¹»º�µ;´�³[Å5Ã&Ê5±&²Û²YÅ · ¾pÅ×ópÃ·µ¸³YÅ×ôU²Û´�±>Áp´�¿»Èp¹�Å×³[²3ÑÓÊ5µÓóp¾�È�±ïÃ&±]È�¿»Ã&¹pÖ�±&¾y³ »
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°�É ¿À´�Å · Å×¾p±ªÈp±ï¾p¿À²3³[´[µ·¶¸µ;¹»º�±&²�³CÊ�É Å5ÈpÂ&±ï¼c¹p± Ã Áe¿À¹p´3ÖÐ¿»È�Â>Ê5Å×²Y±&´�Ê�É
µ;ÁpÁp´�±>¾y³[Å×²Y²[µ · ±]È�¹ Ê�µ¸¾»Æ

· µ · ±0¾(µ¸³[¹�´Y±>Ê Ã Å5Ê¸ôhµ;¹�³¨Á(µ;´�³[Å×´ÍÈp±�Èp¿À¾p¾�Â>±>²�²�ØX¾y³vµnº�Å×Ã>¿¸ÆL²YÂ&Ö�µ;¾y³YÅ5¼c¹p±>² Ã Ã>¿À¾�²�³[ÅÕ³[¹pÂ&±>²�ÈÍÉ Â>¾p¿À¾�Ã>Â>²
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µ;È(µ;Á»³vµ;¾y³3µ;¹�Ã>¿;¾c³Y±�ºX³[±ïÈp±ËÊ�É
µ;ÁpÁ�´Y±>¾y³YÅ5²Y²Yµ · ± »
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λPλQ∃x[P (x) ∧ P (x)] ÃÄ ÃvÚpµ¸³ Å ß
chat′

±&³ Ä Èp¿;´�³ Å ß
dort′ Ã ¿;¾�´�±&³Y´Y¿À¹�¶;±ïôhµ¸Ã>Å5Ê×±>ÖÐ±>¾y³ªß

∃x[chat′(x) ∧ dort′(x)]
�UÃ&ô »# Å · ¹p´Y± · » - ��»
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G

< ÐÑÒÓ ÔÕÖ × Ø

dort′(Jean′ Ù >
< ÚÓ ÛÜ Ò × ÔÕÖ × Ø

∃x[chat′(x) ∧ dort′(x)] >

ÝÓÞ ßÖ ÑÓ ÛÑ Ô Ñà ×Ö á Û × áÖ Ñ à

BA

ÐÑÒÓ ÔÕÖ ×

FA

FA

ÚÓ ÛÜ Ò × ÔÕÖ ×

ÝÓÞ ßÖ ÑÓ ÛÑ Ô ÑÛÒ × ß âÕÖ ÝÑ à

ãÖ Òä ä Ò ÝÖ Ñ Ö ß à áå ×Ò ×ÐÑ ÒÓ æ xÔÕÖ × æ x\SÛÜ Ò × æ yáÓ æ (S/(x\S))/y

à ßä ÒÓ × Ý ç á Ñå Ñè Ý ÛÒ å Ñ ÛÕä é Õ à Ý × ÝÕÓ Ó Ò å Ý × ßÛÕä éå ê ×Ñ ÝÓÞ ßÖ ÑÓ ÛÑ âÖ Òä ä Ò × Ý ÛÒ å Ñë éÒ Ö × ÝÖ Ôíì Ñè Ñä éå Ñ àà ×Ö á Û × áÖ ß à é Õ à Ý × ÝÞ à

îï ðñ òóô õ ö ÷ ÷ø ùú ûü ý ý ö þ ù ý ÿ ú û ö� ü �� � ý� � ö ú ûü �� ù ùú � ù� � � û ö ÷ ù ý
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  µ;Å5² ¿À¾ÔµC¶X¹Ð¼c¹p±�Èpµ;¾p²0¹p¾p±�ÖÐ¿XÈpÂ>Ê×Å5²[µ�³[Å5¿;¾ Ä ¾(µ¸³[¹�´Y±>Ê×Ê5± Å Èp±�Ê�É
µ;Ã>¼c¹pÅ×²YÅÕ³[Å5¿;¾à²�ØX¾y³vµnº�Å×¼c¹p± ÃÃ>±à²Y¿À¾y³ªÁpÊ×¹�³��¸³CÊ×±>²�³Y´[µ;È�¹pÃ&³YÅ5¿À¾p²�Ê5¿ · Å5¼c¹p±>²Cµ;²Y²�¿»Ã&Å5Â&±>²ªµ;¹Xº ÖÐ¿;³Y²C±&³�Ñ�Ê�µÐÁpÚp´Yµ;²Y±Ò¼c¹pÅ�²Y¿À¾y³ÈpÅ×²YÁe¿À¾pÅ5ò�Ê5±>² Ã µ;Ê5¿;´Y²�¼c¹p± Ê5±>²�±�º»±&Ö�ÁpÊ×±>²�²�³Y´Y¹pÃ�³[¹p´�Â>² Ã ±>¹Xº Ã ²�¿À¾y³ Å×¾pÃ>¿À¾�¾X¹�² » ¾�Â>µ;¾pÖÐ¿ÀÅ5¾p² ÃÈ(µ;¾�²�Ê5± Ã>µ;²½Èp±&² �z� ² Ã Ê5± ¾�¿ÀÖÒòp´�± Èp±

FA
ÆL²�³Y´Y¹pÃ�³[¹p´�±>²�Á�¿;¹�¶¸µ;¾y³	�&³Y´Y±Ùµ;²�²Y¿XÃ>Å5Â&±>²�Ñ ¹�¾Â>¾�¿À¾pÃ>Â�È�¿À¾p¾pÂ�±&²�³Òó(¾�ÅÝ±&³ÔÅ×Ê"±&²�³Òôhµ¸Ã>Å5Ê×±�È�±�Ê5±>²]Â>¾c¹pÖÐÂ>´�±>´I�hÃ¸É
±&²�³ÔÈÍÉ
µ;Å×Ê5Ê5±&¹p´Y²ïÊ�É
µ;´ · ¹pÖÐ±>¾y³¼c¹pÅjµ�Áe±>´�Ö�Å×²ËÑ�ÄËµ;¾pµ;Ì·µ�¤Ýµ�Èp± · µ;´Yµ;¾y³[Å5´ªÊ�ÉÎµ¸ÁpÁp´Y±&¾y³[Å5²�²[µ · ±ÐÈ�±>² �z� ²

k
Æ�¶;µ¸Ê5¹pÂ&±>²ïÑ�Ápµ;´�³YÅ5´Èp±ªÃvÚ(µ�º�¾p±&² ��» Þ µ;´�Ö�Å�Ã>±&Ê5Ê5±&²�ÆLÃ>Å Ã ó · ¹p´Y±C³Y¿À¹���¿À¹�´Y²�µ;¹�ÖÐ¿ÀÅ×¾p²Ý¹p¾�±=º»±>ÖÐÁpÊ5±�²�³[´�¹pÃ&³Y¹p´YÂ » �CÅ×¾p²YÅ Ã²YÅ�¿À¾ Ápµ;´�³CÈp±àÊ5µÐÁpÚ�´[µ;²�± Ä ¹p¾ ÃvÚ(µ¸³�È�¿À´�³ Å ±&³�²�Å�¿;¾ ÃvÚp±>´�ÃvÚp±Ó¼c¹p±>Ê�±�º»±>ÖÐÁpÊ×±]²�³[´Y¹�Ã&³[¹�´YÂÒÊ×¹pÅ±>²�³�µ;²�²Y¿XÃ>Å×Â Ã ¿À¾½±&²�³�µ¸Ö�±&¾pÂCÑï±>¾y¶XÅ5²Yµ · ±>´j³[¿À¹�²"Ê×±>²"µ;´Yòp´�±>²"òpÅ5¾(µ¸Å5´Y±&²�Á�¿À²�²YÅ×òpÊ5±&² Ã µ·¶À±>Ã�³[¿À¹�³Y±>²Ê5±&²ÝÂ�³[Å5¼c¹p±�³Y³Y±>²

FA
±�³

BA
Áe¿À²Y²�Å5òpÊ×±>²"ÑàÊ5±&¹p´Y²j¾p¿X±>¹pÈ�² Ã Èp¿À¾y³ÛÃ&±&³Y³Y±�ÁpÚp´Yµ;²Y±�±>²�³ÛÊ5±3ôU±>¹�Å5Ê5Ê5µ · ± »Þ µ¸´YÖÐÅ Ã>±&¹»ºcÆ�Ã&Å Ã ±&¾ñÅ5¾y³[Â · ´[µ;¾y³ªÖ�µ;Å×¾c³Y±>¾(µ¸¾c³CÊ5±&²C³[´Yµ;Èp¹pÃ�³[Å5¿;¾p²�Ê5¿ · Å5¼c¹p±&²�µ;¹»º ôU±>¹pÅ×Ê5Ê×±>² Ã ²Y±&¹pÊÃ>±&Ê5¹pÅªÈ�± Ê5µ # Å · ¹�´Y± Ã » · ��Ñ Èp´Y¿;Å×³[± � Èp¿À¾p¾�± Ê×Å5±&¹ ÑaÊ5µ ò�¿À¾�¾p±ñôU¿À´YÖÒ¹�Ê5±ñÊ5¿ · Å5¼c¹p± óp¾(µ;Ê5± »°�±>²ï³[´[µ¸Èp¹pÃ&³YÅ5¿À¾�²]²�Â>Ö�µ;¾y³[Å5¼c¹p±&²]Áe±>´�Ö�±�³Y³Y±>¾y³ÒÈÍÉ Â&¶¸µ;Ê×¹p±>´ïÊ�µ�¼c¹(µ;Ê×Å×³YÂÐÈ7É
¹p¾�±

FA
ÆL²�³[´�¹pÃ&³Y¹p´Y±Ã·µ¸¾pÈpÅ5Èpµ¸³[±ïµ;¹�²�³[µ¸³[¹»³�È7É
±=º�±&Ö�Á�Ê5±Ë²�³Y´Y¹pÃ�³[¹p´�Â »� ±>Ê�µï¾p¿À¹p²Ûµ;Ö ¼ ¾p±�Ñà±�º»Å · ±>´Ý¹�¾p±C¾p¿¸³[Å5¿;¾�Èp±�Ê�µ]Ã&¿ÀÖÐÁ�¿À²�Å×³YÅ5¿À¾p¾pµ;Ê5ÅÕ³[ÂÛ¹p¾�Á�±&¹½ÁpÊ5¹�²"ôU¿À´�³[±¼c¹p±ÓÈ(µ;¾�²�²[µ�ôU¿À´�ÖÒ¹pÊ5µ¸³[Å×¿À¾�²�³vµ;¾�È(µ;´YÈÙÑ½òpµ;²Y±ÒÈ�±Ò²YÅ×Ö�ÁpÊ×± Ä Ö�¿;´YÁpÚpÅ×²YÖÐ± Å ß�Å5Ê¨ôhµ;¹�³�±&¾ñ±&Ü�±&³¾p¿À¾Ó²�±>¹pÊ×±>ÖÐ±>¾y³0¼c¹p±�Ê×±>² ±=º»±>ÖÐÁpÊ5±&²�²�³Y´Y¹pÃ�³[¹p´�Â>²0²Y±Û³Y´[µ;È�¹pÅ5²�±>¾y³0±>¾Ôµ¸´Yòp´�±>²�²�Â>Ö�µ;¾y³[Å5¼c¹p±&²�Ã>¿;´�Æ´Y±&Ã&³Y² Ã Ö�µ;Å5²0µ¸¹p²Y²�Å(¼X¹�±ïâ�ì�äXâ1æ

