Treewidth: using the potential maximal cliques

Vincent Bouchitté and Ioan Todinca

LIP-École Normale Supérieure de Lyon 46 Allée d’Italie, 69364 Lyon Cedex 07, France email: {Vincent.Bouchitte, Ioan.Todinca}@ens-lyon.fr

Abstract We show that the treewidth is polynomially tractable for all classes of graphs with polynomial number of minimal separators.

1 Introduction

The treewidth of graphs, introduced by Robertson and Seymour [10], has been intensively studied in the last years, mainly because many NP-hard problems become solvable in polynomial and even linear time when restricted to graphs with small treewidth. These algorithms use a tree-decomposition (or triangulation) of small width of the graph.

A graph is chordal or triangulated if every cycle of length greater or equal to four has a chord, i.e. an edge between two non-consecutive vertices of the cycle. A triangulation of a graph is a chordal embedding, that is a supergraph, on the same vertex set, which is triangulated. The treewidth problem is to find a triangulation such that the size of the largest clique is as small as possible. In particular, we can restrict ourselves to triangulations minimal by inclusion, that we call minimal triangulations.

Unfortunately the computation of the treewidth of a graph is NP-hard. There exist several classes of graphs for which the treewidth problem is polynomially tractable. Among them there are the chordal bipartite graphs, circle and circular-arc graphs, AT-free graphs with polynomial number of minimal separators. Most of these algorithms use the fact that these classes of graphs have a polynomial number of minimal separators. It was conjectured in [6, 7] that the treewidth and the minimum fill-in should be tractable in polynomial time for all the graphs having a polynomial number of minimal separators (the minimal separators of a graph can be enumerated in polynomial time in their number [1]).

This ESA’93 conjecture was solved in [2, 3, 4]. We gather here the main results of these papers. The core of this work is the notion of potential maximal clique. A vertex set Ω is a potential maximal clique of a graph G if it appears as a maximal clique in some minimal triangulation of G. We give an algorithmic characterization of a potential maximal clique and we prove that the potential maximal cliques are sufficient for computing the treewidth of graphs. Finally, we show how to enumerate all the potential maximal cliques of a graph, in polynomial time in the number of its minimal separators.

2 Preliminaries

Throughout this paper we consider finite, simple, undirected and connected graphs. Let G = (V, E) be a graph. We will denote by n and m the number of vertices, respectively the number of edges of G. For a vertex set V^′ ⊆ V of G, we denote by N_G(V^′) the neighborhood of V^′ in G\V^′ – so N_G(V^′) ⊆ V \V^′.

A subset S ⊆ V is an a, b-separator for two nonadjacent vertices a, b ∈ V if the removal of S from the graph separates a and b in different connected components. S is a minimal a, b-separator if no proper subset of S separates a and b. We say that S is a minimal separator of G if there are two vertices a and b such that S is a minimal a, b-separator. We denote by Δ_G the set of all minimal separators of G.

Let G be a graph and S be a minimal separator of G. We note C_G(S) the set of connected components of G\S. A component C ∈ C_G(S) is a full component associated to S if every vertex of S is adjacent to some vertex of C, i.e. N_G(C) = S. If C ∈ C(S), we say that (S, C) = S ∪ C is a block associated to S. A block (S, C) is called full if C is a full component associated to S.

The results of [8], concluded in [9], establish a strong relation between the minimal triangulations of a graph and its minimal separators. They use the notion of parallel separators. Let S and T be two minimal separators of G. If S separates two vertices of T we say that S crosses T (denoted by S#T ). Otherwise, S and T are parallel, denoted by S‖T . The crossing and parallel relations are symmetric.

Consider a graph G = (V, E) and a vertex set X ⊆ V . We denote by G_X the graph obtained from G by completing X, i.e. by adding an edge between every pair of non-adjacent vertices of X. If X = {X_1, . . . , X_p} is a set of subsets of V , G_X is the graph obtained by completing all the elements of X .

Theorem 1 ([8, 9]) Let Γ ∈ Δ_G be a maximal set of pairwise parallel separators of G. Then H = G_Γ is a minimal triangulation of G and Δ_H = Γ.

