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Sequences

It all starts with a finite alphabet A of letters A=1{0,1,2}
We concatenate letters to obtain (finite) words denoted by u, v, w
The empty word ¢ is the only word of length 0.

Let A" denote the set of words w of length |w| = n

The set of all finite words is A* = Un;O A"

Concatenation extends to words, (A%, -, €) is a monoid.

Let AN denote the set of (infinite) sequences denoted in bold like x

Ifx € A* U AN, let x[i] denote the letter in position 0 < i < |x|inside x
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Substitutive Sequences

A morphismisamapt: A* - B* compatible with concatenation, i.e.,
such that t(uv) = t(u)r(v) forallu,v € A*.

Asubstitutiont : A — A*istherestriction of a morphism7: A* - A*.
A fixed point of a substitution 7 is a sequence x € AV such that 7(x) = x.

A substitution T is prolongable on a lettera € A ift(a) = au for some
u € A*andlim,_, , |t"(a)| = +oc0. The associated fixed point 7*(a) is
lim, (@) =a]] ., "W).

mthis talk, we focus on the famous Tribonacci sequence, the associated
fixed pointt = 7%(0) of the substitutiont : 0 — 01, 1~ 02, 2 — 0._|

t = 010201001020101020100102010201001020101020100102010010....
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Pisot Type Substitutive Sequences
The incidence matrix of a substitution7 : A — A* is the matrix
M, € N4, the (i, j) entry of which is |(a;)|o, where A = {a,, ..., a,}.

A Pisot-Vijayaraghavan number @ is an algebraic integer, which is the
dominant root of its minimal monic polynomial P(X) with integer
coefficients, where P(X) is irreducible over Z and admits n complex roots
6,,...,06,,all distinct, satisfying@ =6, > 1> |6,| > --- > |6,| > 0.

A substitution is of Pisot type if the characteristic polynomial of its
incidence matrix is the minimal polynomial of a Pisot number.

I?emark The Tribonacci substitution is Pisot. _I
M=(iég> PX)=X3—X2—X—1
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Complexity

A factor u, of length n, of x € A* U AV is a subblock of x, formally if
u = X[i] --- x[i + n — 1] for some position i.
A prefix is a factor occuring at position 0.

The set of all factors of x is denoted by £(x) and £, (x) = £L(x) N A".

IFeﬁm'tion Let x be a sequence. The factor complexity of X is the map
DPx: N> N,n— #£,(x)that counts the factors for a given length. _I

meorem (Morse-Hedlund1938) The factor complexity of x is bounded if
and only if x is ultimately periodic. _I
pi(n)=2n+1
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Abelian Complexity

The Parikh vector (u) € N4 ofawordu € A* isdefined, foralla € A,
by ¥(w)[a] = |u|,, where |u]|, is the number of occurrences of a in u.

The abelian complexity of a sequence counts the number of different
Parikh vectors obtained on factors for a given length.

IFeﬁm'tion Let x be a sequence. The abelian complexity of X is the map
PN - N,n- #{p) |u e £,x)} ]

IFemark The abelian complexity of the Tribonacci sequence has been
extensively studied (Richomme et al 2010), (Turek 2013), (Shallit 2021)._|

p(n) €1{3,4,5,6,74 Vn>1
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Generalized Abelian Complexity

A generalization of the abelian complexity is the so-called k-abelian
complexity for some positive integer k > 1 (Karhumaki et al 2013).

Let |w|, denote the number of occurrences of the factor x in the word w.

IFeﬁnition Two words u and v are k-abelian equivalent, denoted by
u ~, v,if lul, = |v|, forevery word x of length at most k. _I

When k = 1, we simply talk about abelian equivalence.

IFeﬁm'tion The k-abelian complexity of a sequencex € AV is
pk(n) = #£,(x)/ ~, that counts factors of x for a given length up to NLI
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Generalized Exact Abelian Complexity

Two same-length words u, v are exactly-k-abelian equivalent, denoted by
u ~_; v, if|lu|, = |v], forevery word x of length exactly k.

We define the exact k-abelian complexity of x as p3*(n) = #£,(x)/ ~_;.

IEmma Letk > 1. Twowords u, v € A* are k-abelian equivalent if and
only the following conditions are satisfied:
1. ul = |vl;
2. if|lu| < k,thenu = v;
3. if|u| > k,thenu ~_;, vanduli] = v[i]foralli < k — 1. J

Thanks to this, we can focus on computing the exact k-abelian complexity!
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Relations between complexities

I_mma Let X be a sequence. We have p2* = pl = pZ!. Foreach integer
k € N, we have

1. Foralln € N, pk(n) < p“*(n);

2. Foralln € N, p5*(n) < ph(n) < TT, A5 ();
3. Foralln < k, pk(n) = p.(n). _I
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Bounded abelian complexity

Let C be a positive integer.

