A linear algorithm to color i-triangulated graphs

F. Roussel, I. Rusu Université d’Orléans, LIFO

Rapport N^o 98-11

A linear algorithm to color i-triangulated graphs

F. Roussel, I. Rusu

Université d’Orléans, L.I.F.O., B.P. 6759, 45067 Orléans Cedex 2, France

Abstract: We show that i-triangulated graphs can be colored in linear time by applying lexicographic breadth-first search (abbreviated LexBFS) and the greedy coloring algorithm.

Keywords: lexicographic breadth-first search, greedy algorithm, triangulated graph, i-triangulated graph

1 LexBFS and greedy algorithm

A graph is called i-triangulated if every odd cycle on five vertices or more contains at least two noncrossing chords. We are going to prove that the following algorithm (which works for triangulated graphs, see [3]) correctly colors any i-triangulated graph. As both steps can be performed in O(m+n) time, this algorithm improves the complexity of the best previous algorithm:

Algorithm LexBFS-Col (input: G = (V, E); output: (σ, c), where σ is an order, c is a coloring)

Step 1. apply lexicographic breadth-first search; call σ : {1, 2, . . . , n} → V the resulting order. Step 2. apply the greedy algorithm, using the converse order of σ; call c : V → {1, 2, . . .} the resulting coloring.

The reader can find details on lexicographic breadth-first search (abbreviated LexBFS) and greedy coloring in [5, 3] and respectively [1]. We only give here brief descriptions of them. To this end, we assume that G is connected. The neighborhood of an arbitrary vertex x of G is denoted N(x). If W ⊆ V , then N_W (x) = N(x) ∩ W and, for another subset X ⊆ V , N_W (X) = ∪_{x∈X} N_W (x). For any other graph F (F ≠ G), its vertex and edge sets are denoted respectively by V (F ) and E(F ).

The lexicographic breadth-first search has been proposed by Rose, Tarjan and Leuker [5] as an approach of triangulated graph recognition. We use all along the paper the description of LexBFS given by Golumbic [3]. Any vertex has a label which consists in a set of numbers listed in decreasing order. The labels may be compared using lexicographic order (i.e. dictionary order, using numbers instead of letters). Then the algorithm may be described as follows:

Algorithm LexBFS (input: G; output: an order σ : {1, 2, . . . , n} → V )

assign the label ∅ to each vertex; for i := n down to 1 do

pick an unnumbered vertex v with largest label (in lexicographic order); σ(i) := v; {comment: this assigns to v the number i} for each unnumbered vertex t ∈ N(v) do

add i to the label of t (at the end)

Then we have (see [3]):

Lemma 1 Let v, u, w such that σ^{−1}(v) < σ^{−1}(u) < σ^{−1}(w) and vw ∈ E, uw ∉ E. Then there exists a vertex z ∈ N(u) − N(v) such that σ^{−1}(w) < σ^{−1}(z).

With the greedy algorithm, the graph is colored with colors 1, 2, 3, . . . by considering the vertices in a given order and attributing, to each of them, the smallest color not yet given to one of its neighbours. It is an NP-complete problem to find, for an arbitrary graph, an order which yields an optimal coloring (although such an order always exists).

However, for i-triangulated graphs such an order may be find using LexBFS: in the rest of the paper, we will show that if the order obtained by LexBFS is σ(1), σ(2), . . . , σ(n), then the greedy algorithm applied on the converse order σ(n), σ(n − 1), . . . , σ(1) performs an optimal coloring of the graph. This is equivalent to say that LexBFS-Col correctly colors G with minimum number of colors.

Before starting the proof, we note this small result (the proof is simple and may be found in [6]):

Lemma 2 Let G = (V, E) be an i-triangulated graph, B be a bipartite 2-connected subgraph of G and x ∈ V − V (B). Then either x is adjacent to no vertex in B, or x is adjacent to all the vertices in B, or else {x} ∪ V (B) induces a bipartite graph.

