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Today’s question

When does an S-regular sequence
have a 2
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Substitution 101

T: aw—ab, b-ch, cHa

Fixed pointe = abcbacbabacbabcbabacbabcbacbabcbabacbab ---

Factor complexity p(n) = number of distinct factors of length n.

IE)al Compute p(n). Isit S,-regular? S -synchronized? _I
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Substitution 101

T: aw—ab, b-ch, cHa

Fixed pointe = abcbacbabacbabcbabacbabcbacbabcbabacbab ---

Factor complexity p(n) = number of distinct factors of length n.

IE)al Compute p(n). Isit S,-regular? S -synchronized? _I

Rmk if you already know that p(n) = 2n + 1, imagine that you don't @
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Abstract Numeration Systems (with zeros)

Definition (Lecomte, Rigo 2000) A isatuple
(L, A, <,0)with A the alphabet, ordered by <, minimal element0 € A,
andL C A*suchthate e Landw e L 0w eL VYwe A*.

The encoding rep,(n) of n € Nis the nth elementof L \ 0L (in radix order).

The valuation valg(u) of u € Lis repgl(v) whereu € 0*v.

Let(.,.) be the canonical isomorphism between U (A" X B")and (A X B)*.

n>0
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Abstract Numeration Systems (with zeros)

Weﬁnition (Lecomte, Rigo 2000) A numeration system (NS) isatuple
(L, A, <,0)with A the alphabet, ordered by <, minimal element0 € A,
andL C A*suchthate e Landw e L& 0w €L Yw € A*. _|

The encoding rep,(n) of n € Nis the nth elementof L \ 0L (in radix order).

The valuation valg(u) of u € Lis repgl(v) whereu € 0*v.

Let(.,.) be the canonical isomorphism between U (A" X B")and (A X B)*.

n>0
In this talk, consider every ANS:

« prefix-closed ijeuveL=>uelL, VYu,vu;
 prolongeable jeuelL=>u0€eLl, VYu.
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Dumont-Thomas Numeration Systems
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The DTNSfort : a — ab, b — cb, ¢ — aisbuild from the language L,

of labels of the derivation tree of 7. /
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Dumont-Thomas 10— ab
numeration system — cb

- Qa
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nOMOMO

Dumont-Thomas ra— ab

numeration system b — cb
c—>a
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Dumont-Thomas t:a—ab
numeration system b — ch

C —
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O 01
Dumont-Thomas ra—a
numeration system b—c

c—a
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nOwuOn0

O 01
Dumont-Thomas r:a—ab
numeration system b — cb

c—a



As a DFA this automaton gives an
for radix order.

As a DFAOQ the same automaton gives an
for the fixpoint.

Asitis ,ithasa
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S-automatic and S-synchronized Sequences

Definition A is a deterministic finite automaton with output. It
computes a sequence (f (1)), by reading rep,(n) and outputting the
label of the reached state.

A sequence is S-automaticif it is computed by a DFAO.
A predicate is S-synchronized if it is computed by a DFA reading tuples.
ITheorem (First-order closure (Biichi-Bruyere)) The set of S-recognizable

predicates is closed under First-Order operations (Boolean operations and
existential quantification). _I

Minimal DFAO. Every S-automatic sequence has a unique minimal DFAO,
computable by standard minimization. Walnut tool
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101 predicates

. feq(i, Js I’l) positionsiand j in e have the of lengthn
Vk (k<n=eli+k]=¢e[j+k]
. fiI'St(i, I’l) position i is the of alength-n factor

Vj (feq(i, j,n) = i< j)

Both are S,-synchronized, built by from the automatic
sequence e via first-order formulasin ..
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S-regular sequences

Weﬁnition Alinearrepresentation ofdimensionn over Kand Aisa
triple (4, u, y) withA € K>, u : A* - K™" a monoid morphism,
y € K™ Itdefines f(w) = A u(w) y. Aseries is recognizable if it
admits such a representation. _I

The reduced (minimal) representation is unique up to isomorphism.

The support supp(f) of a series f is the language =* \ f~1(0).
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S-regular sequences

Definition A of dimensionn overlKand Aisa
triple (4, u, y) withA € K>, u : A* - K™" a monoid morphism,
y € K™ Itdefines f(w) = A u(w)y. Aseriesis ifit

admits such a representation.
The reduced (minimal) representation is unique up to isomorphism.

The support supp(f) of a series f is the language =* \ f~1(0).
S-regular sequences are recognizable series evaluated on rep¢(n).

Definition The f & g between two series
f 2" > Kandg : I'" - Kisdefined as

(£ g) (o) = f@) +g) V(u,v) € T" XTI
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Back to 101: counting first gives p(n)

From a synchronized predicate to a regular sequence
The projection
p(n) = #{i ‘ first(i, n)}

is obtained by summing (projecting) a synchronized predicate
over one variable —a standard operation yielding an
S,-regular sequence.