FA 	 á�âhã=äså�âhäXãvæCçXì�í(íeë;í(â î é�æ�ä��]äXí7æÄâ�ã�ëyç;ä(å�â�é�ì�í�á{è��Ðë;í(âhé��>äsæåvì�ã=ã[ævå�â1æ]á{ì�é�â�í7èvåvævává>ë;é�ãvæ���æ�í(âÝä»í æv�»æ��5� î æ]á�âhã=äså�âhä»ã[è��UÃ&ô » Ê�ÉÎµ¸´�³[Å×Ã>Ê×±ïÁe¿À¹p´C¹p¾p±ÒôU¿À´�ÖÒ¹pÊ�µnÆ³[Å×¿À¾ïÁpÊ5¹p²�´YÅ · ¿À¹p´�±>¹p²�± ��»+� ±�³Y³Y±"¾p¿;¹�¶À±&Ê5Ê5±�ôU¿À´�ÖÒ¹pÊ�µ�³[Å5¿;¾�³[´[µ¸Èp¹pÅ×³�Ê�É
Å×¾c³Y¹pÅ×³YÅ5¿À¾C¼X¹�± î ëCá�â�ã=ä(å�â�äXã[æævá�âW�(ì�ã�â�æ�äyá{æ]çXæªá{æ�í�á » ¾Ä¿À¹p²Äµ;ÁpÁe±>Ê×¿À¾p² Ä Ã&¿ÀÖÐÁ�¿À²�Å×³YÅ5¿À¾p¾pµ;Ê5ÅÕ³[Â3Ã>¿ÀÖÐÁpÊ ¼ ³[± Å Ã&±&³�³[±ËÁp´Y¿;Áp´YÅ×Â&³[Â »� Å�±&Ê5Ê5±C±>²�³�µ;²�²Y¹p´�Â>± Ã ¿À¾�ÈpÅ5²�Á�¿À²�±ËÈÍÉ
¹�¾�ÖÐÂ>Ã>µ;¾pÅ5²�Ö�±CÈp±�³�ØXÁ�± · Â>¾�Â>´Y±&´�Æ�³[±>²�³[±&´ÄÁe¿À¹p´ÛôU¿;¹p´Y¾pÅ×´Èp±&²�±=º�±&Ö�Á�Ê5±>²3²�³[´Y¹�Ã&³[¹�´YÂ>²�ÑÓ¹p¾�µ;Ê · ¿;´YÅ×³YÚpÖÐ±CÈÍÉ
µ;ÁpÁp´�±>¾y³[Å×²Y²Yµ · ± »� ±&³Y³Y±�Å×ÈpÂ>±ÄµËµ;¹p²�²YÅsÂ&³YÂ�´�±>Áp´�Å5²�±Ä±�³jÈpÂ&¶;±>Ê5¿;ÁpÁ�Â&±CÈ(µ¸¾p²3����±>Ê5Ê×Å5±&´ Ãµ' �.�.� òL�j��±>Ê×Ê5Å×±>´ Ãg' �.�.� µ �±&³Ûµ]Â�³[ÂCÊ×±3²Y¹���±�³ÛÈp¹½²�³vµ · ±�Èp±5¸ § � Èp±5¸�µ;¾pÅ×±>Ê5µz¸C¹�È(µ;¹Ë��¸C¹pÈ(µ;¹ Ã -+À+À.À ��Ã ±&¾pÃ·µ;È�´YÂ>±Cµ·¶À±>Ã
  µ;´�Ã���¿ÀÖÐÖ�µ;²YÅ »U� ±&³�³[±ªôU¿ÀÅ×²3µ;¹p²Y²�Å Ã ¹p¾�Áp´�¿ · ´[µ¸Ö�ÖÐ±ªµÓÂ&³YÂïÅ×Ö�Á�Ê5Â>ÖÐ±>¾y³YÂ�±&³3³[±&²�³YÂ]²�¹p´3Èp±>²±�º»±&Ö�ÁpÊ×±>²³��¿À¹p±�³[² »
qsrvtJr�
 �[�L��� �3���3�K��
J�W~J���[�µ|u�3{}| xz�

°¨±&²Ó³[´[µ·¶¸µ;¹»º Â&¶;¿»¼c¹pÂ&²�Áp´�Â>Ã&Â>Èp±&Ö�ÖÐ±>¾y³�¾p¿À¹p²Ó¿À¾y³ÐÈp¿À¾�Ã�µ¸Ö�±&¾pÂ�Áp´Y¿ · ´Y±&²Y²YÅÕ¶À±&Ö�±&¾c³�Ñ´Y±&Ã>¿À¾�²YÅ5È�Â>´Y±&´ÛÊ5±CÞ0´YÅ5¾�Ã>Å5Áe±CÈ�±�Ã>¿ÀÖÐÁe¿À²YÅÕ³[Å5¿;¾p¾(µ;Ê×Å×³[ÂÝ²Y¿À¹p²Ý¹p¾�µ;¾ · Ê×±C¾p¿;¹�¶À±>µ;¹ » Ï�ÊeØ½µ]±>¾pÃ&¿À´Y±¹p¾ñÂ&Ã·µ;´�³ªÅ5ÖÐÁ�¿;´�³vµ¸¾c³�±>¾y³Y´Y±ÓÊ�µÐÃ·µ;´Yµ;Ã&³YÂ>´�Å5²[µ�³[Å5¿;¾ Èp¹ÙÞ0´YÅ×¾pÃ>Å×Á�±]Èp±ÒÃ>¿;Ö�Áe¿À²YÅÕ³[Å×¿À¾p¾(µ;Ê×Å×³YÂªÁ(µ;´Ê�ÉÕé5á{ì���ì�ã ���Xé5á���æïÈp± � ¹p´�´�ØyÆ ¡ ¿¥¤Ûµ;´�È Ã ¼c¹pÅ µ;Ã>Ã&¿À´YÈp±Ó¹�¾p±ÒÁpÊ5µ;Ã>±]²�ØXÖ�Â�³[´�Å5¼c¹p±ÓÑ�Ê5µ�²�ØX¾y³vµnº�±±&³�ÑÓÊ�µÓ²�Â>Ö�µ;¾y³[Å5¼c¹p± Ã ±&³3²�¿À¾�¹�²[µ · ±Ë¹p²�¹p±>Ê¨¼c¹pÅÍôhµ;ÅÕ³�ÈpÂ&´YÅ×¶;±>´ÄÊ�µÒ²�±>Ã>¿;¾pÈp±ïÈp±ËÊ�µÒÁp´�±>ÖÐÅ ¼ ´�± »Ï�Ê�±>²�³jµ;¹ÔÖ�¿;Å5¾p²�¹p¾ÓÈp¿ÀÖ�µ;Å5¾�±Ý¿ÀðÔÅ5ÊX¾p¿À¹�²0²Y±>ÖàòpÊ5±Û¾pµ¸³[¹p´�±>ÊpÈ7É×é�í(ê;æ�ã[á{æ�ã�ã�ëyç;é�åYë î æ���æ�í(â¨Ê5±²Y±&¾p²�Èp¹ Þ0´YÅ5¾�Ã>Å5Áe±ïÈp±]Ã&¿ÀÖÐÁ�¿À²�Å×³YÅ5¿À¾p¾pµ;Ê5ÅÕ³[Â Ã Á�¿;¹p´Äôhµ¸Å5´Y±ËÈpÂ&´YÅÕ¶À±>´ÄÊ�µÔ²�ØX¾y³vµnº�±àÈp±àÊ5µÐ²�Â>Ö�µ;¾»Æ³[Å×¼c¹p±�ßsÃ&±>Ê5¹�Å�È�±àÊ�É�è���æ�ã¶¬Xæ�í7åvæïç;ä î ë;í�¬yë¥¬Xæ » ¾�¿À¹p²�±>²�³[Å5ÖÐ¿À¾p²3±&¾ ±&Ü�±&³ Ã Ã&¿ÀÖÐÖ�±��ÝÅ×Ã �;±>´�³[¿À¾�¶�"Å5Ã �;±&´�³Y¿À¾ Ãs' �+�.À � �UÃ&ô » Á(µ;´�³YÅ5± - » - » 'c��Ã ¼c¹p±�Ê×±>²àÊ5µ;¾ · ¹�±>²Ò¾(µ¸Å5²Y²�±>¾y³ÔÈp±½Ê5µ�ôhµ;Ã&¹pÊ×³YÂ�Èp±�´�±�ÆÁp´�Â>²Y±&¾y³vµ¸³YÅ5¿À¾ ²�Â>Ö�µ;¾y³[Å×¼X¹�± » °¨µ�²�ØX¾y³vµ�º»±�¾p±ÐôU±>´[µ¸Å×³àµ;Ê5¿À´�²Ë¼X¹�±�³[´Yµ;Èp¹pÅ×´Y±Ð²Y¹p´ÒÊ×±�Á�Ê�µ;¾9Èp±>²²YÅ · ¾pÅÕósµ;¾y³[²�Ê5±>²Ùåvì��£©>é�íeë;é5á{ì�í�á çXæ�á{æ�í�áñ¼c¹pÅ�²&É
¿ÀÁ ¼ ´�±>¾y³�µ;¹ ¾�Å×¶À±>µ;¹�Èp±&²�²YÅ · ¾pÅ×ópÂ>² Ã Áe¿À¹p´
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´�±>¾pÈ�´Y±ËÃ>¿ÀÖÐÁ�³Y±ïÈ�±Ëôhµ¸Å×³[²ÝÈp±ËÁpÊ5¹p²3±&¾�ÁpÊ×¹p²�Â>Ê5µ;òe¿À´YÂ&² »Â3±>Áp´�±>¾p¿;¾p²]Ê�É
±=º»±>ÖÐÁpÊ5±ÒÈ�±>²Ë³[´[µ¸Èp¹pÃ&³YÅ5¿À¾�²ªÊ5¿ · Å×¼c¹p±>²ªÈp±&²ËÖ�¿;³Y² Ä ¹p¾ Å½ÃeÄ ÃvÚ(µ¸³ Å ±&³ Ä Èp¿À´�³ Å½»§ Ê×Ê5±>²�´�±f! ¼ ³[±>¾y³ÝÊ5±3ôhµ;Å×³�¼c¹p± Ä ¹p¾ Å ±>²�³"Áe¿À´�³Y±>¹p´jÈÍÉ ¹p¾p±C²�³[´�¹pÃ&³Y¹p´Y±�Áp´Y¿ÀÁe¿À²�Å×³[Å×¿À¾p¾p±&Ê5Ê×±Û¼c¹pÅsÈp¿ÀÅ×³��³[´�±ªÅ5¾p²�³vµ;¾pÃ&Å5Â&±ªÁ(µ;´ÛÊ5µÒÈp¿À¾p¾pÂ&±ªÈp±ËÈp±>¹Xº�Áp´�Â>ÈpÅ×Ã·µ¸³Y²3ÑÔ¹�¾�µ¸´ · ¹pÖÐ±>¾y³ Ã ´��;Ê5±>²;��¿;¹pÂ>²�Á(µ¸´ÛÊ5±&²È�±>¹»º�µ;¹»³[´Y±&²�³[´[µ¸Èp¹pÃ&³YÅ5¿À¾�² »�  µ¸Å5²3Ã>±&²3ôU¿;´YÖÒ¹pÊ×±>² Ã ÑÐ±&Ê5Ê×±>²�²Y±&¹pÊ5±&² Ã í Î éb�5�(ì{á{æ�í(â"ë;ä(å�ä»í ì�ã�ç;ã[æçXævá¨��ì�â�á�çyë;í�á î ë3���XãYë�á{æ » � ÃvÚ(µ¸¼X¹�±�ôU¿ÀÅ×²0¼X¹7É
¿À¾Ðó�º»±�¹�¾�³[±&Ês¿À´YÈp´�± Ã ¿À¾Ðó�º»±�Ápµ;´�Ê�µªÖ¼�&Ö�±¿XÃ>Ã>µ;²YÅ×¿À¾ Ê5µ