Let H be a minimal triangulation of a graph G. Then Δ_H is a maximal set of pairwise parallel separators of G and H = G_{ΔH} .

In other terms, every minimal triangulation of a graph G is obtained by considering a maximal set Γ of pairwise parallel separators of G and completing the separators of Γ. The minimal separators of the triangulation are exactly the elements of Γ.

It is important to know that the elements of Γ, who become the separators of H, have strictly the same behavior in H as in G. Indeed, the connected components of H − S are exactly the same as the connected components of G − S, for every S ∈ Γ. Moreover, the full components associated to S are the same in the two graphs.

3 Potential maximal cliques

The potential maximal cliques are the central object of this paper. We present in this section some known results about the potential maximal cliques of a graph (see also [2, 3]).

Definition 1 A vertex set Ω of a graph G is called a potential maximal clique if there is a minimal triangulation H of G such that Ω is a maximal clique of H. If K is a vertex set of G, we denote by Δ_G(K) the minimal separators of G included in K. A potential maximal clique Ω is strongly related to the minimal separators contained in Ω.

Definition 2 Let G be a graph and S ⊆ Δ_G a set of pairwise parallel separators such that for any S ∈ S, there is a block (S, C(S)) containing all the separators of S. Suppose that S, ordered by inclusion, has no greatest element. We define the piece between the elements of S by P (S) = ⋂ S∈S (S, C(S)) Consider a chordal graph H and a maximal clique Ω of H. It can be shown that either Ω is some block (S, C) of H, or Ω is the piece between the minimal separators of Δ_H (Ω).

This property extends to the potential maximal cliques of an arbitrary graph. Consider an arbitrary graph G and a potential maximal clique Ω of G. If H is a minimal triangulation of G such that Ω is a maximal clique of H, one can prove that Δ_H (Ω) = Δ_G(Ω). Since the minimal separators of H have the same behaviour in H and in G (see theorem 1 and the following remarks), the relation between Ω and Δ_G(Ω) is the same in G as in H. This leads to a first characterization of a potential maximal clique.

Theorem 2 Let K be a vertex set of G.

Suppose that Δ_G(K) has a maximum element S, i.e. every T in Δ_G(K) is included in S. Then K is a potential maximal clique if and only if K is some block (S, C) and G_S [K] is a clique.

Suppose now that Δ_G(K) ordered by inclusion has no greatest element. Then K is a potential maximal clique if and only if K = P (Δ_G(K)) and G_{ΔG (K)}[K] is a clique.

Let us give now a simpler characterization of a potential maximal clique. For any vertex set K, we denote by C_1(K), . . . , C_p(K) the connected components of G\K. We denote by S_i(K) the vertices of K adjacent to at least one vertex of C_i(K). Finally, we denote by S_G(K) the set of all S_i(K) in the graph G, i.e. S_G(K) is formed by the neighborhoods, in the graph G, of the connected components of G\K.

Theorem 3 Let K ⊆ V be a set of vertices. K is a potential maximal clique if and only if:

1. Each S_i(K) is strictly contained in K.

2. G_{SG (K)}[K] is a clique.

Moreover, if K is a potential maximal clique, then S_G(K) = Δ_G(K).

Theorem 3 leads to an algorithm that, given a vertex set K, verifies in O(nm) if K is a potential maximal clique of G.

4 Treewidth and potential maximal cliques

We prove here that the potential maximal cliques are sufficient for computing the treewidth of graphs [2, 3]. Given a graph G and the set Π_G of all its potential maximal cliques, we want to check if tw(G) ≤ k. The complexity of the decision algorithm will not depend on k. Since tw(G) < n, we can easily obtain an algorithm computing the treewidth of G. The complexity of this algorithm is polynomial in n and |Π_G|.

Elimination step We will eliminate those potential maximal cliques that cannot appear in any minimal triangulation of cliquesize ≤ k + 1. We eliminate first all the potential maximal cliques Ω with |Ω| > k + 1, so we obtain a set Π^′_G ⊆ Π_G.