Handled by
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S-regular

S-automatic S-synchronized

DFAO

f(n) = 7(8(qo, repg(n))) DFA, closed by FO formulaes . |
(repg(n), repg(f(1n))) € L(A) linear representation

f(n) = Au(repg(n))y



S-regular

S-automatic S-synchronized
inclusion inclusion
® C counting ©
DFAO DEA
— , closed by FO formulaes
f(n) = m(6(qo, repg(n))) (rep (), tepg F(m)) € LCA) linear representation

f(n) = Au(repg(n))y



S-regular

S-automatic S-synchronized

inclusion inclusion

O O counting >

semigroup trick when f(N) is finite
o «— T —— 0O

DFAO e
f(n) = 7(8(qo, rep<(n))) , closed by FO formulaes ) )
=2 (rep(n), reps(f(n))) € L(A) linear representation
f(n) = Au(repg(n))y



S-regular

S-automatic S-synchronized
inclusion inclusion
® C counting ©
semigroup trick when f(N) is finite
o — e
if f € —vg has regular support
o €« °
DFAO DEA
— , closed by FO formulaes
f(n) = 7(8(qo, repg(n))) (rep (), tepg F(m)) € LCA) linear representation

f(n) = Au(repg(n))y



The Distinguished Role of Letter 0

mse-k numeration AppendingOtoa
word shifts in the numeration.
xk -0
n+——>kn<:>w|—>w0_| wx 2 100

e
w IA{jf(wx)

Inany ANS, in a linear representation
(4, i, y), matrix u(0) is the transition x

matrix for the base step. w0 ——> wok+!
0’

mea Measure how f varies when
extending by 0 vs. inserting one 0 ﬁrs_t.l
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Linear Recurrent Sequences and 1(0)

Definition (1) is (LRS) if there exist ay, ..., A4_;
suchthatuy, 4 = ag_1Ueq_q + - + aouy forallk > 0. The

of the sequence is the monic polynomial of smallest degree
annihilating the recurrence.

Key fact: Recognizable series over {0}* are exactly the LRS:
we = Apu0)*y
The matrix u(0) plays the role of the companion matrix of the recurrence.

IFemark In reduced form, the minimal polynomial of ©(0) is the minimal
recurrence polynomial of the LRS. All LRS arising from A f will share the
minimal polynomial of u(0). _I
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The Discrete Derivative A,

Definition The Ayf of f i A* - KK maps each word
wx to the sequence ( A’gf(wx) Jiso Wherew € A*,x € A,k > 0,and

Apf(wx) = f(wx-05) — f(w- 04

Dynamical intuition:

k
Agf(wx) measures the gap between the two orbits wx0
starting from wx and w0 under the repeated action of 0. IA(’jf(wx)
Atk = 0: A)f(wx) = f(wx) — f(w0), the local wok+1

difference at the last letter.
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Explicit Representation of A f

meorem Let (4, u, y) be a linear representation of f of dimension n,
we A, xeA.

Agf(wx) = 2 pw) (u(x) — u(0)) w0y

In particular, k — A’gf(wx) is an LRS whose recurrence polynomial
divides minpoly(u(0)). _I

meorem Given (4, i, y) of dimension n, there exists a linear
representation of A, f of dimension 2n with output matrix (_F—F,> with
' = (v [ Oy | p@y | - | wOy"y) € Kmer

The output matrix has 2n columns: the first 2n terms of each output LRS,
sufficient for Berlekamp—Massey (deg minpoly(u(0)) < n).
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Discrete Integral I, and Closure

IFeﬁm'tion The discrete integral I,g is the right inverse of A:
AyTog) =g - J

IEscrete Fundamental Theorem
(i) Io(Ayf) = f +c (additive constant),

(i) Ao(log) = & _l

IClosure Theorem The class of recognizable series is closed under A, and
I,, i.e. S-regular sequences are closed under discrete derivation and

integration. _I
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From Derivative to Synchronized

Lets use the semigroup trick with derivatives.

meorem If Ay f has finite image, then A, f is S-automatic, itis a
sequence automaton [WORDS 2025]. _I

Combine everything together.

Erollary If minpoly(u(0)) is a Pisot polynomial, then the support of
f @ —vgisrecognizable and f is S-synchronized. _I
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Back to 101: Computing p(n) Step by Step

T (101 subst.) ANS S, feq, first
Pisot, degree 3 +regularadder synchronized
p(n) Ao(p(n) D —vs) p(n) regular
S;-sync. regular (closure) (projection of first)

« All automatic/synchronized steps are checkable by Walnut.

« Anexplicit DFA for p(n)is computed.