2 Main result

For any v ∈ V , denote X^σ(v) = {u ∈ N(v) | σ^{−1}(u) > σ^{−1}(v)}. Then we have:

Theorem 1 Let (σ, c) be the result of Algorithm LexBFS-Col for the i-triangulated graph G = (V, E). Then, for any vertex z ∈ V , any two nonadjacent vertices x, y ∈ X^σ(z) satisfy c(x) = c(y).

Proof of Theorem 1. We use induction on the number of vertices of G. If |V | = 1 or |V | = 2, the theorem is trivially true. We assume it is true for every i-triangulated graph with less than n = |V | vertices and we prove it for G. Denote w = σ(n) (the first vertex picked by LexBFS).

By contradiction, if the contrary holds then there exists a vertex z and two nonadjacent neighbors of it (denoted x, y) such that σ^{−1}(x) > σ^{−1}(y) > σ^{−1}(z) and c(x) ≠ c(y). We firstly prove that:

Claim 1 Let u be an arbitrary vertex of V − {z}. Then σ^{−1}(u) > σ^{−1}(z) and a chordless path [u, v_1, ..., v_k, z] of G exists such that σ^{−1}(u) > σ^{−1}(v_1) > σ^{−1}(v_2) > · · · > σ^{−1}(v_k) > σ^{−1}(z).

Proof of Claim 1. By contradiction, assume there exists u not satisfying the indicated condition and take the one with minimum σ^{−1}(u). Then either σ^{−1}(u) = 1, or σ^{−1}(z) < σ^{−1}(u) and for every q with σ^{−1}(z) ≤ σ^{−1}(q) < σ^{−1}(u), we have qu ∉ E (otherwise the choice of u is contradicted).

We apply the algorithm LexBFS on G − u such that any time we have to pick a vertex (from the set of vertices with largest label), we pick q with σ(q) maximum. Denote by σ_1 the order obtained in this way and notice that σ_1 is exactly the order σ where u has been removed (to be rigourous, some indices must be shifted when σ^{−1}(z) < σ^{−1}(u)). This is due to the fact that in the last step of the algorithm LexBFS (with v replaced by u) no unnumbered vertex t ∈ N(u) exists. So, if we achieve the application of LexBFS-Col on G − u using the greedy algorithm, we find a coloring c_1 of G − u such that c_1(x) = c(x), c_1(y) = c(y), c_1(z) = c(z). Then Theorem 1 is contradicted for G − u.

Obviously, Claim 1 implies that σ^{−1}(z) = 1. Now, we define a partition H_0, H_1, . . . , H_p, H^′_p of V as follows. Set H_0 = {w}. By induction, assume that H_i ⊆ V − {z} is already defined, and put H^′_i = {h^′ ∈ V | for all h ∈ H_i, σ^{−1}(h) > σ^{−1}(h^′)}.

Furthermore, let us partition H_i in three subsets:

T_i = H_i ∩ N(z), U_i = {h ∈ H_i − T_i |N_H0_i (h) ≠ ∅}, and V_i = H_i − (T_i ∪ U_i). Now, we can define H_{i+1} = N_H0_i (U_i). Assume this construction is repeated as long as the set H_{i+1} resulting at each step is non-empty (equivalently, as long as U_i ≠ ∅) and let us notice that:

Remark 1 Claim 1 implies that for all h^′ ∈ H^′_i (0 ≤ i ≤ p), a chordless path [h^′, a_1, ..., a_l, z] joining h^′ to z in H^′_i exists such that σ^{−1}(h^′) > σ^{−1}(a_1) > σ^{−1}(a_2) > . . . > σ^{−1}(a_l) > σ^{−1}(z).

Let us say that a set R ⊆ V is compact if any u ∈ V − R either satisfies σ^{−1}(r) > σ^{−1}(u) for any r ∈ R, or satisfies σ^{−1}(r) < σ^{−1}(u) for any r ∈ R. We can now prove that for an arbitrary i (see Fig. 1.):

Claim 2 The following properties hold for H_{i+1} (such that i ≥ 0 and H_{i+1} ≠ ∅): a) it is compact and H_{i+1} ⊆ H^′_i , H^′_{i+1} ⊂ H^′_i ;

b) no v ∈ V satisfies σ^{−1}(v) > σ^{−1}(h^′) for any h^′ ∈ H_{i+1}, and σ^{−1}(v) < σ^{−1}(h) for any h ∈ H_i; c) every h^′ ∈ H^′_{i+1} has N(h^′) ⊆ H^′_{i+1} ∪ H_{i+1} ∪ T_i ∪ T_{i−1} ∪ . . . ∪ T_0.

