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Abstract. Tree Regular Model Checking is the name of a family of tech-
niques for analyzing infinite-state systems in which states are represented
by trees and sets of states by tree automata. We are interested in show-
ing that a set of states Bad can not be reached from the set of initial
states. Since the set of reachable is in general not computable, we focus
on a computation of an over-approximation of the set of reachable states.
A main obstacle is to be able to compute an over-approximation precise
enough that does not intersect Bad i.e. a conclusive approximation. This
notion of precision is often defined by a very technical parameter of tech-
niques implementing this over-approximation approach. In this paper, we
propose a new characterization of conclusive approximations by logical
formulae generated from a new kind of automata called symbolic tree
automata. Solving a such formula leads automatically to a conclusive
approximation without extra-technical parameter.

1 Introduction

Infinite-state models are often used to avoid potentially artificial assumptions
on data structures, e.g. artificial bound on the size of a stack or on the value
of an integer variable. At the heart of most of the techniques that have been
proposed for exploring infinite state spaces, is a symbolic representation that can
finitely represent infinite sets of states. In this paper, we assume that states of the
system are represented by trees and set of states by tree automata. The transition
relation of the system is represented by a set of rewriting relations. It is known
that this Tree Regular Model Checking framework (TRMC) [8,1, 18] is expressive
enough to describe classes of communication protocols [2], various C programs [7]
with complex data structures, multi-thread programs[22,20], as well as a wide
range of cryptographic protocols [13,15,3] and any JAVA application [5].

In TRMC, the main objective is to decide whether a set of states can be
reached from the initial states. This reduces to compute a tree automaton rep-
resenting the set of states of the system. As we are dealing with infinite-state
systems, the problem remains undecidable and only partial solutions can be pro-
posed. In [6, 7], Bouajjani et al. proposed a CounterExample Guided Abstraction
Refinement (CEGAR) methodology for TRMC, which they call Abstract Tree
Regular Model Checking (ARMC). The idea behind ARMC consists of comput-
ing the automata obtained after successive applications of the rewriting relation



and then use techniques coming from the predicate abstraction area in order
to over-approximate the set of reachable states. If the property holds on the
abstraction, then it also holds on the concrete system. If a counter-example is
found on the abstraction, then one has to check if it is indeed a counter-example
to the real system. If not, this spurious counter-example must be used to refine
the abstraction. The algorithm, which may not terminate, proceeds by successive
abstraction/refinement until a decision can be taken.

Independently, Genet et al. [12,11,14] proposed Completion that is another
technique to compute an over-approximation of the set of reachable states. The
main difference with the work in [6] is that Completions use equations to com-
pute the abstraction [14]. Equations gives a simple and formal semantics to
abstractions on trees [19]. Completion has been applied to very complex case
studies such as the verification of (industrial) cryptographic protocols [13,15, 3]
and Java bytecode applications [5].

For now, we are interested in showing that a system is secure. From a rewrit-
ing approximation point of view, it means that our goal is to compute an over-
approximation which is a conclusive analysis, i.e. which is precise enough for
showing that a set of “bad” terms is actually unreachable. Both of the tech-
niques mentioned previously are instrumented either by equations or predicates
for the computation of over-approximation. Both of them use tree automata
to represent over-approximations. More precisely, set of terms are represented
by tree automata languages. However, these parameters often require a highly
specialized expertise for expecting a conclusive analysis.

In this paper, we characterized by a logical formula all the criteria of such
a conclusive analysis performed with the technique proposed in [12,11,14]. The
idea is that instead of reasoning with a tree automaton A, we generalize A to
a symbolic tree automaton (STA) A,, whose states are represented by vari-
ables. The rewriting relations and “bad” terms are represented by boolean com-
binations of equalities and inequalities on these variables. An instantiation of
these variables by states gives a tree automaton, and each valid instantiation
of this formula ensures that, as soon as the STA is instantiated, the language
of the resulting tree automaton is a conclusive over-approximation of the set
of terms reachable from the language of A according to the rewriting relation.
With this formulation, finding a conclusive analysis becomes solving logical for-
mulae, where different solving and search techniques, for example in artificial
intelligence, can be applied.

The paper is organized as follows: Section 2 recalls background on terms,
rewriting and tree automata as well as the connection between rewriting and tree
automata. In this section we also describe the kind of formulae we manipulate
and notion of instantiations. Section 3 introduces symbolic tree automata. In
this section, we point out the connection between an STA and traditional tree
automata based on instantiations. Section 4 describes the cornerstone of our
contribution: the matching algorithm for STA. In other words, given a term t,
we characterize each solution of this pattern as well as its existence condition
by a formula. Section 5 presents our main contribution: the characterization



of a conclusive over-approximation by a formula. Finally, Section 6 concludes
this paper with some first experiments on our approach using Mona [17] and a
discussion on our future works on this topic.