FA
ÆL²�³Y´Y¹pÃ�³[¹p´�± Á�±&´YÖÐ±&³�³vµ;¾y³½Ê�É
±=º»Â>Ã>¹»³[Å5¿;¾�Èp±>²½µ;ÁpÁpÊ×Å5Ã·µ�³[Å5¿;¾p²ÓôU¿À¾pÃ&³YÅ5¿À¾�¾p±>Ê×Ê5±>²²�¹p´3Ã>±&²Ä³Y´[µ;Èp¹�Ã&³[Å×¿À¾p² Ã ±&³ÄÈp¿À¾�ÃïÅ×¾pÈpÅ×´Y±>Ã�³[±&Ö�±&¾c³3Ê5µÒ²�ØX¾y³vµ�º»±]²Y¿À¹p²1Æ �Yµ;Ã&±>¾y³[± »��¿À¹�³Y±&ôU¿ÀÅ×² Ã Áe¿À¹p´ª¼c¹ÍÉ Å5Ê0±�º»Å×²�³[±Ô±�Ü7±&Ã&³[ÅÕ¶À±&Ö�±&¾c³]¹p¾p± · ´Yµ;ÖÐÖ�µ;Å×´Y±

k
ÆL¶¸µ;Ê×¹pÂ>±ÓÃ&¿ÀÖÐÁ(µ¸³[Å×òpÊ5±µ·¶;±>Ãï¹p¾�±&¾p²Y±&ÖÒòpÊ×±ïÈ�±

FA
ÆL²�³Y´Y¹pÃ�³[¹p´�±>² Ã Ã&±>Ê×Ê5±>²1Æ�Ã&Å�Èp¿ÀÅ×¶;±>¾y³ÄÁp´YÂ&²Y±&¾c³Y±>´ÄÈp±>²Ä´YÂ · ¹pÊ5µ;´YÅÕ³[Â>² » °¨µ¶¸µ;Ê×±>¹p´ËÈp±

k
±>²�³]±>¾9¼c¹p±>Ê×¼X¹�±�²Y¿;´�³[±ÐÅ5¾y¶;±>´Y²�±>ÖÐ±>¾y³ÒÃ&¿À´Y´�Â>Ê×Â>±�µ{¶;±>Ã�Ê5±ÔÈp± · ´YÂÐÈp±�´�Â · ¹�Ê�µ;´�Å×³[Â´�±>¼c¹pÅ×²�ß0²�Å

k = 1 Ã ÃvÚ(µ;¼c¹p±�Ö�¿;³Ô¾�±�Áe±>¹�³H��¿À¹�±>´Ð¼X¹7É
¹p¾ ²Y±&¹pÊ3´��ÀÊ×±�²�ØX¾c³[µ�º»Å5¼c¹p±�±&³�Ê5±&¹p´¿;´YÈp´�±�±&²�³"Ã>¿À¾y³[´Yµ;Å5¾y³5�hÁpµ;´�±�º»±>ÖÐÁpÊ5± Ã Ê5±>²0¶;±>´Yòe±>²ÝÅ5¾y³[´Yµ;¾p²YÅÕ³[ÅÕôU²�¾p±ÄÁ�±&¹�¶À±&¾c³Û´Y±>Ã&±&¶;¿ÀÅ5´j¼c¹ÍÉ
¹�¾p±²�±>¹pÊ×±ÓÃ·µ¸³YÂ · ¿;´YÅ5±àÃ>¿À´�´Y±>²�Á�¿;¾pÈ(µ;¾y³Ë²Y¿;Å×³ËÑ
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µ;ÁpÁp´�±>¾y³[Å×²Y²[µ · ±"È7É
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°0É ÚcØXÁe¿;³[Ú7�>²Y±�ôU¿À¾�È(µ¸³[´�Å5Ã&±ÝÈp±ÛÃ&±Û³[´Yµ{¶¸µ;Å×Êc±>²�³�È�¿À¾pÃÛ¼c¹p±�Ê×±>² È�¿À¾p¾pÂ&±>²�ÈpÅ5²�Á�¿;¾pÅ5òpÊ×±>²�Ñ�Ê�É
µ;Á»ÆÁ�´Y±>¾pµ;¾y³�²�¿À¾y³ÄÈp±>²Òæv�»æ��5� î æváËâ��«�(èvá2��Ã;É ±>²�³�Æ1Ñ�ÆLÈpÅ5´�±ªÈp±>²3Â&¾p¿À¾pÃ&Â>²Ä²�ØX¾y³vµ�º»Å5¼c¹p±&Ö�±&¾y³CÃ&¿À´Y´�±>Ã&³Y²¿;ðïÃvÚpµ;¼c¹p±�Ö�¿;³7±>²�³ µ¸²Y²Y¿XÃ>Å×Â0Ñ�¹p¾ª³�ØXÁ�±3ß/�

(un, 〈〈e, t〉, 〈〈e, t〉, t〉〉)(chat, 〈e, t〉)(dort, 〈e, t〉)′′±&²�³�Ê�É
±=º�±&Ö�Á�Ê5±"³�ØXÁeÂ�Ã>¿À´�´Y±&²YÁe¿À¾pÈ(µ;¾y³�Ñ�¾�¿;³[´�±Û±�º»±>ÖÐÁpÊ×±ÛÁp´Y¿¸³[¿;³�ØXÁpÅ×¼X¹�±�ny°�±Ý¶;¿»Ã>µ;òp¹pÊ5µ;Å5´�±Ý²Y¹�´Ê×±>¼c¹p±&Ê�²Y¿À¾y³ÄÃ>¿À¾�²�³[´�¹pÅ×³Y²3Ã>±>²Ä±�º»±&Ö�ÁpÊ×±>²�³�ØXÁ�Â&²3±>²�³�Èp¿À¾�Ã
Σ× T

n
Â3±>Ö�µ;´Y¼c¹p¿;¾p²à³[¿;¹�³ÒÈÍÉ
µ;òe¿À´YÈ ¼X¹�±½Ê�É
µ;ÁpÁp´�±>¾(µ¸òpÅ5Ê×Å×³[ÂÔÁ(µ¸´à±�º»±&Ö�ÁpÊ×±>²ÒÁe¿À²�Å×³[ÅÕôU²]²�±>¹pÊ×²àÈp±&²
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G

Èp¿À¾y³ÃvÚpµ;¼c¹p±�µ¸Ü7±&Ã&³[µ¸³[Å×¿À¾ ÈpÅ×²�³[Å×¾pÃ&³Y±�Èp±�Ã>µ¸³[Â'lÀ¿À´�Å5±½Èp±�Ê�µ�ôU¿À´�Ö�±
〈v, C〉 ∈ G ⊂ Σ × Cat(B)È�¿À¾p¾p±ÓÊ×Å5±>¹ Ñ½¹p¾p±Ó¹p¾�Å5¼c¹p±Óµ;²�²Y¿XÃ>Å5µ¸³[Å×¿À¾

〈v, τ〉 ∈ Σ × T
¿;ð

τ = h(C)
nL¾Ä¿À¹p²Ëµ;ÁpÁe±>Ê×¿À¾p²

Gh

Ã>±�³Y³Y±]Ã&Ê�µ;²�²Y±ïÈp± �z� ²'n § ¾�±&Ü�±&³J�(²�¹p´ÄÊ5±ª¾p¿À¹»¶À±·µ¸¹ ¶À¿XÃ·µ;ò�¹pÊ�µ;Å×´Y±
Σ× T

Ã&¿À¾p²�Å5ÈpÂ&´YÂ��sÃ&±>²l;´[µ;ÖÐÖ�µ¸Å5´Y±&²à²�¿À¾y³Ô´YÅ_l;Å5Èp±&²In § ¾ ôhµ;Å×³I� Áe¿À¹p´Ó¹p¾
h

ó»º�ÂS�0Å5Ê"±>²�³ÐÖ£�>ÖÐ±�ôhµ;Ã&Å5Ê5±�Èp±�Ö�¿À¾y³Y´Y±>´¼c¹ÍÉ Å5Ê�±�º»Å5²�³[±�¹�¾�¾p¿ÀÖÒòp´�±Có(¾pÅ7Èp± ��� ²ÛÈp±
Gh