Notice that, for any chordal graph H and for any full block (S, C) of H, there is a maximal clique Ω of H such that S ⊂ Ω ⊆ (S, C). We use this observation to eliminate all the potential maximal cliques of G that cannot appear in any minimal triangulation of width ≤ k.

While there is some Ω ∈ Π^′_G and a full block (S, C) with S ⊂ Ω such that no potential maximal clique Ω^′ ∈ Π^′_G satisfies S ⊂ Ω^′ ⊆ (S, C), we eliminate Ω from Π^′_G. At the end of this elimination process, if Π^′_G is empty we can conclude that tw(G) > k. Extraction step Suppose now that Π^′_G is not empty. We will construct a triangulation of width at most k. More exactly, we will choose a set K of potential maximal cliques of Π^′_G that will form a clique tree (see [5]).

Let Ω be any potential maximal clique of Π^′_G. We put K = {Ω}. For all the minimal separators S ⊂ Ω and for all full blocks (S, C) with Ω ∩ C = ∅, let Ω^′ ∈ Π^′_G be a potential maximal clique such that S ⊂ Ω^′ ⊆ (S, C). We add the potential maximal cliques Ω^′ to K. We reiterate the process with the potential maximal cliques Ω^′ instead of Ω and with the full blocs (S^′, C^′) with S^′ ⊂ Ω^′ and C^′ ∩ Ω^′ = ∅. The algorithm stops when all the vertices of G are covered by elements of K.

We can prove that H = G_K is a minimal triangulation of G and the potential maximal cliques of H are exactly the elements of K. Therefore, H is a minimal triangulation of width at most k.

Both the elimination and the extraction step are polynomial in n and in Π_G.

5 Listing the potential maximal cliques

We give in this section an algorithm enumerating the potential maximal cliques of an arbitrary graph. The algorithm is polynomial in the number of minimal separators of the input graph (see full version in [4]).

Theorem 3 tells us that if Ω is a potential maximal clique of a graph G, then Ω is a clique in G_{ΔG (Ω)}. We will divide the minimal separators of Δ_G(Ω) into two classes: those which create edges in G_{ΔG (Ω)}, which are called actives, and the others, which are called inactives. More precisely:

Definition 3 Let Ω be a potential maximal clique of a graph G and let S ⊂ Ω be a minimal separator of G. We say that S is an active separator for Ω if Ω is not a clique in the graph G_{ΔG(Ω)\{S}}, obtained from G by completing all the minimal separators contained in Ω, except S. Otherwise, S is called inactive for Ω. Let Ω be a potential maximal clique of G and S ⊂ Ω a minimal separator, active for Ω. Let (S, C_Ω) be the block associated to S containing Ω and let x, y ∈ Ω be two non-adjacent vertices of G_{ΔG(Ω)\{S}}. We can prove that Ω\S is an minimal x, y-separator in G[C_Ω ∪ {x, y}]. The set T^′ = Ω\S is a minimal x, y-separator of the subgraph of G induced by C_Ω ∪ {x, y}. Thus, there is a minimal x, y-separator T of G such that T^′ ⊆ T and T ∩ C_Ω = T^′. We deduce:

Theorem 4 Let Ω be a potential maximal clique and S be a minimal separator, active for Ω. Let (S, C_Ω) be the block associated to S containing Ω. There is a minimal separator T of G such that Ω = S ∪ (T ∩ C_Ω).

It follows easily that the number of potential maximal cliques containing at least one active separator is at most n|Δ_G|^2. Clearly, these potential maximal cliques can be computed directly from the minimal separators of the graph.

Nevertheless, a potential maximal clique may not have active separators, so the previous remark does not allow us to compute all the potential maximal cliques of G. We consider now a graph G^′ obtained from G by removing some vertex a. We can prove that, if we have all the potential maximal cliques of G^′, then we can easily compute all the potential maximal cliques of G.

Theorem 5 Let Ω be a potential maximal clique of G and let G^′ = G\{a}. Then one of the following holds:

1. Ω = Ω^′ ∪ {a}, where Ω^′ is a potential maximal clique of G^′.