IFeﬁnition Asequencex € AN is C-balanced if, for all factors u, v of x of
equal length and for every lettera € A, we have ||u|, — |v],| < C. _I

When C = 1, we simply call x balanced.

mmma (folklore) A sequence x has bounded abelian complexity if and
only ifx is C-balanced for some positive integer C. _I

Erollary (using Adamczewski 2003) The abelian complexity of the fixed
point of a substitution of Pisot type is bounded by a constant. _I
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Bounded generalized abelian complexity

Let k and C}. be positive integers.

Definition Asequencex € AN is if, for all factors u, v of
x of equal length and for each w € A*, we have ||u|,, — |v],| < C,.

The boundedness of the generalized abelian complexity is related to the
generalized balancedness as follows.

IEmma (Karhumaki et al. 2013) Let k be a positive integer. A sequence X
has bounded k-abelian complexity if and only if x is (k, C}. )-balanced for
some positive integer Cy. _I

If oX is bounded by C,., then x is (k, C;, — 1)-balanced
Ifxis (k, C;)-balanced, then ok < (C, + 1) .
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Effective Computation

ﬁven asequence as an input, the fixed point of a prolongable substitution
of Pisot type, we want to compute its generalized abelian equivalence
relations and complexities. _I
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Effective Computation

Even asequence as an input, the fixed point of a prolongable substitution

of Pisot type, we want to compute its generalized abelian equivalence
relations and complexities. _I

What is an acceptable encoding for the input? For the output?

We consider 3 representations for sequences:
« S-automatic sequences;

» S-synchronized sequences;

« S-regularsequences.

where § denotes a regular numeration system.
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Abstract Numeration Systems (with zeros)

IFeﬁnition (Lecomte, Rigo 2000) A numerationsystem (NS) Sisatuple
(L, A, <,0)with A the alphabet, ordered by <, minimal element0 € A,
andL C A*suchthate e Landw €L & 0w L VYw € A*. J

The encoding rep,(n) of n € Nis the nth elementof L \ 0L (in radix order).

The valuation valg(u) of u € Lisrepy'(v) whereu € 0*v.

Let(.,.) be the canonical isomorphism between U (A" X B")and (A X B)*.

n>0
In this talk, we only consider regular NS, for which both L and the addition
relation {(x, y, z) | valg(x) + valg(y) = valg(z)} are regular.
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Automatic sequences

IFeﬁm'tion Asequencex € AN is S-automaticif x can be computed by a
deterministic finite automaton with output (DFAO) in the NS 8: on input
u € Lg, its output is equal to x[valg(u)]. _I

The Tribonacci sequence in its DTNS

(Rigo and Maes 2002) proved that morphicsequences are captured by
automatic sequences in various NS. We focus on Dumont-Thomas NS
(DTNS) that capture substitutive sequences and are regular for

substitutions of Pisot type.
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Regular sequences

IFeﬁnition (Allouche, Shallit1992) Asequencex: N — Zis S-regularif
there exist a row vector 4, a column vector y, and a morphism
p: A — 7™M suchthatx[n] = Au(repy(n))y foralln € N. _I

The triple (4, u, ) is called a linear representation of x. They are stable
under several operations: sum, external product, Hadmard product, ...

Areduced representation is a representation of minimal dimension.

mneorem Letx : N — Z beasequence of integers.
If x is S-automatic then x is S-regular.
If x is S-regular and x(N) is finite then X is S-automatic. _I
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Biichi Arithmetic in base k

Presburger Arithmetic captures Th(N, +, <) with first-order syntax

variables
——

t,t/=x|y|..
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Biichi Arithmetic in base k

Presburger Arithmetic captures Th(N, +, <) with first-order syntax

variables constants
——l ——
t,t’ = X | y | | 0 | 1 |
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Biichi Arithmetic in base k

Presburger Arithmetic captures Th(N, +, <) with first-order syntax

variables constants
—— ——
tts=x |y .10 1].[t+0 terms
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Biichi Arithmetic in base k

Presburger Arithmetic captures Th(N, +, <) with first-order syntax

variables constants
—— ——
t,t/::X|y||0|1||t+tl

p,p:=t=t"|t<t |..
| "¢ | eAD | oV | ¢ >
| Vxo | Ixp
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Biichi Arithmetic in base k

Presburger Arithmetic captures Th(N, +, <) with first-order syntax

variables constants
————n —
t,b/=x |y |..|0|1]..]¢t+0 terms
p,p:= t=t' | t<t|.. formulas
| @ oA | eV | o=
| Vxo | Ixp

Walnut implements the classical Biichi-Bruyére compilation of predicates
@(xy, ... , X,,) into deterministic finite automata (DFA).
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Biichi Arithmetic in base k

Presburger Arithmetic captures Th(N, +, <) with first-order syntax

VﬁViﬂbIeS constants
—_—
t,':=x |y |..]0|1]|..|t+t terms
p,p:= t=t' | t<t|.. formulas

| @ oA | eV | o=
| Vxp | 3x¢ | Pusa
Walnut implements the classical Biichi-Bruyére compilation of predicates

o(xy, ..., X,,) into deterministic finite automata (DFA).It also permits to
directly manipulate DFA and use DFA-defined predicates into formulas.