��Ñ]¹p¾�´Y±&¾p¿ÀÖÐÖ�µ�l;±CÁp´@�>²�±&³Û²[µ;¾p²�Ã>µ¸³[Â'lÀ¿À´�Å5±>²Å×¾c¹�³[Å×Ê5±>² � ¶ÀÂ&´YÅ×ó(µ;¾y³½Ã>±�³Y³Y± Áp´�¿ÀÁp´YÅ×Â&³YÂ�±�³½Ã&¿ÀÖ�Ápµ¸³[Å×òpÊ5±&²Ôµ{¶;±>Ã�³[¿À¹�³�±>¾�²Y±>ÖàòpÊ5±�ÈÍÉ
±=º»±>ÖÐÁpÊ5±&²³�ØXÁeÂ>²ïß(Ê�É
µ;´<l;¹pÖ�±&¾y³�Èp±ËÊ�µ��1Ã>µ;´YÈ�Å5¾(µ;Ê×Å×³YÂ�ó(¾pÅ×± Å �h¼c¹pÅÍó�lÀ¹�´Y±ËÈ(µ;¾p²3Ê×±ª²YÃvÚpÂ&Ö�µÐÈp±ËÊ�µ"# Å�lÀ¹p´Y±Ã n - � Ã&¿À¾�ó(´�Ö�±ËÊ�ÉÎµ;Á�Áp´Y±&¾(µ;òpÅ×Ê5Å×³YÂ�È�±ïÊ5µÓÃ>Ê�µ¸²Y²Y±
Gh

n
¾Ä¿À¹p²�ôhµ¸Å5²Y¿;¾p²�ómlÀ¹p´Y±&´ È(µ¸¾p² Ã&±ÝÈp¿XÃ>¹pÖÐ±>¾y³�¹p¾Óµ;´�³[Å×Ã>Ê5±�Èp±"²�ØX¾y³[Úm�&²Y±�Áp´�Â>²�±>¾y³[Â�Ñ � ��Þ��¸Ê5µÃ&¿À¾�ôUÂ&´Y±>¾�Ã>±�ôU´[µ;¾µ*·µ;Å×²Y±�ÈÍÉ
µ;ÁpÁp´�±>¾y³[Å×²Y²Yµ�lÀ±3µ;¹�³Y¿ÀÖ�µ¸³[Å×¼X¹�±��;±&¾ -+À.À.· ��¸C¹pÈ(µ;¹XÆ � ¿;ôU´�¿À¾pÅ×±Û±&³9µ;Ê"n��-»À.À.· ò � Ã&¿À¹�¶X´[µ¸¾c³ Ê×±>²ñÁp´�Å5¾pÃ&Å5Á(µ;¹Xº ´YÂ&²Y¹pÊÕ³vµ¸³Y²Ù¿Àò�³[±&¾c¹p²9²�¹p´ÙÃ>±�³Y³[± ò(µ¸²Y±�nï°�±>²ÙÁp¹�òpÊ5Å×Ã·µ�Æ³YÅ5¿À¾�²�Å×¾c³Y±>´�Ö�Â&ÈpÅ�µ;Å×´Y±&²Ó²Y± ²�¿À¾y³�ôU¿XÃ·µ;Ê×Å5²�Â>±>²Ô²�¿ÀÅ×³�²Y¹p´ÐÊ�É
µ;Ê�lÀ¿À´YÅÕ³[ÚpÖÐ±½ÈÍÉ
µ;ÁpÁ�´Y±>¾y³YÅ5²Y²Yµ�lÀ±�Áp´Y¿¸ÆÁe¿À²�ÂË�¶¸C¹�È(µ;¹»Æ � ¿;ôU´Y¿;¾pÅ5±Ð±&³ µ¸Ê�np� -»À.À ' µµ�F¸C¹�È(µ;¹»Æ � ¿;ôU´Y¿;¾pÅ5±�±&³ µ¸Ê�np� -+À+À ' ò � ��²�¿ÀÅ×³à²Y¹p´]Ê5±&²Ã&¿À¾pÈpÅÕ³[Å×¿À¾p² È�±Û¶;µ¸Ê5Å5È�Å×³[ÂjÈp¹Ô´YÂ&²Y¹pÊÕ³vµ¸³�ÈÍÉÎµ¸ÁpÁp´Y±&¾(µ;òpÅ×Ê5ÅÕ³[ÂÝÈ�±�Ê�µ�¾p¿À¹»¶À±>Ê×Ê5±ÛÃ&Ê�µ;²�²Y±�Èp± ��� ²�µ;Å×¾p²YÅÃ>µ;´[µ¸Ã&³[Â&´YÅ×²YÂ>±S�»±�³Û²�¹p´Ý²�±>²ÛÁp´�¿ÀÁp´�Å5Â&³YÂ>²j³[ÚpÂ&¿À´YÅ×¼X¹�±>²$��¸C¹pÈ(µ¸¹»Æ � ¿¸ôU´Y¿À¾pÅ×±�±�³�µ¸Ê�np� -+À.À.· µ � n�¾�¿À¹�²µ·¶;¿À¾p²Äµ;Å5¾�²YÅ7ÖÐ¿À¾y³[´�Âª¼c¹p±ªÁ�¿;¹p´Û³[¿À¹»³�Ê�µ;¾7lyµ�lÀ±�±&¾mlÀ±&¾pÈp´YÂËÁ(µ¸´Û¹p¾p± ��� �pÅ5Êe±�º»Å5²�³[±Ë¹p¾�ÖÐ¿À´�ÆÁ�ÚpÅ5²�Ö�±

h
±&³Ô¹p¾�±vlÀ´[µ;ÖÐÖ�µ;Å5´�±�Èp±

Gh

¼c¹pÅHl;Â>¾m�&´Y±�Ê5±�Ö£�>ÖÐ±�Ê5µ;¾mlyµSlÀ±½Èp±�²�³[´Y¹�Ã&³[¹�´Y±>²Ô±�³¼c¹pÅ0±&²�³]µ;ÁpÁ�´Y±>¾pµ;òpÊ5±ÓÁpµ;´Ë±�º»±>ÖÐÁpÊ5±&²ª³�Ø»ÁeÂ>²'n¨°¨µ�¾�¿;³[Å×¿À¾ÙÈp±��1´YÅ�lÀÅ5È�Å×³[ÂïÂ&³Y±>¾pÈ�¹p± Å ¼c¹p±Ð¾p¿À¹�²±=º»ÁpÊ5¿ÀÅÕ³[¿À¾�²ÒÃ>¿À¾�²�³[ÅÕ³[¹p±�Èp¿;¾pÃ�¹p¾�lyµ;Å5¾ ²�Å_lÀ¾�Å×ó(Ã>µ¸³[ÅÕô3ÈÍÉ
±=º»Áp´Y±&²Y²YÅÕ¶XÅ×³[ÂS��µ;¹ Áp´YÅÇº Èp±�Èp¿;¾p¾pÂ>±&²È7É
±&¾c³Y´YÂ&±½ÁpÊ5¹�²ï´�Å5ÃvÚp±&²In;¾�¿À¹�²à¾p±ÔôU±>´�¿À¾p²àÅ×Ã>Å0¼c¹p±�´Y±>Á�´Y±>¾�Èp´Y±½Ê×±>²ïÃ·µ;´Yµ;Ã&³YÂ>´�Å5²�³YÅ5¼c¹p±&²]Áp´�Å5¾pÃ&ÅÕÆÁpµ;Ê5±&²jÈ�±ÄÊ�ÉÎµ¸Ê_lÀ¿À´�Å×³YÚpÖ�±jÈÍÉ
µ;ÁpÁp´�±>¾y³[Å×²Y²Yµ�lÀ±ÄÁp´Y¿ÀÁe¿À²�Â��yÁe¿À¹p´�Ö�Å×±>¹»ºÒÊ5±�Ã&¿ÀÖ�Ápµ;´Y±&´"ÑªÃ&±>¹»ºÐÈpÂ �YÑÂ�¶À¿X¼c¹pÂ>²'n
� ±ñ¼c¹pÅ�ÈpÅ5²�³[Å5¾7lÀ¹p± ¹�¾p± Ã·µ�³[ÂIl;¿À´YÅ×± ²�ØX¾y³vµnº�Å×¼c¹p±���µ;¹�²�±>¾p²�È�±>² ��� ² � ÈÍÉ ¹p¾�³�ØXÁe±ñÊ5¿¸Æl;Å5¼c¹p±��¨Ã¸É
±&²�³ÒÈ7É
¹p¾�±�Á(µ;´�³àÊ�É
±&¾p²Y±&ÖÒòpÊ×±�Èp±�²Y±&²àÂ>Ê×Â>ÖÐ±>¾y³[²]µ¸³Y¿ÀÖ�Å×¼c¹p±>²��

B
È(µ;¾p²]Ê5±ÔÁp´�±>ÖÐÅ5±>´Ã>µ;²I��±>¾�lÀÂ&¾pÂ>´Yµ;Ê

{e, t}
È(µ¸¾p²ÒÊ5±�²Y±&Ã>¿À¾pÈ � ±&³ÓÈ7ÉÎµ;¹»³[´Y±�Á(µ;´�³ÒÊ�µ�Áp´YÂ&²Y±&¾pÃ>±�Èp±&²Ò¿ÀÁeÂ>´[µ�³[±>¹�´Y²

/
±&³
\

µ;¹ ¾pÅÕ¶À±·µ¸¹ ²�ØX¾y³vµ�º»Å5¼c¹p±S��¼c¹pÅ�ÈpÅ×²YÁ(µ;´Yµ;Å5²�²Y±&¾c³�µ¸¹ ¾pÅ×¶;±·µ;¹ ²YÂ&Ö�µ¸¾c³YÅ5¼c¹p±Sn   µ;Å×²½Ê5±&²Ã>µ¸³[Â'lÀ¿À´�Å5±>² ±&³ñÊ×±>² ³�ØXÁ�±&²ñÁ�±&¹�¶À±&¾y³ ³Y¿À¹p²ñÊ×±>² Èp±&¹»º ��³[´Y± ¶X¹p²ñÃ&¿ÀÖÐÖ�±9Èp±>² â�æ�ã«��æváa´Y±�ÆÊ×Å5Â&² Á(µ;´ Ê×± ÖÐ¿À´YÁpÚ�Å5²YÖÐ±
h
nªÞ�¿À¹p´ñ´�±>Ã>¿;¾p²�³YÅ×³[¹�±>´ñÊ5±&²ñÃ·µ¸³YÂIlÀ¿;´YÅ5±&²<�ÙÑ Á(µ;´�³[Å×´ Èp±&²Ù³�ØXÁe±>²'�¾�¿À¹p² Á�´Y¿ÀÁe¿À²Y¿;¾p²�³Y¿À¹�³�ÈÍÉÎµ¸ò�¿À´�È Èp±���¶¸µ;´�Å�µ;òpÅ×Ê5Å×²Y±>´ Å Ê5±>²�±�º»±>ÖÐÁpÊ×±>²�³�ØXÁeÂ>²'�C±>¾AÅ5¾y³[´�¿»È�¹pÅÕÆ²Yµ;¾y³�È�±>²�¶¸µ;´�Å�µ;ò�Ê5±>²Ôµ¸¹»ºaÁ�¿;²YÅ×³YÅ5¿À¾�²Ó¿Àð Ê×±>²Ð¿ÀÁeÂ>´[µ�³[±>¹�´Y²