Proof of Claim 2. We have nothing to prove for c), it is an immediate consequence of the definitions above. For a) and b) we use induction on i ≥ 0. For i = 0, we have H_0 = {w}, H^′_0 = V − {w}, U_0 = {w} (we have assumed H_1 ≠ ∅, i.e. U_0 ≠ ∅). Then H_1 = N(w) and this is a compact set. There is nothing to prove for the second part of a) and for b).

Assume now that a), b) are true for each j < i and let us prove them for i. For an arbitrary vertex y, we use the notation label(y) to indicate its label at a specified moment of LexBFS.

Proof of a): By definition, H_{i+1} ⊆ H^′_i , H^′_{i+1} ⊂ H^′_i . If, by contradiction, H_{i+1} is not compact, there exist vertices a, c ∈ H_{i+1} and b ∉ H_{i+1} such that σ^{−1}(a) < σ^{−1}(b) < σ^{−1}(c). Then b ∈ H^′_i (since σ^{−1}(b) < σ^{−1}(c) and c ∈ H^′_i ), and by c) for i (instead of i + 1) we have N(b) ⊆ H^′_i ∪ H_i ∪ T_{i−1} ∪ T_{i−2} ∪ . . . ∪ T_1 ∪ T_0. Moreover, b ∉ H_{i+1}, so b is adjacent to no vertex in U_i, consequently N(b) ⊆ H^′_i ∪ T_i ∪ T_{i−1} ∪ T_{i−2} ∪ . . . ∪ T_1 ∪ T_0. Now, when b is picked by LexBFS (and a is not picked), we have label(a) ≤ label(b), so:

(P ) there exists t^0 ∈ T_i ∪ T_{i−1} ∪ . . . ∪ T_0 such that t^0b ∈ E, t^0a ∉ E and

σ^{−1}(t^0) > σ^{−1}(u) for every u ∈ U_i which is adjacent to a.

Indeed, if some t^0 ∈ T_{i−1} ∪ . . . ∪ T_0 exists such that t^0b ∈ E, t^0a ∉ E, the property is obviously true. Otherwise, N_{Ti}�_{1∪...∪T0} (a) = N_{Ti}�_{1∪...∪T0} (b), and we cannot have N_{Ti} (a) ⊇ N_{Ti} (b) since then (using some neighbor u of a in U_i) we would have label(a) > label(b). Thus there exists some t^0 ∈ (N(b) − N(a)) ∩ T_i and we take the one with largest σ^{−1}(t^0). We also consider u ∈ N_{Ui} (a) (which is not in N(b) since b has no neighbor in U_i) such that σ^{−1}(u) is maximum. If σ^{−1}(u) < σ^{−1}(t^0), then we are done. Otherwise label(a) > label(b), a contradiction.

So (P ) is proved. But then at the moment where a was picked by LexBFS (and z was not picked) we had label(z) > label(a), since z is adjacent to every vertex in T_i ∪ T_{i−1} ∪ . . . ∪ T_0, so zt^0 ∈ E. We have a contradiction.

Proof of b): By contradiction, if such a vertex v exists then v ∈ H^′_i (by hypothesis) and the reasoning we made before for b is valid (taking some a ∈ H_{i+1}) to obtain a contradiction.

Remark 2 By the preceding claim (affirmations a) and b)), the sets H_0, H_1, . . . , H_i, H^′_i form a partition of V in compact sets.

Since for any i such that U_i ≠ ∅ we have H_{i+1} ≠ ∅, the set H_0 ∪ H_1 ∪ . . . ∪ H_{i+1} grows. As the graph is finite, there will exist some p (as small as possible) such that H_{p+1} = ∅, i.e. U_p = ∅.