Biichi Arithmetic characterizes the expressivity of DFA in base k.
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Synchronized sequences

Syncronized relations and sequences capture the expressive power of DFA
with inputina given NS. Walnut manipulates them in regular NS.

Definition (Carpi and Maggi2001) Asequences: N — N"is
if the following language is regular:

{<x9 Y15 e ’ym> | S(Valé’(x)) = (Vals(yl)a 9vals(ym))}

meorem Letx : N — Z be asequence of integers.
If x is S-automatic then X is S-synchronized.
If x is S-synchronized then x is S-regular. _I
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Long standing conjecture

Enjecture (Parreau, Rigo, Rowland and Vandomme 2015)
The abelian complexity of a S-automatic sequence is S-regular. _I

Some examples:

« The abelian complexity of the Thue-Morse sequence is automatic;
« The abelian complexity of the Rudin-Shapiro sequence is regular;

« The abelian complexity of the paperfolding sequence is 2-regular and
unbounded. (Madill and Rampersad 2013)
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Our contribution
Part1 (this talk)

mneorem Let X be a uniformly factor-balanced S-automatic sequence.
Its abelian equivalence relation is S-synchronized and
its 2D generalized abelian complexity (k, n) — pX(n)is S-regular. _I

Part 2 (Pierre on Wednesday)

meorem The abelian complexity of the fixed point of a prolongable
primitive substitution of ultimately Pisot type is an automatic sequence in
its DTNS and the DFAO computing it is effectively computable. _I

meorem Previous theorem extends to the computation of the
generalized abelian complexity under some sliding-block code conditiﬂ
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Uniform factor-balancedness

IFeﬁnition A sequence x is uniformly factor-(C-)balanced for some
uniform bound C if ||u,, — |v],| < Cforallu,v € £,(x), forall
w € L(x),and foralln € N. _I

How commonis this property?

For Sturmian sequences, in the general case, (Fagnot and Vuillon 2002)
proved (k, k)-balancedness, which is unbounded.

Combining (Fagnot and Vuillon 2002) with (Vandeth 2000), a Sturmian
sequence of slope @ € (0, 1) is uniformly factor-balanced when the
continued fraction of ¢ /(1 — «) has bounded partial quotients.
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Identifying factors and their relations

The factors of an automatic sequence are well captured by their appearance
inside the sequence given by an index and a length.

Letx [i..i + n| denote the length-n factor of x starting at position i.

Let’s formalize a few relations:
feq, ={(i,j,n) | x[i..i+n[=x[j..j+n[}
abexeq, = {(i, j,k,n) | x[i..i+n+Kk[ ~_ x[j..j + n+k[}
abeq, = {(i, j,k,n) | x[i..i+n[ ~. X[j..j + n[}
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Computing the balance function

The balance function compares factor occurences:

Ay jus oo ko) = X[y it n+ k| =[x o+ 0+ K|

x[i..i+k[ [i..i+k[

mmma The balance function A, (i, j;, j, k, n) of a uniformly
factor-balanced S-automatic sequence x is S-automatic. _I

1. Asfeq, is 8-synchronized, occx(i, j, k, n,u) thattestsif j <u < j + nand
feq, (i, u, k) is also 8-synchronized;

2. Countaccepting pathsin a DFA computing occy to obtain a S-regular linear
representation for *X [j..j+n+ k[|x[i..i+k[;

3. Combine to geta S-regular linear representation for A, (i, ji, j», k, n);

4. Apply the semigroup trick to obtain S-automaticity of A,.
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Using balancedness to conclude

The balancedness relation identifies zeros the balance function:

balx = {(i9j1’j2’k’ I’l) | Ax(i’j19j2’k9 I’I.) = 0}

mmma If the balance function A, of a sequence X is S-automatic then its
balancedness relation bal, (i, j;, j,, k, 1) is S-synchronized. _I

mmma If the balancedness relation of a sequence x is 8-synchronized,
then abeq (i, j, k, n) and abexeq_(i, j, k, n) are 8-synchronized, and
the 2D function (k, n) = pX(n)is S-regular. _I
1. Write first-order formulaes for abexeq, and abeq, using bal, and feq_;

2. Write a first-order formula for first occurences of equivalent factors and derive a
linear representation using accepting paths counting.
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Effective computation

meorem Let x be a uniformly factor-balanced S-automatic sequence.
Its abelian equivalence relation abeq_(i, j, k, n) is 8-synchronized and
its 2D generalized abelian complexity (k, n) — oX(n) is S-regular. _I

This approach is quite naive and direct. It is quite computer-intensive too!