2 Background and Notations

In this section, we introduce some definitions and concepts that will be used
throughout the rest of the paper (see also[4,10,16]). Let F be a finite set of
symbols, each one is associated with an arity, and let X be a countable set of
variables. T (F, X) denotes the set of terms and 7 (F) denotes the set of ground
terms (terms without variables). The set of variables of a term t is denoted
by Var(t). A substitution is a function o from X into 7 (F,X), which can be
uniquely extended to an endomorphism of 7 (F, X'). The substitution o applied
to the term ¢ (denoted to) is constructed such that zo = o(z), where z € X,
and f(t1,....tn)o = f(t10,...,tn0).

A term rewriting system (TRS) R is a set of rewrite rules | — r, where
lL,r € T(F,X), l,r ¢ X', and Var(l) 2 Var(r). A rewrite rule | — r is left-
linear if each variable of | occurs only once in I. A TRS R is left-linear if every
rewrite rule | — 7 of R is left-linear. The TRS R induces a rewriting relation
—x on terms as follows. Let s,t € T(F,X) andl — r € R, s —x t denotes
that there exists a subterm u of s and a substitution ¢ such that v = lo and
t is obtained by substituting u by ro in s. The reflexive transitive closure of
— is denoted by —%. The set of R-descendants of a set of ground terms I is
R*(I)={t € T(F)|3s eIs.t. s =%t} Wenow define tree automata that are
used to recognize possibly infinite sets of terms. Let @ be a finite set of symbols
with arity 0, called states, such that Q N F = 0. T(F U Q) is called the set of
configurations. A transition is a rewrite rule ¢ — ¢, where ¢ is a configuration
and ¢ is state. A transition is normalized when ¢ = f(qu,...,qn), f € F is of
arity n, and q1,...,q, € Q.

Definition 1 (Bottom-up nondeterministic finite tree automaton). A
bottom-up nondeterministic finite tree automaton (tree automaton for short) over
the alphabet F is a tuple A = (Q,F, Qr, A), where Qr C Q is the set of final
states, A is a set of normalized transitions.

The transitive and reflexive rewriting relation on 7 (F U @) induced by all the
transitions of A is denoted by —%. The tree language recognized by A in a state
qis L(A,q) ={t € T(F) |t —7% q}. We define L(A) = U ¢, £(4,9).

Some of the techniques marry ([11,21,6]) tree automata and rewriting for
computing the set of reachable terms from a given tree automata A i.e. R*(L(A)).
Unfortunately, enumerating reachable terms may never terminate. There is thus
a need to “accelerate” the search through the term space in order to reach, in a
finite amount of time, terms at unbounded depths.

! The more general definition is that only ! must not be a variable.



Definition 2. A tree automaton B is R-closed if for each rule l — r € R, for
any substitution o : X — @, lo is recognized by B into state q then so is ro.
The situation is represented with the following graph: lo R

q B

It is easy to see that if B is R-closed and L(B) D L(A), then L(B) 2 R*(L(A4))[9].

In the following definitions, we introduce the logical formulae that we ma-
nipulate as well as notions of instantiation and satisfaction of a formula.

Definition 3 (W[Xg]). Let Xg be a set of variables. We define W[Xg] the set
of logical formulae on Xg as following:

- T,L e W[Xgo];
~X=Y,X#Y e W[Xo] with X,Y € Xo;
— if a, 8 € W[Xg] then —a, a A B, aV 3, a = 3 are in W[Xg].

Definition 4 (Instantiation/satisfaction). Let D be a domain which is a
non-empty set. An instantiation v of variables of Xg is a function v : Xg — D.
The instantiation ¢ satisfies a formula o € W[Xg)], denoted by ¢ = «, iff:

71”:T;

CLEX =Y i UX) = dY); e X AY i UX) £ uY);

—tEaifftFEatEanBiff tEaand =B
tEaVpiffiEaoriEL tEa=FifftiEaoriiE=anb.

Ea:ample 1. Let XQ = {X17X2,X3}7 then (Xl #XQ)/\((Xl :X3)V(X2 :XJ)) is
a formula in W[Xg]. Let D = {1,2} and ¢ be the instantiation such that ¢«(X;) =
2, 1(X2) = 1(X3) =1. We have ¢ = X7 = Xp and ¢ = (X7 = Xo) V (X2 = X3) .

Note that instantiations will be also considered as substitutions in the re-
mainder of the paper.

3 Symbolic Tree Automata

Let Xg be a set of variables that we call symbolic states. Symbolic tree automata
(STA) are tree automata where states are variables. An STA is composed of
normalized symbolic transitions as defined below.

Definition 5 (Normalized symbolic transition). Let Xg be a set of sym-
bolic states. A normalized symbolic transition is of one of the forms a — X or
f(Xq1,..,Xn) — X, where a is a constant, f €F of arityn and X, X1, .., Xn € Xg.

Definition 6 (STA). A STA is a tuple (Xo,F, Xé,A) where Xg is a set of

symbolic states, F a set of functional symbols, Xé C Xg a set of final symbolic
states and A a set of normalized symbolic transitions.