Fig. 1. The sets Hi, H^0_i (i = 0, 1, . . . , p)

Claim 3 For all i ∈ {0, ..., p} the following properties hold :

(A_i) for any h_1, h_2 ∈ H_i, there exists a path [h_1, v_1, ..., v_{2k+1}, h_2] with at most one chord (which is necessarily short) and such that {v_1, ..., v_{2k+1}} ⊆ V − (H_i ∪ H^′_i ∪ N_V (H^′_i )). Moreover, if h_1h_2 ∈ E then k = 0.

(B_i) for all v ∈ V − (H^′_i ∪ H_i), if v is adjacent to a vertex of H^′_i then it is adjacent to all the vertices of H^′_i ∪ H_i.

(C_i) for any h^′_1, h^′_2 ∈ H^′_i such that h^′_1h^′_2 ∈ E and σ^{−1}(h^′_1) > σ^{−1}(h^′_2), we have N_{Hi} (h^′_2) ⊆ N_{Hi} (h^′_1) and every vertex of N_{Hi} (h^′_1)−N_{Hi} (h^′_2) is adjacent to all the vertices of N_{Hi} (h^′_2).

(D_i) for every t ∈ T_i, t is adjacent to all the vertices of H^′_i . (E_i) for every u ∈ U_i, u is adjacent to all the vertices of T_i. (F_i) if U_i ≠ ∅ then T_i is a clique (or is empty).

Proof of Claim 3. We use induction on i. Clearly (A_0), (B_0), (C_0), (D_0), (E_0) and (F_0) hold. Now, assume that for 0 ≤ j ≤ i − 1 the claim holds. By Claim 2, H^′_i = H_{i+1} ∪ H^′_{i+1} for each i.

Proof of (A_i): Let h_1, h_2 ∈ H_i. Since H_i = N_H0_i�_1 (U_{i−1}), there exist u_1, u_2 ∈ U_{i−1} such that u_1h_1 ∈ E and u_2h_2 ∈ E. If u_1 = u_2 then there is nothing to prove. Otherwise, because of H^′_i ∩N(U_{i−1}) = ∅, for every h^′ ∈ H^′_i we have h^′u_1 ∉ E and h^′u_2 ∉ E. By (A_{i−1}), there exists a path P = [u_1, v_1, ..., v_{2k+1}, u_2] with at most one short chord and such that {v_1, ..., v_{2k+1}} ⊆ V − (H_{i−1} ∪ H^′_{i−1} ∪ N(H^′_{i−1})). Thus, for every j ∈ {1, ..., 2k + 1}, h_1v_j ∉ E and h_2v_j ∉ E. Now, if h_1h_2 ∈ E then P ∪ {h_1, h_2} forms an odd cycle with at most one chord (which is necessarily short), a contradiction with the fact that G is an i-triangulated graph. Otherwise, [h_1, u_1, v_1, ..., v_{2k+1}, u_2, h_2] is a path with at most one short chord and such that {u_1, v_1, ..., v_{2k+1}, u_2} ⊆ V − (H_i ∪ H^′_i ∪ N(H^′_i )).

Proof of (B_i): Let v ∈ V − (H^′_i ∪ H_i) such that at least one vertex (noted h^′) of H^′_i is adjacent to v. If v ∈ V − (H^′_{i−1} ∪ H_{i−1}) then by (B_{i−1}) we know that v is adjacent to every vertex of H^′_{i−1} (which is equal to H_i ∪ H^′_i ). Otherwise v ∈ H_{i−1} (which is equal to V_{i−1} ∪ U_{i−1} ∪ T_{i−1}). Since N(V_{i−1} ∪ U_{i−1}) ∩ H^′_i = ∅, we have v ∉ (V_{i−1} ∪ U_{i−1}). Then v ∈ T_{i−1} and by (D_{i−1}) we obtain that v is adjacent to every vertex of H^′_{i−1} = H_i ∪ H^′_i .

