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Cellular Automata

Definition. A d-CA Ais a 4-uple (Z%, S, N, §) with:

e S the finite set of states of A,
e N C Z2 finite, the neighborhood of A,

o §: SNl 5 S thelocal rule of A.

» A configuration C'is a mapping from Z% to S.

» The global rule applies d uniformly according to IV:

Ga(C), =8(Cpinys - Cpin,)-
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Computation Universality

|dea. A CA is computation universal if it can compute

any partial recursive function.

» This notion is difficult to formalize.

» In practice: step-by-step Turing simulation.

A. R. Smith lll. Simple Computation-Universal Cellular Spaces. 1971
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Intrinsic Simulation

» Geometrical transformations on space-time diagrams:

< ey e
- - >

packing cutting shifting

Definition. A d-CA A simulates a d-CA B if, up to
geometrical transformations on both sides, space-time
diagrams from BB can be considered as space-time

diagrams from A.
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Intrinsic Universality

Definition. A d-CA A is intrinsically universal if A can
simulate any d-CA B.

» This definition is equivalent to the following one.

Definition. A d-CA A is strongly intrinsically universal
if, for each d-CA B, space-time diagrams from B3 can be
considered as space-time diagrams from a geometrical

transformation of \A.
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“Simple” Universal CA
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Banks’ Universal CA

E. R. Banks. Universality in Cellular Automata. 1970

22,{ .M},

» Neighborhood configurations leading to state change:

AV

gl."
n

» Universality is proven by boolean circuit simulation.
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Logic and Clock
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Higher Dimensions

» The rule naturally extends to higher dimensions.

» We need a construction to turn in another dimension:
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Linear and Bilinear CA

Definition. A linear d-CA is a polynomial d-CA of

degree 1. S is a finite commutative ring.

n

0(S1,.--,8p) = Zaisi

1=1

» Linear d-CA exhibit simple behavior (Martin et al. 1993)

Definition. A bilinear d-CA is a polynomial d-CA of

degree 2. S is a finite commutative ring.

5(81, ce ,Sn) = ZZbi,jSiSj

i=1 j=1

» There are intrinsically universal bilinear d-CA

At least over the ring Z211 (Bartlett and Garzon 1995)
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Two-state Universal CA

» We construct a simple polynomial 1-CA over Z which

simulate a given one-way 1-CA (i.e. N = {—1,0}).

0 (81, e 73n> — Z Zs—ks—kz—ls—kz—b—i—is—kz—l—j

» This polynomial has degree 4.
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Degree 3

» Positional information can be encoded into the

monomials. Here we use position of state 1 modulo 2.

5(817 e 73n) — E E S —2k—15—-2k—2b+2i5—2k-+25

» This polynomial has degree 3.
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Two-State Universal Bilinear CA

» The idea is to forget the cell border information.

Z Z 818b2 —(6b+2)i+6bk Sﬁbj—ﬁbk

+S

1862 4+1—6bi+(6b+2)k S(6b+2)j—(6b+2)k

Two-States Bilinear Intrinsically Universal Cellular Automata. FCT'2001
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CA and boolean circuits

» We can decompose a CA local rule into k& boolean

functions where k = |S|:

§; + {0,1}™ = {0,1}

» To a boolean function we associate a leveled circuit:

é(x,y,2)

@® variable
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Boolean circuit simulator

» A boolean circuit simulator is a 1D dynamical system

that simulates a CA via its boolean circuit representation.

Definition. A CA simulator consists of cells containing:

e a boolean value,
e an operator (identity or NAND),

e the relative position of the operands.

Idea. If a 1-CA can simulate a boolean circuit simulator,

then it is intrinsically universal.
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Microscopic Description

» \We construct a 3-state 1-CA to move information.

0 L (0 0

) )

M op Sig Mval

e Sig cells transport boolean values between cells,
e Val cells encode current cells values,

e Op cells encode the operations to execute.

» It is enough to encode a Boolean circuit simulator.
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8 states

» We choose the following direct encoding:

e Sig: 0 or 1 boolean value,

e Val: O or 1 boolean value,

e Op: Border, Copy, Follow or NAND operation.

Copy or NAND

Border — |
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[ states

» We choose the following encoding:
e Sig: 0 or 1 boolean value,
e Val: 0 or 1 boolean value,

e Op: Border, Follow or NAND operation.

» The previous Copy operation is simulated. We encode

a signal x by three consecutive signals 1, x, 0.

» The operations are encoded as follows:

oldOp new 30p

Border Follow, Border, Follow
Follow Follow, Follow, Follow
NAND Follow, NAND, Follow

Copy  NAND, NAND, NAND
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6 states

» We choose the following direct encoding:

e Sig: 0 or 1 boolean value,

e Val: O or 1 boolean value,

e Op: 0 or 1 boolean value position dependent.

» The construction is more tricky!
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The Notion of Universality

» This notion is worth studying but difficult to formalize.

» |Is there a 2-state first-neighbors universal 1-CA ?

» |s it possible to define a kind of acceptable
programming system on CA where universal programs

would be intrinsically universal CA ?
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