/
±�³
\

Èp±&¶X´Yµ;Å5±&¾c³Ðó�lÀ¹�´Y±>´'n � ±>²¶¸µ;´�Å�µ;ò�Ê5±>²�²�¿À¾y³ ÈpÅ×²�³[Å×¾pÃ&³Y±>²�ÃvÚ(µ;¼c¹p± ôU¿ÀÅ×²�¼c¹ÍÉ ¹p¾ Ã&¿À¹pÁpÊ×±
〈mot, type〉

ÈpÅ×²�³[Å×¾pÃ&³�±>²�³ Áp´�Â�Æ
��C?-/1?6Z�!�� � "�*8?-/&" "0.��$'�{+.-�1?-� �),&���C5�* "��&�(H�@6]C5�@6Z��-/ "K�>'$2&�0;�<6L�@6� Z��&")S�!0�-/+.�2F?$'1x��(H8,+.$20.�P+�-j1,$2 �-/ "0.$21Y')?09)5 "0.+.0.6"�4+;�<6L$28�K�&`-� ���),&`6B�!$2(H(H�]���"���:�J !¡



=)?;aµ?�2H4J4J:3<JBC8F6uGµGg2cb¨<ed 4�2H:¨8F6
: ²gf <4h$<K¯i4JM�<KG 8ji74J°KG ,.�
²Y±&¾y³ÔÈ(µ;¾p²ÒÊ×±>²]±�º»±>ÖÐÁpÊ5±&²à³�ØXÁ�Â&²In0°0É ±�º»±>ÖÐÁpÊ×±�³�ØXÁ�Â½Á�´YÂ>Ã&Â>Èp±&Ö�ÖÐ±>¾y³ÓÃ&Å×³YÂ�Èp±�¶»Å×±>¾y³Ðµ;Å×¾p²YÅÄß
(un, x1〈x2〈e, t〉, x3〈x4〈e, t〉, t〉〉)(chat, x5〈e, t〉)(dort, x6〈e, t〉)

n°�µÔ³[±&ÃvÚp¾pÅ5¼c¹p±àÈÍÉÎµ¸ÁpÁp´Y±&¾y³[Å5²�²[µ�l;±ÒÁp´Y¿;Á�¿À²�Â>±ÒÃ&¿À¾p²�Å5²�³Y±Òµ;Ê×¿À´Y²�Ñ�±&²Y²Yµ{Ø;±>´ËÈÍÉ ±&Ü�±>Ã�³[¹p±&´�¹p¾p±ë;íeë î �{á{æÐá���í(â�ë��Àé��>äsæ�Èp±&²à±�º»±&Ö�ÁpÊ×±>²ï³�Ø»ÁeÂ>²ï¶¸µ;´YÅ5µ;òpÅ5Ê×Å5²�Â>²I�7Èp¿À¾p¾(µ¸¾c³àÃ>¿ÀÖÐÖÐ±Ð´�Â>²�¹pÊ×³[µ¸³
t =

h(S)
�7±>¾ÙÈpÂ&Èp¹pÅ×²[µ;¾y³ïµ;¹ ôU¹p´C±&³ïÑ½ÖÐ±>²Y¹�´Y±ÒÈp±&²½åvì�í(â�ã�ë;é�í(â�æváÓ²Y¹�´ªÊ�µ�¶¸µ;Ê×±>¹p´�È�±>²�¶¸µ;´YÅ5µ;òpÊ×±>²

xi

¼c¹ÍÉ
Å×Ê5²ÒÃ&¿À¾y³[Å×±>¾p¾p±&¾y³J��Ñ Ê�µ Ö�µ;¾pÅ��>´�±½Èp±>²Ðµ;Ê�lÀ¿À´�Å×³[Ú�Ö�±&²]Èp±�²�Á�Â&Ã>Å5µ;Ê5Å×²[µ¸³YÅ5¿À¾9Â&¶À¿X¼c¹pÂ>²Ð±>¾Á(µ;´�³[Å×±È%:n ' n ' n � ±>²�Ã&¿À¾y³[´Yµ;Å5¾y³[±&²CÁe±>¹�¶;±>¾y³ËÁp´�±>¾pÈp´�±ÒÈp±&¹»º�ôU¿À´YÖÐ±>²�ÈpÅ5²�³[Å5¾�Ã&³[±&²]ße²Y¿;Å×³
xi = /¿À¹

xi = \
�·Áe¿À¹p´7¹p¾]Å×¾pÈpÅ×Ã>±

i
�·²Y¿ÀÅÕ³

xi = xj

Áe¿À¹p´ÍÈp±&¹»ºËÅ×¾pÈpÅ5Ã&±>²
i 6= j

n·Þ�¿À¹p´¨¾p¿¸³[´Y±0±=º»±>ÖÐÁpÊ5±Ã·µ¸¾p¿À¾pÅ×¼X¹�±ïÂ&Ê5Â&Ö�±&¾c³[µ;Å5´�±��»¹p¾p±Ë²Y±&¹pÊ5±ïµ;¾(µ¸Ê×ØX²Y±ª²�Ø»¾y³[µ�º»Å5¼c¹p±ï±>²�³ÄÁe¿À²Y²�Å5òpÊ×±�±&³Ä±&Ê5Ê5±CÖ¢�&¾p±ËÑÓÊ�µåvì�í�Ì·ì�í7å�âhé�ì�í�Èp±&²�Ã>¿;¾c³Y´[µ;Å×¾y³[±>² ²Y¹pÅÕ¶;µ¸¾c³Y±>²Ûß
x1 = /

�
x2 = x5

�
x3 = /

±&³
x4 = x6

n»¸�µ;¾p²0Ê×±>²Ã·µ¸²0¿ÀðÓÁpÊ5¹�²YÅ5±&¹p´Y²�µ;¾(µ;ÊÕØ»²�±>²�²�¿À¾y³�Á�¿;²Y²YÅ×òpÊ5±&²I��¿À¾Ó¿Àò�³YÅ5±&¾c³�¹p¾p±Ëç;é5áQÌ·ì�í7å�âhé�ì�í�çXæ�åvì�í�Ì·ì�í7å�â�é�ì�í�áçXæÓåvì�í(âhãYë;é�í(â�ævá2n°¨±&²�Ã>¿;¾c³Y´[µ;Å×¾y³[±>²0È�¹Ô³�ØXÁe±
xi = /

¿À¹
xi = \

Ã&¿À´Y´�±>²YÁe¿À¾pÈ�±>¾y³jòpÅ5±&¾ÔÑ�¹p¾p±Û¿ÀÁeÂ>´Yµ¸³[Å×¿À¾ÒÈp±á �(èvå�éhë î é5á>ë;âhé�ì�í�nÀ°�±>²�Ã>¿;¾c³Y´[µ;Å×¾y³[±>²�ÈÍÉ ÂIlÀµ;Ê5ÅÕ³[ÂÛ±&¾c³Y´Y±3¶¸µ;´YÅ5µ;òpÊ5±&²�Áe±>¹�¶;±>¾y³J�»µ;¹p²�²YÅ��;Ö�±&¾p±>´jÑª¹p¾p±³[±&Ê5Ê×±Ý²YÁeÂ>Ã&Å�µ;Ê×Å5²Yµ¸³[Å×¿À¾Ôß;Á(µ;´ ±�º»±>ÖÐÁpÊ5±S�¸¼c¹(µ¸¾pÈÔÈp±>²�Ã&¿À¾y³[´Yµ;Å5¾y³[±&²�Èp±ÛÊ5µ�ôU¿À´�Ö�±
xi = xj

±�³
xi =

/
±>¾y³[´Yµ»º�¾p±&¾y³�¼c¹p±

xj = /
n   µ;Å5²�Ã>±"¾ÍÉ ±>²�³ Á(µ;²�³[¿À¹���¿;¹p´Y²�Ê5±�Ã·µ;²'n;Þ�¿À¹p´�Ê5±jÃ>¿ÀÖÐÁp´Y±&¾pÈp´�±���Å5Ö�µ�ÆlÀÅ×¾p¿À¾p²0¼c¹ÍÉ ±>¾ÐÁpÊ5¹�²�Èp¹ÔÁp´Y±&Ö�Å×±>´�±=º»±>ÖÐÁpÊ5±Û³�ØXÁeÂ��y¿À¾Ô±>¾ÔÈpÅ×²YÁe¿À²Y±3µ¸¹p²Y²�Å(ÈÍÉ
¹�¾ÐÈ�±>¹»º»Å_�&Ö�±S�;¶¸µ�Æ´YÅ5µ;òpÅ×Ê5Å5²�Â�Ã&¿ÀÖÐÖ�±�²�¹pÅ×³�ß

(un, x1〈x2〈e, t〉, x3〈x4〈e, t〉, t〉〉)(homme, x7〈e, t〉)(court, x8〈e, t〉)
n°�±>²]Ã>¿À¾y³[´Yµ;Å5¾y³Y±>²à¿;ò�³[±&¾X¹�±>²ÓÑ�Á(µ;´�³[Å5´ËÈp±�Ã>±�Èp±>¹»º»Å��>ÖÐ±�±=º�±&Ö�Á�Ê5±��¨Á(µ¸´[µ;Ê×Ê_�>Ê×±>²ïÑ�Ã&±>Ê×Ê5±>²ËÈp¹Áp´�±>ÖÐÅ5±>´'�(²Y¿À¾y³]ß

x1 = /
�
x2 = x7

�
x3 = /

±&³
x4 = x8

nsÏ�Ê�´Y±&²�³[±]ÑÔÃ·µ;´Yµ;Ã&³YÂ>´YÅ×²Y±&´�Ê5µÔ¿;¹�Ê×±>²lÀ´Yµ;Ö�Ö�µ;Å×´Y±j�U² � Èp±
Gh

Ã&¿ÀÖ�Ápµ¸³[Å×òpÊ5±.�h² � µ{¶;±>Ã�Ê�µ�Ã&¿À¾���¿À¾pÃ�³[Å×¿À¾ËÈp±�Ã>±>²¨Ã&¿À¾y³[´[µ¸Å5¾y³[±&²jß{Áe¿À¹p´�Ã&±>Ê5µ7�¾p¿À¹�²ÒÈpÂ&óp¾pÅ5²�²Y¿À¾p²àÊ�É ±>¾p²�±>ÖÒòpÊ×±�Èp±&²ÒÃ·µ�³[ÂIl;¿À´YÅ×±>²ïÈp±½ò(µ;²�±½Ã>¿;Ö�ÖÐ± î�Î æ�í�á{æ��£© î æ�çXævá�å î ë�ává{æváç Î è��>äXé�ê�ë î æ�í7åvæ�çXæváÐá{ì�äcá 	 â�� �(ævá�ê�ë;ã=éhëj©>é î é5á{èvá¼�Ðë��Àéb�Ðë;ä+�9çXì�í(âïë;äså�äXí7æ�ê�ë;ã�éhëj© î æ�é�í(â�æ�ã�í7æ
xi

