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Q-SAT

Q-SAT

Decision problem Q-SAT

Input : a quanti�ed boolean formula φ.
Question : Is φ true or false?

Example
φ = ∃x1∀x2∀x3 x1 ∧ (¬x2 ∨ x3)

Theorem [Stockmeyer,1973]

Q-SAT is PSPACE-complete.
On our classical model of computation

with the usual notion of complexity.
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Q-SAT

Brute force solution

Recursive algorithm

V(∃x ψ) =V(ψ[x ← false])∨V(ψ[x ← true])

V(∀x ψ) =V(ψ[x ← false])∧V(ψ[x ← true])

V(β) =eval(β) if β is a ground boolean formula.

Polynomial space but exponential time

Example

V(∃x1∀x2∀x3 x1 ∧ (¬x2 ∨ x3))=∨
{
V(∀x2∀x3 false ∧ (¬x2 ∨ x3))
V(∀x2∀x3 true ∧ (¬x2 ∨ x3))

=∨





∧
{
V(∀x3 false ∧ (¬false ∨ x3))
V(∀x3 false ∧ (¬true ∨ x3))

∧
{
V(∀x3 true ∧ (¬false ∨ x3))
V(∀x3 true ∧ (¬true ∨ x3))

=...
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Q-SAT

Parallelistation scheme

∃x1

∀x2

∀x3
x3 = t

∀x3

∀x2

∀x3 ∀x3

ψ(t, t, t)

φ = ∃x1∀x2∀x3 ψ(x1, x2, x3) where ψ = x1 ∧ (¬x2 ∨ x3)
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Lines: traces of signals

Space-time diagrams of signal machines

De�ned by

bottom: initial con�guration

lines: signals  meta-signals
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Signal machines

Example: �nd the middle

M M

Meta-signals (speed)

M (0)

div (3)
hi (1)
lo (3)
back (-3)

Collision rules

{ div, M } → { M, hi, lo }
{ lo, M } → { back, M }
{ hi, back } → { M }
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Known results

Turing computation

[Durand-Lose, 2011]

Analog computations

Computable analysis [Weihrauch, 2000]
[Durand-Lose, 2010]

Blum, Shub and Smale model [Blum et al., 1989]
[Durand-Lose, 2008]

�Black hole� implementation

Hyper-computation, deciding the Halting problem
[Durand-Lose, 2009]
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Implantation

Whole picture

Q-formula compiled into a
signal machine

Linear number of
meta-signals

Quadratic number of rules
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Building the tree with signals

−−−→
startlo w

−→m0

←−a
w

←−a −→a
w

−→a
←−m1

−→m1

←−a
w

←−a −→a

x1

←−a −→a
w

←−m2
−→m2

←−m2
−→m2

x2 x2

w bl x3
br x2 bl x3

br x1 bl x3
br x2 bl x3

br w
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Following the tree
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Implantation

Propagating the beam

−→m0

←−a−→
xl1

−→
xrlc2

−→
¬rl

−→
xrr3

−→∨r

−→∧

−−→
store

←−a

−−−−→
collect

−→a

←−m1

−→m1

←−
fl

−→
tl

←−
xrlc2

−→
xrlc2

←−
¬rl

−→
¬rl

←−
xrr3

−→
xrr3

←−∨r

−→∨r

←−∧

−→∧

←−−
store

−−→
store

←−−−−
collect

−−−−→
collectL∃
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Implantation

Evaluating the formula

∧

x1 ∨

¬

x2

x3

case:

x1 is true

x2 is false

x3 is true
−→m3

←−a

−→
tl

br
−→
frlc

←−
Tl−→

¬rl

←−
Tl

−→
frlc

br

−→
trr

←−
Tl

−→
¬rl

←−
Frlc

−→∨r
←−
Tl

−→
trl

br

−→∧
←−
Tl

−→
trr

←−
Trl

−→∨r
←−
Trl −→

trr

br

−→
t()r ←−Trr

−→
tr

br
−→
id

←−
Tr

−→
t
br−−→

store

←−
T

−→
T∅

br
−−−−→
collect

T

←−−−−success

34 / 41



Solving Q-SAT in bounded space and time by geometrical computation

Implantation

Collecting the results

−→a ←−a

w
←−a

−→a
L∃

←−a −→a
w

−→a ←−a −→a ←−a
w

←−a
−→a

R∀

←−a −→a
L∃

←−a
−→a

L∀

←−a −→a
w

−→a ←−a −→a ←−a −→a ←−a −→a ←−a

−→
Fail

R∀

←−
Fail

−→
Fail

L∀

←−
Fail −−−−→success

R∀

←−−−−success
−→
Fail

L∀

←−−−−success

−→
Fail

R∀

←−
Fail −−−−→success

L∀

←−
Fail

−→
Fail

L∃

←−
Fail

w

←−
Fail

w
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Whole picture with initialization
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Implantation

Generating the formula
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←−a
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