Proof of (C_i): Let h^′_1 and h^′_2 be two adjacent vertices of H^′_i such that σ^{−1}(h^′_1) > σ^{−1}(h^′_2). If N_{Hi} (h^′_2) ⊈ N_{Hi} (h^′_1) then there exists a vertex u_2 ∈ H_i adjacent to h^′_2 and nonadjacent to h^′_1. Since σ^{−1}(h^′_2) < σ^{−1}(h^′_1) < σ^{−1}(u_2), by Lemma 1 there exists a vertex u_1 ∈ N(h^′_1) − N(h^′_2) such that σ^{−1}(u_1) > σ^{−1}(u_2). Then by (B_i), u_1 ∈ H_i and (A_i) implies that there exists a path P = [u_1, v_1, ..., v_{2k+1}, u_2] with at most one short chord and such that {v_1, ..., v_{2k+1}}∩N({h^′_1, h^′_2}) = ∅. Then, {h^′_1, h^′_2} ∪ P forms an odd cycle with at most one short chord, which is a contradiction.

Let us suppose that there exist h_1 ∈ N_{Hi} (h^′_1) − N_{Hi} (h^′_2) and h_2 ∈ N_{Hi} (h^′_2) such that h_1h_2 ∉ E. By (A_i), there exists a path P = [v_0 = h_1, v_1, ..., v_{2k+1}, h_2 = v_{2k+2}] with at most one chord (which is necessarily short and is denoted v_j v_{j+2}, with 0 ≤ j ≤ 2k) and such that {v_1, ..., v_{2k+1}}∩N({h^′_1, h^′_2}) = ∅. If P has a short chord, then {h^′_1} ∪ P − {v_{j+1}} induce a bad odd cycle. Otherwise {h^′_1, h^′_2} ∪ P gives a bad odd cycle.

Proof of (D_i): Let t be a vertex of T_i and h^′ be a vertex of H^′_i . By Remark 1 a chordless path [h^′, a_1, ..., a_l, z] exists in H^′_i such that σ^{−1}(h^′) > σ^{−1}(a_1) > . . . > σ^{−1}(a_l) > σ^{−1}(z). We know that zt ∈ E. Then, by (C_i), applied several times, we have ta_l, ta_{l−1}, . . . , ta_1, th^′ ∈ E.

Proof of (E_i): Let u ∈ U_i. We recall that uz ∉ E and there exists h^{′′} ∈ H^′_i such that uh^{′′} ∈ E (by the definition of U_i). Thus, by Remark 1, a chordless path [b_0 = h^{′′}, b_1, ..., b_s, b_{s+1} = z] exists in H^′_i such that σ^{−1}(h^{′′}) > σ^{−1}(b_1) > . . . > σ^{−1}(b_s) > σ^{−1}(z). By (D_i), t is adjacent to every vertex in {b_0, b_1, ..., b_s, b_{s+1}}. Let i (0 ≤ i ≤ k) be the largest index such that b_iu ∈ E and b_{i+1}u ∉ E (such an index must exist since ub_{s+1} ∉ E). Since (C_i) is true and tb_i, tb_{i+1} ∈ E, u is adjacent to t.

Proof of (F_i): If (F_i) is false then two nonadjacent vertices (denoted t_1 and t_2) of T_i exist and U_i ≠ ∅. Let u be a vertex of U_i. We recall that t_1, t_2 ∈ N(z) and u is not adjacent to z. Moreover, by (E_i) we have ut_1, ut_2 ∈ E. Since (A_i) is true, a vertex v_1 nonadjacent to z and adjacent to u and t_1 exists. In both cases when t_2v_1 ∈ E or t_2v_1 ∉ E, the set {z, t_1, u, t_2, v_1} induces a bad odd cycle.

We continue the proof of Theorem 1. Recall that, by contradiction with the conclusion of Theorem 1, we have supposed that there exist vertices x, y ∈ X^σ(z) such that xy ∉ E and c(x) ≠ c(y). We now try to find a contradiction.