í Î ævá�â]åvì�í7åvæ�ã=í7èvæ���ë;ã½ä»í7æ�åvì�í(âhãYë;é�í(â�æ�çXæ î ëÈª·ì�ã«��æ
xi = /

ì�ä
xi = \

æ�â��>ä»é�á{ì�í(âá�äµ©�á�â�é�âhäpëj© î ævá î ævá�ä»í�áËë;ä+��ë;ä»âhã[ævá ��ë;ãËèÆ¬yë î é�â1è�£Jng¸�µ;¾�²Ý¾p¿;³Y´Y±�±�º»±>ÖÐÁpÊ5±S�»¾�¿À¹p²Ûµ·¶;¿À¾p²�Èp±&¹»ºÃ>Ê5µ;²Y²�±>²ïÈp±ÐÃ>±¤lÀ±>¾p´�±�ß
x2〈e, t〉 = x5〈e, t〉 = x7〈e, t〉

±&³
x3〈e, t〉 = x6〈e, t〉 = x8〈e, t〉

n
� Ú(µ;Ã&¹p¾p±�Ã>¿À´�´Y±&²YÁe¿À¾pÈaÈp¿À¾pÃ�Ññ¹p¾p±�Ã>µ¸³[Â'lÀ¿À´YÅ×±½Èp±�ò(µ;²�±�ÈpÅ5²�³[Å5¾�Ã&³[± ß0Ê�µ Áp´�±>ÖÐÅ_�>´�±½±>²�³ÐÊ�µÃ>Ê5µ;²Y²�±�Èp±&²Ò¾p¿ÀÖÐ²ïÃ>¿ÀÖÐÖÒ¹p¾p²'�¨Ê�µ�È�±>¹»º»Å_�&Ö�±ÐÃ>±&Ê5Ê×±�Èp±&²]¶;±>´Yòe±>²ÓÅ×¾y³[´[µ¸¾p²YÅÕ³[Å×ôU²'n�°¨µ Áp´�Â>²Y±&¾pÃ>±Èp¹�Ã&¿À¾y³[±�ºX³Y±ªÃ>¿ÀÖÐÖÒ¹p¾½Ã&¿À¾p²�³[Å×³Y¹pÂCÁpµ;´ÛÊ5±ÄÖ£�>ÖÐ±CÖÐ¿;³"³�ØXÁeÂ

(un, 〈〈e, t〉, 〈〈e, t〉, t〉〉)
�»È�¿À¾pÃ¶¸µ;´YÅ5µ;òpÅ×Ê5Å5²�ÂÒµ·¶À±&Ã�Ê×±>²ªÖ£�>ÖÐ±>²ª¶¸µ;´YÅ5µ;òpÊ×±>²I��²Y¹µÏÔ³ïÈp¿À¾�Ã�ÑñäXí(é ÍÛæ�ã½Ê5±&²ªÃ·µ¸³YÂIlÀ¿À´�Å5±&²ïÈ�±>²ËÖ�¿¸³[²µ·¶À±&ÃªÊ5±>²�¼c¹p±>Ê×²ÝÅ5Êe²>É
µ;²�²Y¿XÃ>Å5±Sn � ±�³Y³Y±ª¿ÀÁ�Â&´[µ¸³YÅ5¿À¾ÐÃ>¿;¾pÈp¹pÅÕ³J�XÃ>±&³�³[±CôU¿;Å5²I�XÑàÈ�±>²&¬Xè�í7è�ã�ë î é5á>ë;âhé�ì�í�á2n¾�¿¸³[¿À¾p²jòpÅ×±>¾Ð¼X¹�±�Ê×±>²�Èp±>¹Xº�Ã&Ê�µ;²�²Y±&²"¼c¹pÅs¿À¾y³"Â&³[ÂÄÅ5È�±>¾y³[ÅÕó(Â>±&²j²�¿À¾y³ÝÈ�Å5²�³YÅ5¾pÃ�³[±&²"òpÅ×±>¾Ð¼c¹ÍÉ
±&Ê5Ê×±>²²Y¿;¾c³�µ;²�²Y¿XÃ>Å×Â>±>²ÄÁ(µ;´

h
µ;¹Ë��¥���æËâ¶� �(æ î ì�¬;é��>ä(æ2n°�µ�Á(µ¸´�³[Å×Ã>¹pÊ5µ;´YÅÕ³[Â�Èp±�Ê�µÝ³Y±>ÃvÚp¾pÅ×¼c¹p±"È7ÉÎµ;Á�Áp´Y±&¾c³YÅ5²�²[µ�lÀ±�ÖÐÅ5²�±�±>¾ï¿»±&¹�¶X´Y±�È(µ;¾�²�Ã&±>²�³[´Yµ·¶;µ¸¹»º±>²�³ È�¿À¾pÃ�¼c¹ÍÉ
±&Ê5Ê×±0Ã>¿ÀÖÒò�Å5¾p±0Èp±&¹»ºïÈpÂ&Ö�µ;´�ÃvÚp±>²�ß{Ê�É
¿À´�Èp´Y±0È�±>²¨Ö�¿¸³[²I�&ó�º»Â"Á(µ¸´�Ê5±>²¨¿ÀÁeÂ>´Yµ¸³[±&¹p´Y²

/±&³
\
�n±>²�³0µ;Ã&¼c¹pÅ5²�Á(µ;´0á �(èvå�éhë î é5á>ë;â�é�ì�íÔµ¸¹ïôU¹p´�±&³ Ñ�ÖÐ±>²�¹p´Y±"Èp±jÊ�É
µ;¾(µ;ÊÕØ»²�±�Èp±>²�±�º»±>ÖÐÁpÊ5±&²I�¸µ;Ê5¿;´Y²¼c¹p±àÊ5µÐÈ�Â&ó(¾pÅÕ³[Å×¿À¾�Èp±>²�Ã·µ¸³YÂIlÀ¿À´�Å5±&²�²�Ø»¾y³[µ�º»Å5¼c¹p±>²CÈp±]òpµ;²Y±ï±>²�³�Å5¾�Èp¹pÅ×³Y±ËÁ(µ;´3¬Xè�í7è�ã�ë î é5á>ë;â�é�ì�íÍ�íeë î æ2n � ±àÃ&¿ÀÖÐÁp´Y¿ÀÖÐÅ5²Ý±>²�³CÃ>¿ol;¾pÅ×³YÅ×¶À±&Ö�±&¾y³Cµ¸²Y²Y±&ÌàÃ&´YÂ>È�Å5òpÊ×±��p³[¿;¹�³Ä±>¾ Â�¶»ÅÕ³vµ;¾y³ÄÊ�É ±�º»ÁpÊ×¿À²YÅ×¿À¾Ã>¿;ÖÒòpÅ5¾pµ¸³[¿ÀÅ×´Y±�Èp¿;¾c³�²Y¿;¹�Ü7´�±>¾y³½Ê×±>²Ó³[±&ÃvÚp¾pÅ×¼X¹�±>²½Èp±�²YÁeÂ>Ã&Å�µ;Ê×Å5²Yµ¸³[Å×¿À¾ Áp¹p´�±�njÞ�¿À¹�´�ôhµ;Å×´Y±�Èp±
¦@��1�$2), "&��2F5$21{-* "$')�§X$2)?&�64¨
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Ã&±&³�³[±�²�³[´[µ�³[ÂIl;Å5±��»Èp¿À¾y³Û¿;¾�µàÁp¹�Áp´�¿À¹�¶À±&´�Ê�µË¶;µ¸Ê5Å5È�Å×³[Â3±�³�Ê�µïÃ>¿ÀÖÐÁpÊ5Â�³[¹pÈ�±C� � ¿¸ôU´Y¿À¾pÅ×±�� -+À.À»Ã � �¹�¾9µ¸Ê_lÀ¿À´�Å×³YÚpÖ�±ïÈÍÉ
µ;ÁpÁp´�±>¾y³[Å×²Y²Yµ�lÀ±Ðµ;¹Ù²Y±&¾p²ËÈp± � ¿;Ê5ÈB��Å5Ê�ôhµ¸¹pÈp´[µ¸Å×³C³Y¿À¹�³Y±&ôU¿ÀÅ×²H�&³Y´Y±ÔÃ·µ;Ápµ;òpÊ5±È�±�ÃvÚp¿;Å5²YÅ×´3ä»í7æ�lÀ´[µ¸Ö�Ö�µ;Å5´�±Û¹p¾pÅ×¼c¹p±�Ápµ;´YÖÐÅ(Ã>±&Ê5Ê5±&²"Å×¾pÈp¹pÅÕ³[±&²jÈ�±>²ÝÃ&¿À¾y³[´Yµ;Å5¾y³[±&²In»Þ�¿À¹�´"Â�¶»ÅÕ³[±&´Ê5µ�²Y¹p´@lÀÂ>¾�Â>´[µ¸Ê5Å5²Yµ¸³[Å×¿À¾ÓÅ5¾�ÚpÂ>´�±>¾y³[±�µ;¹»ºÐµ¸Ê_lÀ¿À´�Å×³YÚpÖ�±&² ¼c¹pÅp³Y´[µ·¶¸µ;Å5Ê×Ê5±>¾y³ Á(µ;´�±�º»±>ÖÐÁpÊ×±>²�Á�¿;²YÅ×³YÅ×ôU²²�±>¹pÊ×²I�pÃ¸É
±&²�³3¹p¾�±ªÈp±�Ã>±&Ê5Ê×±>²ÛÁp´�¿»È�¹pÅ5²Yµ;¾y³�Ê5±�ÁpÊ5¹p²ÝÁ�±�³[Å×³ÛÊ�µ;¾mlÀµ�lÀ±3³�Ø»ÁeÂªÁe¿À²Y²�Å5òpÊ×±�¼c¹pÅÍÈp±�¶»´Yµ;Å×³��³[´�± ÃvÚp¿ÀÅ×²YÅ5±Sn   µ¸Å5²�¾�¿À¹p²�¾p± ²Yµ·¶À¿À¾p²�Ö£�>ÖÐ± Ápµ;²�²YÅ�Ê�É Å5¾pÃ&Ê5¹p²�Å5¿À¾a±>¾y³[´�±ñÊ�µ;¾7lyµ�lÀ±&²�³�ØXÁ�Â&²±&²�³àÈpÂ>Ã&Å5È(µ;ò�Ê5±���±�³ÒÊ�ÉÎµ;²�³[¹pÃ&±�È�±�ÄËµ;¾(µ¸Ì·µ�¤Ûµ�Ã>¿À¾p²�Å5²�³vµ;¾y³àÑ�³[±&²�³Y±>´àÈ�±>²àÅ×¾pÃ>Ê×¹p²YÅ×¿À¾p²Ë²Y¹�´]Èp±&²Â&¾p¿À¾pÃ&Â>²ÄÈp±ª³vµ;Å×Ê5Ê×±>²Ýòe¿À´�¾pÂ>±&²�±&²�³ÄÅ5¾(µ¸ÁpÁpÊ5Å×Ã·µ;ò�Ê5±C±&¾�Á�´[µ¸³YÅ5¼c¹p±�n¾Ä¿À¹p²ïµ;Ê5Ê×¿À¾p²C¶;¿ÀÅ5´ªÖ�µ;Å×¾c³Y±>¾(µ¸¾c³�Ã>¿ÀÖÐÖ�±&¾y³Ë¾p¿À¹p²ïµ·¶À¿À¾�²ïÁ�¹9ÖÐ±>¾p±&´ªÈp±>²ª³Y±>²�³Y²]±=º»Á�Â&´YÅÕÆÖÐ±>¾y³[µ;¹»ºV�(±&³ÄÃ>¿;Ö�ÖÐ±>¾y³3Â&³Y±>¾pÈ�´Y±ËÃ>±�³Y³[±ïÁp´�±>ÖÐÅ_�>´�±Ëµ;ÁpÁp´�¿»ÃvÚ�±]ÑÓÈÍÉ
µ;¹�³Y´Y±ªôU¿À´�Ö�µ;Ê×Å5²�Ö�±&²In
qsrÆÅsr Å ª«��xzyL��|u���W�m�g~1�µ|
�J�5�­¬W~7x5x5�µ�W�5É¨���[�
�[�
~J���J~P�J�[É5�W�C��{m®m�����J�H� x�¯ �

