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Cellular Automata (1)

Definition. A d-CA A isa4-uple (Z4,S,N, §) where:
o Sis the finite state set of A;
o N C Z4, finite, is the neighborhood of A;
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o 5:S™N 3 Sisthe local rule of A.
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Cellular Automata (1)

Definition. A d-CA A isa4-uple (Z4,S,N, §) where:
o Sis the finite state set of A;
o N C Z4 finite, is the neighborhood of A;

-4

o 5:S™N 3 Sisthe local rule of A.

A configuration C is a mapping from Z9 to S.

The global rule applies 6 uniformly according to N:
\V/p EZd, G(C)p :6(Cp—|—N1>°'°>CP—|—Nv)

2 <] o D> X



Cellular Automata (2)

e The space-time diagram A of A starting from C is the
mapping from N x Z4 to S defined for any time t and any

position p by A(t,p) = G*(C),, where G°(C) = C.
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Cellular Automata (2)

e The space-time diagram A of A starting from C is the
mapping from N x Z¢ to S defined for any time t and any

position p by A(t,p) = G*(C),, where G°(C) = C.

Theorem[Hedlund]. A map G : SZ° — SZ° is the global
rule of a cellular automaton if and only if G is continuous
for the product topology of the trivial topology on S and G
commutes with shifts (for all v, we have 0, 0o G = G o o).
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Cellular Automata (2)

e The space-time diagram A of A starting from C is the
mapping from N x Z¢ to S defined for any time t and any

position p by A(t,p) = G*(C),, where G°(C) = C.

Theorem[Hedlund]. A map G : SZ° — SZ° is the global
rule of a cellular automaton if and only if G is continuous
for the product topology of the trivial topology on S and G
commutes with shifts (for all v, we have 0, 0o G = G o o).

Consequences. If we compose cellular automata, or
inverse bijective ones, we obtain cellular automata.
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Generation of Primes by a One-Dimensional Real-Time Iterative Array,

I

P. C. Fisher
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Example - Fisher (3)
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Fisher scales the CA by making 3 x 3 blocks of cells...
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Example - Fisher (4)
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..but we can also keep just the bottom cells.
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Example - Particles (1)

How to eliminate the periodic background pattern ?
You can zoom out and use shades of grey...

C,=1/9 Y Capiv
ve[0,2]2
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Example - Particles (2)

How to eliminate the perlodlc background pattern ?
..but also make blocks of bottom cells of the squares

C]’9 == (C3p—|—(0,0)> C3p4.(1,0)5 C3p+(2>0))

9 << qa0o P> X



Example - from CA to OCA (1)

6(QZaQCaQT)

qi

dc

dr

5(Ql »dc 7Q7‘)
(@1, 90) | (gesqr)
qi I dc qr

C. Choffrut and K. Culik ll, On real-time cellular automata and trellis automata,

Acta Informatica, 1984
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Example - from CA to OCA (2)

5(qa aqb7qc) 5(Qb7q07qd) (5((]a )Qb>q0)a5(qbaQCan))
Qa Qb G qd (qa; qv) (¢c, 9a)

O.H. Ibarra, Sequential machine characterizations of trellis and cellular automata and

applications, SIAM Journal on Computing, 1985

1T << 40P B> X



Formalization (1)

e A geometrical transformation on space-time diagrams
transforms a cellular automaton into a new one by
combining cells of a space-time diagram of the first one
to construct a space-time diagram of the second one.
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Formalization (1)

e A geometrical transformation on space-time diagrams
transforms a cellular automaton into a new one by
combining cells of a space-time diagram of the first one
to construct a space-time diagram of the second one.

e Formally, itis a pair (k, A) where

A: Nxz¢4 — (Nde)k

12 < o B> X



Formalization (2)

e Toapplyatransformation (k, A) toaspace-timediagram

S d
A over S, we define Ag : SNX2° (Sk)NXZ by

As(A)(t,p) = (A(A(L,P)1), -, AA(L, )
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Formalization (2)

e Toapplyatransformation (k, A) toaspace-timediagram

S d
A over S, we define Ag : SNX2° (Sk)NXZ by

As(A)(t,p) = (A(A(t,p)1), ..., A(A(L, Pi))
e We define an operation rather similar to composition :

(k' A7) o (k,A) = (kk/, A’ o A)
where

(Ao A) (t,p) = (A (At P)1)g -, AT (AL DK )

B AL dopw» B> X



Formalization (3)

e We also introduce A as

/Ai. ZNde } szZd

X U {A(t>p)1>>/\(t>p)k}
(t,p)eX
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Formalization (3)

e We also introduce A as

/Ai: ZNde . szZd
X U {A(t>p)1>>/\(t>p)k}
(t,p)eX

e A good geometrical transformation satisfies

1. VA, 3B, {As.(A)},cpigia) =Diag(B) ;
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Formalization (3)

e We also introduce A as

/Ai. ZNde } szZd

X U {A(t>p)1>>/\(t>p)k}
(t,p)eX

e A good geometrical transformation satisfies

1. VA, 3B, {As.(A)},cpigia) =Diag(B) ;

2. Vte N A ({t+ 1} x Z29) ¢ A ({t} x Z9)

14 44 o B> X



Pry(t,p) = t® (F (p V)

Transformed CA global rule:
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W

Transformed CA global rule:
GT

16 << €0 B> X



W

Transformed CA global rule:
o;0@G
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We define PCS transformations as
PCSF,\),T,S — PF,v O Ss O cT

PCSF,V,T,S(JC,]D) =tT®(FB (pOVvPts))

Transformed CA global rule:

OELOO'S OGTOOF)V
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We define PCS transformations as
PCSF,\),T,S — PF,v O Ss O cT

PCSF,V,T,S(JC,]D) =tT®(FB (pOVvPts))

Transformed CA global rule:

OELOO'S OGTOOF,V

PCS transformations are closed under composition.

18 I o B> X



Characterization

Theorem. A geometrical transformation is a good geo-
metrical transformation if and only if it can be expressed
as a PCS transformation.

19 << €40 P B> X