We applied it to a limited number of sequences, proving a tight bound on
their uniform factor-balancedness in the process:

« The Fibonaccisequence f = ¢“(0) »:0~01,1-0

 The Pell sequence p = 7°(0) 7:0~001,1~0
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Effective computation

meorem Let x be a uniformly factor-balanced S-automatic sequence.
Its abelian equivalence relation abeq_(i, j, k, n) is 8-synchronized and
its 2D generalized abelian complexity (k, n) — oX(n) is S-regular. _I

This approach is quite naive and direct. It is quite computer-intensive too!

We applied it to a limited number of sequences, proving a tight bound on
their uniform factor-balancedness in the process:

« The Fibonaccisequence f = ¢“(0) »:0~01,1-0
 The Pell sequence p = 7°(0) 7:0~001,1~0
« Some k-uniform fixed pointb = $“(0) B : 0~ 001, 1+ 010
I . The Tribonacci sequence t = 7%(0) 7:0~01,1~02,2-0

5. Effective computation 23/32



Implementation and experiments

Our implementation combines several tools:

1. licofage for DTNS and ﬁxpoints https://pypi.org/project/licofage/
2. Walnut for first-order predicates nttps://github.com/Walnut-Theorem-Prover

3. Awali C++weighted automata library nttp: //vaucanson-project.org/Avali/

We ported the exact rational representation of GMP to Awali and wrote an
efficient OpenMP parallel reduction to reduce regular sequences in parallel.

Experiments were conducted on a cluster where nodes with 96 OpenMP
threads were available to parallelize the computations.

(two 24-core Intel Xeon Gold 6248R @3GHz processors with 256 GB of RAM)
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Computing the balance function

Walnut is first used to produce a DFA as follows (notice the j2 trick):
def occ_tri "7?msd_tri jl<=u & u<=jl+n & $feq_tri(i,u,k) & j2=j2":

The first C++ program applies path counting to obtain a linear

representation for.t jiehi+n+ [| S

Combining the linear representation with itself, permuting j1 and j2, it
computes a reduced linear representation for A (i, ji, j,, k, n).

The semigroup trick is applied. When the sequence is uniformly
factor-balanced, the program terminates with an automatic representation
and a tight bound is obtained.

IF_or the Tribonacci sequence t, it took 16 hours on our cluster, produced a
920 931-state DFAO, proving that t is uniformly factor-2-balanced.
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Computing the equivalence relations

Walnut is used to capture the zeros:

def sametri "?msd_tri Dequitril[i][j1][j2][k][n] = @O0":

IF_or the Tribonacci sequence t, it took Walnut 75 seconds to compute the
corresponding 487 964-state DFA. _I

Walnut is used to derive the 2D equivalence relations:

def abeqgextri "7msd_tri Ai $sametri(i,jl,j2,k,n)":
def abeqtri "?msd_tri (n<k & $feq_tri(i,j,n))
| (n>=k & $feq_tri(i,j,k-1) & $abeqextri(i,j,k,n-k))":

5. Effective computation 26/32



Computing the 2D complexity function

Walnut is used to identify the first occurence of each equivalence class:

def abfirsttri "?msd_tri k>0 & "Ej j<i & $abeqtri(i,j,k,n)":

The second C++ program applies path counting to obtain a reduced linear
representation for the 2D generalized abelian complexity function ,o,’f(n).

Iﬁr the Tribonacci sequence t, we obtain a linear representation of
dimension 264 with integer coefficients. _I

https://github.com/nopid/abcomp/blob/main/section3/out/matri.sage
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Trust issues

IF_or the Tribonacci sequence t, it took 16 hours on our cluster, produced a
920 931-state DFAQ, proving that t is uniformly factor-2-balanced. _I

Can we trust this result? Maybe there is a bug ¥ somewhere? Maybe the
computationisincorrect?
meorem The validity of the DFAO computing A, (i, j;, j,, k, n) can be

checked inductively on n with first-order predicates. _I

ﬁr the Tribonacci sequence t, it took only 45 minutes to check the
920 931-state DFAQ. _|
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Anp, : (n, k) — pk(n+ 1) — pf(n) is automatic




Ao, & (n k) = pit(n) — pk(n) is automatic




Open Problems and Questions

More Problems to come at the end of Pierre’s talk!

IFpen Problem Find a s minutes blackboard proof to replace the 16 hours
and 920 931-state DFAO proof of the Tribonacci sequence uniform
factor-2-balancedness! _I

IFpen Problem Prove that the generalized abelian complexity of the
Tribonacci sequence is not synchronized. _I
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