°0É
µ;Ê_lÀ¿;´YÅ×³YÚpÖÐ±�Áp´YÂ&²Y±&¾c³YÂÝÈ(µ¸¾p²�Ê5µÄ²�±>Ã�³[Å5¿;¾]Áp´�Â>Ã&Â>Èp±&¾c³Y±ÝôU¿À¹p´�¾pÅ×³I�{Ñ�Ápµ;´�³YÅ5´�ÈÍÉ ¹p¾à±&¾p²Y±&ÖÒòpÊ×±È7É
±=º�±&Ö�Á�Ê5±>²ª³�ØXÁeÂ>²ïÁp´Y¿{¶À±&¾(µ;¾y³]ÈÍÉ
¹�¾p± ��� È�±
Gh

�ÍÊ�É ±>¾p²�±>ÖÒò�Ê5±ÔÈp±>² ��� ²ËÈp±ÔÃ>±&³�³[±ÐÃ>Ê5µ;²Y²�±�hÑ ¹p¾ ´�±>¾p¿ÀÖÐÖ�µ�lÀ±�Áp´<�&²�±&³�²Yµ;¾p²½Ã>µ¸³[Â'lÀ¿À´YÅ×±>²½Å×¾c¹�³[Å×Ê5±>² � ¼c¹pÅ�Áp´Y¿XÈp¹pÅ×²Y±&¾c³½Ã>±>²�±=º»±>ÖÐÁpÊ5±&²³�ØXÁeÂ>²'nÍ°�±]Á�´Y¿ÀòpÊ��>ÖÐ±]±&²�³C¼X¹�±àÊ5±ï¾p¿ÀÖàòp´Y±ïÈp±àÃ&±>²°l;´[µ;ÖÐÖ�µ¸Å5´Y±&²�Á�±&¹�³H��³[´�±ï³Y´<�>²�lÀ´[µ;¾�È ßsÅ5ÊÈ�Â>Áe±>¾pÈB��¾p¿À¾9Á(µ;²]Èp±�Ê5µ�³[µ;Å5Ê×Ê5±ÒÈp±&²à±=º�±&Ö�Á�Ê5±>²��hÃ¸É
±&²�³�Æ�Ñ�Æ�È�Å5´Y±ÔÈp¹ ¾p¿ÀÖÒòp´�±�È�±�ÖÐ¿;³[²ïÈ(µ;¾�²Ê×±>²ÒÂ&¾p¿À¾pÃ&Â>² � ��Ö�µ¸Å5²àÈ�¹a¾�¿ÀÖÒòp´�±½Èp±½¶¸µ;´YÅ5µ;òpÊ×±>²ÒÅ×¾c³Y´Y¿XÈp¹pÅÕ³[±>²'��¼c¹pÅ�Ê×¹pÅÕÆLÖ¼�&Ö�±ÔÈpÂ&Á�±&¾pÈaÈp¹¾�¿ÀÖÒòp´�±]Èp±]Ã>¿À¹�ÁpÊ5±&²
〈mot, type〉

ÈpÅ×²�³YÅ5¾pÃ�³[²Ä±&³�È�±]Ê5µÔ³[µ;Å5Ê×Ê5±ªÈp±&²�³�ØXÁ�±&²CÁp´�Â>²�±>¾y³[²ªÈ(µ¸¾p²�Ê×±>²±=º»±>ÖÐÁpÊ5±&²
�UÃ&ô!n(±=º�±&Ö�Á�Ê5±ªÈ(µ;¾�²
��¸C¹pÈ(µ¸¹»Æ � ¿¸ôU´Y¿À¾pÅ×±ª±&³ µ;Ê�np� -+À.À+· ò ��� n  µ¸Ê_lÀ´�ÂC³[¿À¹»³J�pÃ&±&³Äµ;Ê�lÀ¿À´YÅÕ³[ÚpÖÐ±Ä±>²�³3Ê×±ªÁp´Y±&Ö�Å×±>´"Èp±ËÃ>±>¹Xº�¼c¹p±ª¾p¿À¹p²Äµ·¶À¿;¾p²3Ã>¿À¾y³[´�Å5òp¹�ÂËÑÂ&Ê�µ;òe¿À´�±>´ÝÈpµ;¾p²�Ã>±CÈp¿ÀÖ�µ;Å5¾p±S�»¼c¹pÅÍµàÁp¹��&³Y´Y±�Å×Ö�ÁpÊ×Â>ÖÐ±>¾y³[ÂÄÈ(µ;¾�²�¹p¾p±ªÁpÊ5µ¸³[±=ÆLôU¿À´�Ö�±Ä´Y¿Àò�¹p²�³Y±��¸C¹pÈ(µ¸¹»Æ � ¿¸ôU´Y¿À¾pÅ×±Ò±&³ µ¸Ê�np� -+À.À.- � �e±&³ª³Y±>²�³YÂÓ²Y¹p´ªÈ�±>²ªÈp¿À¾�¾pÂ>±&²ï´�Â>±&Ê5Ê5±&²In § ¾ÙÁ(µ¸´�³[Å×±C%:n ' �7±&¾±�Ü7±�³J�X¾p¿À¹p²Ý¾p¿À¹p²"Úp±>¹p´�³[Å×¿À¾p²ÛÑïÊ�µË³[´Y¿;Á�lÀ´Yµ;¾pÈp±�Ã>¿ÀÖÐÁpÊ5±=º»Å×³[ÂÄÈp±&²Ûµ;Ê�lÀ¿À´YÅÕ³[ÚpÖÐ±>²�ÈpÂ&Ã>´�Å×³[²"±&³ÛÑÊ5µ½ÈpÅ ÏÐÃ&¹pÊ×³YÂÒÈp±ÔÈpÅ5²�Á�¿;²Y±>´ªÈ�±>²ËÃ>¿À¹�ÁpÊ5±&²��1Â>¾�¿À¾pÃ>ÂJ±�³[´Yµ;Èp¹pÃ�³[Å×¿À¾ÙÊ5¿olÀÅ×¼c¹p± Å ¼c¹ÍÉ Å5Ê5²C´Y±>¼c¹pÅ��>´�±>¾y³±&¾ ±>¾y³[´�Â>±Sn�°�±>²½³�ØXÁ�±&²�Ê5¿ol;Å5¼c¹p±>²�¾p± ²�¿À¾y³�Á(µ;²�¾p¿;¾�ÁpÊ5¹�²I�ªëi�eã=é�ì�ã=é²�"Áp´�Â>²�±>¾y³[²�È(µ;¾�²½Ê5±&²Ã&¿À´YÁ�¹p²�¹p²�¹p±>Ê×²Inm¾�Â>µ;¾pÖÐ¿ÀÅ5¾p²'��Å5Ê5²ÔÁe±>¹�¶;±>¾y³�ÁpÊ×¹p²Ôôhµ;Ã>Å×Ê5±>ÖÐ±>¾y³£�&³Y´Y± çXèYç;ä»é�â�áñÑ Á(µ;´�³[Å5´ÔÈp±&²Â�³[Å×¼X¹�±&³Y³Y±>²0ôU¿À¹p´�¾pÅ5±&²�Á(µ;´0Ê×±>²0µ¸¾(µ;Ê×ØX²�±>¹p´�²jÊ×±�º»Å5Ã>µ;¹»ºV�;±&¾Ô²Y¹pÅÕ¶;µ¸¾c³�Ê5µ�ÈpÂ>Ö�µ;´�ÃvÚp±�ÈpÂ>Ã&´YÅÕ³[±�È(µ;¾�²Ê5µÊ# Å_l;¹p´Y± %:n Ã n � ±Ù²�ÃvÚpÂ>Ö�µ ÖÐ¿À¾y³[´�±ñ¼X¹�± ¾�¿À¹p²�µ·¶À¿À¾p²�ôhµ;ÅÕ³�µ;ÁpÁe±>ÊËÑ Èp±&¹»º£´Y±&²Y²Y¿;¹p´YÃ&±>²±=ºX³[±>´�¾p±>²CßXÊ×±3Ê5¿olÀÅ×Ã>Å×±>ÊpÊ×Å5òp´�±H� ��´�±>±¨� µSlolÀ±>´ Å �c¼c¹pÅeµ;²Y²�¿»Ã&Å5±Ä¹p¾p±�Â&³[Å×¼c¹p±&³�³[±CÊ×±�º»Å5Ã>µ;Ê5±��UÈp¹�³�ØXÁe±��¾p¿ÀÖÓÆ�Ã&¿ÀÖ�Öà¹p¾ Å �=��µ;Èc��±>Ã&³YÅ×ô!�G�L¶À±&´Yòe± Å �s±�³[Ã�n � Ñ�ÃvÚ(µ;¼c¹p±]Ö�¿¸³3ÈÍÉ
¹�¾ ³[±=º»³Y±��s±&³�¹p¾p±°��³[µ;òpÊ×±ïÈ�±Ã&¿À´Y´�±>²�Á�¿À¾�È(µ;¾pÃ&± Å ��ÈpÂ&ó(¾�Å5±ªÑàÊ5µàÖ�µ;Å5¾B�c¼c¹pÅ�µ¸²Y²Y¿XÃ>Å×±C¹p¾�¿;¹�ÁpÊ5¹p²�Å5±&¹p´Y²Ý³�ØXÁe±>²3ÑàÃvÚpµ;Ã>¹p¾�±ïÈ�±Ã&±>²"Â&³[Å×¼c¹p±&³�³[±>²'nX°�µËÁpÚ(µ¸²Y±CÈ�±³��¾p±&³�³[¿{Øyµ�l;± Å �UÏYÏYÏ ²Y¹p´jÊ5±3²YÃvÚ�Â>Ö�µ � ²&É
¿XÃ>Ã&¹pÁe±�¾p¿¸³vµ;ÖÐÖ�±&¾y³"È�±È�Â>²[µ¸ÖÒòpÅ_l;¹pÅ5²�±>´�Ê5±&²3µ¸Ü�±>Ã&³[µ¸³[Å×¿À¾p²�Èp±ª³�ØXÁe±>²ÄÁ�¿À²�²YÅ×òpÊ5±&²In´Ä¾�Ã&¿À´YÁ�¹p²3Èp±ªÃ>¿À¾y³Y±>²ÄÂ>Ã>´�Å×³Y²�Á(µ;´ÛÈp±&²3±>¾�ôhµ;¾y³Y²�ÑÓÂ�³[Âª´Y±&Ã>¹p±&Å5Ê×Ê5Åe±&³Ä²Y¿À¹�Ö�Å×²�ÑÒÃ>±ª³[´Yµ;Å×³Y±�ÆÖÐ±>¾y³H�hÃ&±�¼c¹pÅeµïôhµ¸Å×³�Ê�É ¿Àò���±�³ÝÈ7É
¹p¾�²�³[µ�lÀ±ÄÈp±�Ö�µ»º×³[´YÅ×²Y±�Èp±Ä²YÃ&Å5±&¾pÃ>±�Èp¹�Ê5µ;¾mlyµ�l;±�Èp±3��Ú�¿ÀÖ�µ¸²¸�±>²�¶;±>¾(µ¸Å5¾ � �;µ·¶¸µ;¾y³ È�±"²�±>´�¶XÅ×´�Èp±jÈp¿À¾�¾pÂ>±&² ÈÍÉ ±>¾y³[´�Â>±ÝÑ�¾p¿;³Y´Y±jµ;Ê�lÀ¿À´YÅÕ³[ÚpÖÐ±�n>°�±>² ±=º»Á�Â&´YÅ5±&¾pÃ>±&²¿;¾c³"Â&³YÂC´�Â·µ;Ê×Å5²YÂ&±>²jÁ(µ;´m¸�µ;¾pÅ×±>Ê5µ�¸�¹pÈ(µ;¹»Æ � ¿;ôU´�¿À¾pÅ5±SnX°�É ±fÏÐÃ&Å5±>¾�Ã>±CÈ�¹½Áp´Y¿�lÀ´[µ;ÖÐÖÐ±3µ]Â&³YÂ�ÖÐ±�Æ²�¹p´YÂ&±�Á(µ;´ÒÊ×± í7ì��£©>ã[æ�çXæ"¬;ã�ë+�"�Ðë;é�ã[ævá½ã[èvá�ä î âLë;â�á�¿Àò�³Y±>¾c¹p±&²Ð±&¾ ²Y¿À´�³[Å5±Sn1¾Ä¿À¹p²Ôµ·¶À¿À¾�²ÓÁp¹Ã&¿À¾p²�³vµ¸³Y±>´Ô¼c¹p±�È�±>¹»º ôhµ;Ã�³[±&¹p´Y²ÔÅ5¾g!(¹p±>¾�Ã>±>¾y³�Ã>±�¾p¿ÀÖàòp´Y±Ùß�Ê�É
¿À´�Èp´Y±�È�±�Á�´YÂ>²�±>¾y³vµ�³[Å5¿;¾ Èp±&²
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Σ = {a, b}
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çXæî�Î ë î ¬Xì�ã=é�â²����æ
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åvì�ã�ã[ævá �(ì�íeçyë;í(â�æàævá�âÝë î ì�ã[á]çXèQÍ�í(é�æÒåvì��"��æ�á�äXé�âHÙ