By Claim 3 (statements (D_j ) and (F_j )) and since U_j ≠ ∅ (0 ≤ j ≤ p−1), the set T_0 ∪T_1 ∪. . .∪T_{p−1} is a clique (notice that T_p is not necessarily a clique since U_p = ∅ and the affirmation (F_p) cannot be used). By c) in Claim 2, we have that N(z) ∩ (V − H^′_p) = T_0 ∪ . . . ∪ T_{p−1} ∪ T_p. Moreover, since (D_j ) holds for 0 ≤ j ≤ p − 1, every vertex of T_0 ∪ · · · ∪ T_{p−1} is adjacent to all the vertices of H^′_{p−1} (which is equal to H^′_p ∪ H_p). Then we have that {x, y} ⊂ H^′_p ∪ T_p. Moreover, by (D_p) every vertex of T_p is adjacent to all the vertices of H^′_p. So x, y are simultaneously in H^′_p or in T_p.

Case 1. x, y ∈ H^′_p. By (B_p) and since U_p = ∅, for every {h^′_1, h^′_2} ⊆ H^′_p we have N_{V −H}0_p (h^′_1) = N_{V −H}0_p (h^′_2). Thus, all the vertices in H^′_p have exactly the same neighbors in V − H^′_p. Consequently, the behavior of the algorithm LexBFS for G, when restricted to the subgraph [H^′_p]_G induced by H^′_p, is not influenced by the vertices in V − H^′_p; locally, it is the same as if LexBFS was applied directly on the subgraph [H^′_p]_G. The same holds for LexBFS-Col: locally, its behaviour is the same as if it was applied directly on the subgraph [H^′_p]_G (only the set of colors will be changed, since in G there exist some forbidden colors for the vertices in H^′_p). Thus, by induction hypothesis, [H^′_p]_G (which is strictly smaller than G) satisfies Theorem 1. But then the colors of x, y must be identical in [H^′_p]_G and thus identical in G (since the behaviour of the algorithm is the same, only the set of colors is changed), a contradiction to our assumption that c(x) ≠ c(y).

Case 2 : x, y ∈ T_p. Then [x, z, y] is a chordless path joining x to y such that z ∈ H^′_p. A similar property holds for any index j, 0 ≤ j ≤ p:

(Q_j ) There exist two nonadjacent vertices of H_{p−j} (denoted x_j and y_j ) such that c(x_j ) ≠ c(y_j ) and x_j , y_j are joined by a chordless path [x_j , u_1, ..., u_l, y_j ] with {u_1, ..., u_l} ⊆ H^′_{p−j} .

To prove this, we use induction on j. With the notation x_0 = x and y_0 = y, the affirmation (Q_0) holds. Assume that (Q_{j−1}) is true. Then there exist x_{j−1}, y_{j−1} ∈ H_{p−j+1} such that c(x_{j−1}) ≠ c(y_{j−1}). Moreover, there exists a chordless path [x_{j−1}, u_1, ..., u_h, y_{j−1}] such that {u_1, ..., u_h} ⊆ H^′_{p−j+1}. We can suppose without loss of generality that c(x_{j−1}) > c(y_{j−1}). Thus, as G was colored using the greedy algorithm, a vertex x_j must exist such that x_j x_{j−1} ∈ E, σ^{−1}(x_j ) > σ^{−1}(x_{j−1}) and c(x_j ) = c(y_{j−1}). Then x_j ∈ H_{p−j+1} ∪ U_{p−j} ∪ T_{p−j} ∪ T_{p−j−1} ∪ . . . ∪ T_0. By (B_{p−j} ) and (D_{p−j} ), we know that every vertex of T_{p−j} ∪ . . . ∪ T_0 is adjacent to all the vertices of H_{p−j+1} ∪ H^′_{p−j+1}. Since c(x_j ) = c(y_{j−1}), we have x_j y_{j−1} ∉ E. Thus x_j ∉ T_{p−j} ∪ . . . ∪ T_0, so x_j ∈ H_{p−j+1} ∪ U_{p−j} .