2. Ω = Ω^′, where Ω^′ is a potential maximal clique of G^′.

3. Ω = S ∪ {a}, where S is a minimal separator of G.

4. Ω = S ∪ (C ∩ T ), where S and T are minimal separators of G and C is a connected component of G\S.

Moreover, the cases 1 and 2 are mutually exclusive.

In particular, G has at most n|Δ_G|^2 + |Δ_G| potential maximal cliques more than G^′.

Notice that G has at least as many minimal separators as G^′: for any minimal separator S of G^′, S is a minimal separator of G or S∪{a} is a minimal separator of G. Let now a_1, a_2, . . . , a_n be an arbitrary ordering of the vertices of G. We denote by G_i the graph G[{a_1, . . . , a_i}], so G_n = G and G_1 has a single vertex. We have that |Δ_{Gi} | ≤ |Δ_{Gi+1} |, so each graph G_i has at most |Δ_G| minimal separators. Clearly, the graph G_1 has a unique potential maximal clique. It follows that G has at most O(n^2|Δ_G|^2) potential maximal cliques. Actually, we can improve this result and show that any graph G has at most n|Δ_G|^2 + n|Δ_G| + 1 potential maximal cliques.

Theorem 6 The number of the potential maximal cliques of a graph is polynomially bounded in the number of its minimal separators and in the size of the graph. Moreover, all the potential maximal cliques can be listed in polynomial time in the number of minimal separators of the graph.

We conclude that the treewidth is polynomially tractable for all classes of graphs having a polynomial number of minimal separators.

References

[1] A. Berry, J.P. Bordat, and O. Cogis. Generating all the minimal separators of a graph. In Workshop on Graphs (WG’99), volume 1665 of Lecture Notes in Computer Science. Springer-Verlag, 1999.

[2] V. Bouchitté and I. Todinca. Minimal triangulations for graphs with “few” minimal separators. In Proceedings 6th Annual European Symposium on Algorithms (ESA’98), volume 1461 of Lecture Notes in Computer Science, pages 344–355. Springer-Verlag, 1998.

[3] V. Bouchitté and I. Todinca. Treewidth and minimum fill-in of weakly triangulated graphs. In Proceedings 16th Symposium on Theoretical Aspects of Computer Science (STACS’99), volume 1563 of Lecture Notes in Computer Science, pages 197–206. Springer-Verlag, 1999.

[4] V. Bouchitté and I. Todinca. Listing all potential maximal cliques of a graph. In Proceedings 17th Annual Symposium on Theoretical Aspects of Computer Science (STACS 2000), volume 1770 of Lecture Notes in Computer Science, pages 503–515. Springer-Verlag, 2000.

[5] M. C. Golumbic. Algorithmic Graph Theory and Perfect Graphs. Academic Press, New York, 1980.

[6] T. Kloks, H.L. Bodlaender, H. Müller, and D. Kratsch. Computing treewidth and minimum fill-in: all you need are the minimal separators. In Proceedings First Annual European Symposium on Algorithms (ESA’93), volume 726 of Lecture Notes in Computer Science, pages 260–271. Springer- Verlag, 1993.

[7] T. Kloks, H.L. Bodlaender, H. Müller, and D. Kratsch. Erratum to the ESA’93 proceedings. In Proceedings Second Annual European Symposium on Algorithms (ESA’94), volume 855 of Lecture Notes in Computer Science, page 508. Springer-Verlag, 1994.

[8] T. Kloks, D. Kratsch, and H. Müller. Approximating the bandwidth for asteroidal triple-free graphs. In Proceedings Third Annual European Symposium on Algorithms (ESA’95), volume 979 of Lecture Notes in Computer Science, pages 434–447. Springer-Verlag, 1995.

[9] A. Parra and P. Scheffler. Characterizations and algorithmic applications of chordal graph embeddings. Discrete Appl. Math., 79(1-3):171–188, 1997.

[10] N. Robertson and P. Seymour. Graphs minors. II. Algorithmic aspects of tree-width. J. of Algorithms, 7:309–322, 1986.