Ý ë�Ù
S/x1, S/x4, x4/x3 ÞÝ ©¿Ù
x1, x3/x2, x2
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Ó Ð ì�é²ëg��ë�ê3æv�»æ��5� î æ
σ
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σ(x4) = σ(x1) =
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S/x1æ x1ò

S
FA

S/x4æ x4

FA

x4/ x3æ x3

FA

x3/ x2ò x2ò
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x3/x2 Õ@õ ë σ õ é2ë î�Î éhç õ í�ë�é²ë�è1��ë�ê/ë�ì?ö:ë ë;é î�î õ ö:ê�é�Ø�Ó
Ü ë«÷{ø

σ(GF (D)) õ é2ë ë î ì?ê�éÄçXèQÍ�í(é õ ��ë�ê�Ù
Ý ëvÙ

S/(x3/x2), (x3/x2)/x3 ÞÝ ©¿Ù
x3/x2, x2

Óø õ ë"ë õ ÷{ø õ é2ë 2 	 ê�ë î ösè õ �Ðë;é_é õ î�î õ í Î ë��j��ë�ê/ë�é õ í�ëF� î ö9é¼� î ë�ù î ë?é�é õ Gr

Ù õ í¼ª&ë;é²ë²� õ î�î õõ í�¬ õ íeç�ê õ î õ î ë;í�¬yë¥¬ õ anbn ú ½jû?ö:êjé Î õ2ü ù�û ü�ý?þ�ÿ²ü ù2ê õ �Pû ü ��û ü ë�ê õcõ2ü��Pÿ ¬�ö:ê õ ×���� Î þ�ü�þ � �,é õé�� ü ë þ � ÿ �Iö õ��Gõ Ñ þ=þ=þ ©¥©¥©oÒXÓ�ø õ ë�ë õxþ�ü�þ � �,é õ�õ é2ëTê õ2ü�� ö õ ��û5é�é ÿ ©	� õ � þ ê
� õ ª þ�ÿ ëK�Iö õ σ þ ö ü�ÿ Í��� Î �2ë ÿ �Iö õ ë�ë õ
� Î ö ü­ü û õ ö �¹ÿ²ü ë õ ê üQõ�Õ x4

Ø þ�ý�õ ùcù õ ��� õ
� Î ö üQõ ª õ ö ÿ ��� õ¹Õ x3/x2

Ø¤û?ö ý ê þ�ü ë þ�ÿ²ü é ÿ � þ��û5é�é ÿ © ÿ � ÿ ë�� �Gõ é2öµ©2é2ë ÿ ë�ö õ ê�� õ é5û?ö9é 	�þ êf©Iê õ��Gõ ê þ ù ÿ²üQõ x4

��� þ ��� þ ù õ��Gõ � þ ª õ ö ÿ ��� õ �2ë ÿ �Iö õ ë�� õ� þ ê x3/x2
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GFA

k ⊂ Gk

n�¸�è�ïmí_àmß'� ⋃
k≥1
{L(G)|G ∈ GFA

k }
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anbnc
�4ï�æ�ç�è � èIð¤ïmí_èS�4ämèvï�èIà7áC�2á�ç@èvèIämloè'ämîmç@ìgïmæ�ç¹îmè'ß¤ï�èIâ�loämè'ß¿îmèvïVè'â_loä7èIß



k», /1032547698;:3<>=)?@/�A�BC8;:&6
D"E�8F6�A�BHGI4J<K:3GLA�B5B3<JMFM�<KG

S
FA

S/(x3/x2)æ x3/x2
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(x3/x2)/ x3æ x3

FA

x3/x2
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(x3/x2)/ x3æ x3
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x3/ x2# x2#

x2#
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ïmæ�ç

σ(FG(D))

î7ç<ãoâpá�ß
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æ-�oèIå
k > 1

�7ãoä¾ï�èIç<îgí æ�ïmç<ãoï7ç<â_ì2á�ì{îmèxí"ñ;è � â�ß!�á�è'ämåIè³îQñ;àmäràmä7â(�9àmèHïmí�àmß4ï�è'á<â�á4à7ämâ%��è'àmç4ï�ãoàmçZá<ãoà7áTè'ämß<è'ð�#mí�èHîmè³loç<æ�ð¢ð¢æ�â�ç<èIß'�,ð�æ�â�ß]í"ñ.æSï��ïmí�â_åJæ?á�â_ã�ä¤îQñ;àmä7è�ß<à�#mß@á<â�á�à:á�â_ã�ä��9àmè'í_åIã�ä$�9àmè°ß<à7ç�àmämè �z� ç<èIß�á�è�ämìJæ�ä7ð¢ãoâ�ämßPàmä«ãoï�ìIç<æSá�è'àmçîmè�loìIä7ìIç�æSí_â_ß<æSá�â�ãoäD"=ï�ãoàmç4á<ãoà7á�è ��� G
è2áPá�ãoà7á<è³ß<à$#7ß@á�âpá�à7á<â_ãoä

σ
�oã�ä�æ

L(G) ⊆ L(σ(G))è'á
FL(G) ⊆ FL(σ(G))
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Ü
þ é2ö�©2é2ë ÿ ë�ö:ë ÿ û üQ� �QÍ ü�ÿ�õ � þ ê σ(x4) = σ(x1) = x3/x2

�K�Iö ÿPõ é2ë�ö ü�ÿ ÍHù þ ë�ê ÿ ù õ ��� þ ªJû ÿ é��û?öGê
a õ ë b

� þ ��û?ö:ê õSR°õ ë�ÙÝ � Î ö ü�ÿ Í õ ê?� õ é��2ë þ ëXé��2ë ÿ �Iö õ ë���é x1 õ ë x4 Õ � þ ê{ù�û ü�ý�õ2ü ë ÿ û ü �T� Î �2ë þ ë4ê���é2öA� ë þ�ü ë õ é2ëPù õ � ö ÿ�Gõ ��� ö=és� õ ë ÿ ë ÿ²ü���ÿ ù õ � � û ü ù x1

Ø�Ù�ù Î õ é2ëPö üQõ ª/ö9é ÿ û ü7� Î �2ë þ ë³ù5� þ é�é ÿ �Iö õ Þ
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� þ ê³ö üQõ ë"ê þ�ü é ÿ ë ÿ û ü �2ë ÿ �Iö õ ë��7� þ êL� Î �2ë þ ë
x1
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x3 x2

æ #
æ

x3/x2

#
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