By (A_{p−j+1}), a chordless path [x_{j−1}, v_1, ..., v_r, y_{j−1}] joining x_{j−1} to y_{j−1} exists such that {v_1, ..., v_r} ⊆ V − (H_{p−j+1} ∪ H^′_{p−j+1} ∪ N_V (H^′_{p−j+1})). Since v_1x_{j−1} ∈ E and v_1y_{j−1} ∉ E, we cannot have v ∈ H_{p−j−1} ∪ H_{p−j−2} ∪ . . . ∪ H_0 (by (B_{p−j} )). Then v_1 ∈ H_{p−j} . Observe that C = [x_{j−1}, v_1, ..., v_r, y_{j−1}, u_h, ..., u_1, x_{j−1}] is a chordless cycle.

Recall that we have x_j ∈ H_{p−j+1} ∪ U_{p−j} . We prove that x_j ∉ H_{p−j+1}. Indeed, if the contrary holds then by (C_{p−j} ) we have x_j v_1 ∈ E. Now, by Lemma 2 and since x_j is adjacent to at least two consecutive vertices of C, x_j must be adjacent to every vertex of C, which is a contradiction with the fact that x_j y_{j−1} ∉ E. Hence, x_j ∈ U_{p−j} . Since y_{j−1} ∈ H_{p−j+1}, a vertex y_j ∈ U_{p−j} exists such that y_j y_{j−1} ∈ E (so y_j ≠ x_j ). Now, c(x_j ) = c(y_{j−1}) implies that c(y_j ) ≠ c(x_j ). We recall that U_{p−j} ∩ N(H^′_{p−j+1}) = ∅ (by the definition of H_{p−j+1}). Two cases can occur:

• If y_j x_{j−1} ∉ E, then P = [x_j , x_{j−1}, u_1, ..., u_h, y_{j−1}, y_j ] is a chordless path such that {x_{j−1}, u_1, ..., u_h, y_{j−1}} ⊆ H^′_{p−j} . To finish the proof in this case we only have to show that x_j y_j ∉ E. By contradiction, if x_j y_j ∈ E then C^′ = [x_j , x_{j−1}, u_1, ..., u_h, y_{j−1}, y_j , x_j ] is a chordless cycle with at least four vertices (which must be even). By (A_{p−j} ), there exists a vertex v^′_1 ∈ V − (H_{p−j} ∪ H^′_{p−j} ∪ N_V (H^′_{p−j} )) which is adjacent to x_j and y_j . Thus, C^′ ∪ {v^′_1} gives a contradiction with Lemma 2.

• If y_j x_{j−1} ∈ E, then P^′ = [x_j , x_{j−1}, y_j ] is a chordless path such that x_{j−1} ∈ H^′_{p−j} . To finish the proof, we need to show that x_j y_j ∉ E. In the contrary case, C^{′′} = [y_j , x_{j−1}, u_1, ..., u_h, y_{j−1}, y_j ] is a chordless cycle with at least four vertices which must be even. As x_j is adjacent to two consecutive vertices on C^{′′}, by (A_{p−j} ) we should have x_j y_{j−1} ∈ E, a contradiction.

Then (Q_j ) holds for 0 ≤ j ≤ p and (Q_p) implies |H_0| ≥ 2, a contradiction with H_0 = {w}.

3 Some corollaries

The order obtained using LexBFS on an i-triangulated graph is a special order, as shown by the following result:

Corollary 1 Let G = (V, E) be an i-triangulated graph and σ be an order obtained using LexBFS. Then, for any s ∈ V , X^σ(s) is a complete multi-partite graph.

Proof of Corollary 1. If there exists some s for which X^σ(s) is not a complete multi-partite graph, then three vertices v, x, y ∈ X^σ(s) may be found such that xy ∈ E, xv ∉ E and yv ∉ E. Apply LexBFS-Col, using in Step 1 the algorithm LexBFS which gives σ. Then, Theorem 1 implies that c(x) = c(v) and c(y) = c(v). Thus c(x) = c(y), a contradiction.

This property is similar to the one of triangulated graphs (see [3]), where for any vertex s ∈ V the set X^σ(s) induces a clique. A triangulated graph (with at least two vertices) also has the property that it contains two simplicial vertices (a vertex is said simplicial if its neighborhood induces a clique). For i-triangulated graphs, we have:

Corollary 2 Any i-triangulated graph G = (V, E) (with |V | ≥ 2) contains at least two vertices x_1, x_2 such that N(x_i) induces a complete multi-partite graph.

Proof of Corollary 2. Apply LexBFS starting with an arbitrary vertex w (denote by σ the resulting order) and then apply LexBFS again starting with the vertex σ(1) (denote by σ_1 the resulting order). Then σ(1), σ_1(1) are the desired vertices.

Finally, let us prove that LexBFS-Col correctly colors i-triangulated graphs.

Corollary 3 Let G = (V, E) be an i-triangulated graph, and let (σ, c) be the result of LexBFS-Col when it is applied to G. Then c uses minimum number of colors.

Proof of Corollary 3. It is sufficient to show that there exists a clique in G which has r vertices, where r is the number of colors used by LexBFS-Col. Consider a vertex s ∈ V such that c(s) = r. Then X^σ(s) induces a complete multi-partite graph, and all the colors 1, 2, . . . , r −1 appear in X^σ(s). By Theorem 1, two different colors cannot appear in the same stable set of the complete multi-partite graph induced by X^σ(s). Consequently, any stable set corresponds to a color, so there exists exactly r − 1 stable sets in X^σ(s). Now, it is sufficient to pick a vertex in each stable set and to add s in order to obtain a clique of size r in G.

References

[1] V. Chvátal, Perfectly orderable graphs, in “Topics on Perfect Graphs” (C. Berge, V. Chvátal, eds.), North-Holland (1984).

[2] T. Gallai, Graphes mit triangulierbaren ungeraden Vielecken, Magyar Tud. Akad. Mat. Kutato Int. Közl.

7 (1962) 3-36.

[3] M. C. Golumbic, “Algorithmic graph theory and perfect graphs”, Academic Press (1980).

[4] A. Hertz, A fast algorithm for coloring Meyniel graphs, J. Combin. Theory, ser. B 50, 231-240 (1990). [5] D. J. Rose, R. E. Tarjan, G. S. Leuker, Algorithmic aspects of vertex elimination on graphs, SIAM J.

Comput. 5 (1976), 266-283.

[6] F. Roussel, I. Rusu, Recognizing i-triangulated graphs in O(mn), Research Report 98-10, LIFO, Université d’Orléans, France (1998), submitted.

Publications récentes du LIFO LIFO’s recent publications

97-7 E. MELIN, B. RAFFIN, X. REBEUF, B. VIROT A Unifying Approach of Data and Task Parallelism Based on Structural Clock Communication Paradigm (extended version)

97-8 S. ANANTHARAMAN, Editor

Proceedings of UNIF’97, International Workshop on Unification 97-9 F. BENTAYEB, D. LAURENT

Inversion de l’algrèbre relationnelle et mises à jour 97-10 I. PARFENOFF

An efficient parallel algorithm for maximum matching in P4-tidy graphs 97-11 F. ROUSSEL, I. RUSU

An O(m2+mn) algorithm to recognize Meyniel graphs 97-12 M. BAHMA, G. HAINS

Prevision des performances de la θ-jointure et de la multi-jointure pour des machines SN

97-13 F. LOULERGUE, G. HAINS

Design of an event-oriented functionnal parallel language : the finite case

97-14 S. LIMET, F. SAUBION

A proof method for logic programming

97-15 E. MELIN, B. RAFFIN, X. REBEUF, B. VIROT An Automatic Distribution of Sequential Code Fitting Irregular Data Accesses

Pour récupérer les rapports de recherche du LIFO / To get LIFO’s research reports :

ffl Par WWW : http://www.univ-orleans.fr/SCIENCES/LIFO/Recherche/Publis/RR/index.html

ffl Par FTP : ftp://ftp-lifo.univ-orleans.fr/pub/RR

ffl Par courrier papier adressé à / By surface mail adressed to :

Arnaud Lallouet, LIFO, Université d’Orléans 4, rue Léonard de Vinci, BP 6759 F-45067 Orléans cedex 2, FRANCE en mentionnant votre adresse.

ffl Par courrier électronique à / By e-mail to : Arnaud.Lallouet@lifo.univ-orleans.fr