The following definition gives details on how a tree automaton can be ob-
tained from a STA and a given instantiation from X to a domain Q.

Definition 7 (Instance of a STA). Let Q be a non-empty set of states. Let
Ag be an STA (Xg, F, Xé, A)Y and ¢ be an instantiation Xg — Q. An instance

of Ag by 1, denoted by A%, is a tree automaton (Q4s, F, Q;‘LS, AAS) where:

— Q% = (UX) | X € Xo}; QFF = {u(X) | X € Xb};
— A = {f((X1), .. X)) = X)) | f(X,..., Xn) = X € A}

We define the relation ¢ ims X relating that if an instantiation ¢ satisfies «
then A% accepts the term ¢ on the state ¢(X).

Definition 8 (t <4, X). Let Ag be an STA (Xg, F, X! A). Let t be a term
of T(F,Xq) and X a symbolic state of Xg. One has:

- x L X

— IftHYEAthentﬂAsX

— Ift= f(tr,ontn) and t1 54 X1, ooy tn o as Xy and f( Xy, ..., X)) —
YEAthent%AsX

The following proposition (proof in Appendix A) presents the characteriza-
tion by a formula the acceptance of a term ¢ from a given STA. Consequently,
each instantiation satisfying this formula leads to an automaton recognizing ¢.

Proposition 1. Let Ag = (Xg, F, x!l, A) be an STA and v be an instantiation.
Lett € T(F,Xq) and X € Xg. Let Reco(t, X) = v{tlm X3 Thus, one has:
S

L= Reco(t, X) iff te =}, o(X).

4 Solutions for Patterns in STA

Let t be a term of 7 (F, X). For a classical tree automaton A and a state g, the
matching problem t < ¢ has a solution if there exists a substitution o : X — @
such that to —% ¢. Let us recall that this point is essential for testing whether
an automaton is R—closed or not (see Definition 2).

In this section, we propose to solve this problem in the context of STA. Thus,
the matching problem is formalized on symbolic states instead of classical states
ie. t <X with X € Xg. Actually, in this context, solutions are represented as
a set of pairs (a,0) where o is a substitution from X to Xg and « a formula
such that to = X. Suppose ¢ : Xg — @ be an instantiation. Semantically, a
solution (o, o) means that, as soon as ¢ = «, the substitution o o ¢ is a solution
the matching problem ¢ < ¢(X) in the tree automaton Aj.



Definition 9 (Matching Algorithm). Let Ag be an STA (Xg,F, Xé,A).
S is the set of the solutions of the matching problem t I X, which is denoted
t <X Fag Sk, if there exists a derivation of this statement using the rules:

(Var) 29X Fag (T, {z — X})} (z€X)

(Const) T IX T (X =V (a—=Y e A)

(SymbVar) XAV (X =V.00] (X,Y € Xo)

(Detta) 22X Fas St o 0 SXnFas Su gy Xy Ly e

f(tlv"'atn)ﬂX}_AS kxz:lyn(sk)

where Qi1 (Sk) = {(6,0) @ (¢1,01) @ -+ @ (¢n,00) | (¢3,09) € Si}, and
(p,0) @ (¢',0") = (¢ N ¢, oU").

The following proposition shows that this algorithm is sound and complete. Its
proof is in Appendix B.

Proposition 2. Let As be an STA (Xg,F, Xé,A), let X € Xg, lett €
T(F,Xq) and o : Var(t) —» Xg. If t < X Fay Sk, then we have

Y(a,0), to Sa, X iff (a,0) € Sk.

Ezample 2. Let Ag be an STA whose symbolic transition set A = {a — X4y, a —
Xg,,8(Xgy) — Xg,}. Using the rules we can find that S§ = {(T,0),(Xy =

Xg0.0)}, SXY = {(T,0), (Xg1 = Xg0,0)} and S = {(Xg0 = X1, 0), (X0 =
Xq1,0)}

5 Finding a Conclusive Fix-Point Automaton

Let us recall that the Graal of the tree automata completion is to detect a
conclusive fix-point automaton. Given a set of terms Bad, a TRS R and an
initial tree automaton A, a conclusive fix-point automaton is a tree automaton
A* such that A* is R-closed with regard to A and L(A*) N Bad = §.

In this section, given an STA Ag, a TA A, a TRS R and a set of bad terms
Bad, we propose two formulae ¢71;p 4 and gbfz:d such that any instantiation ¢
of Ag satisfying both leads to a conclusive automaton. Moreover, we define a
notion of compatibility between A and Ag ensuring that the automaton A% is a
conclusive automaton with regard to A.

The constraint presented below depicts a condition, built from Ag, to satisfy
for any instantiation ¢ in order to ensure that A% is R-closed. In [11], a TA A is
R-closed (fix-point automaton) if VI — r € R, Vo : X — @ and Vg, if lo —% ¢
then ro =% q .

Definition 10 (¢7F€17)AS). Let Ag be an STA (Xg,F, Xé,A) and let R be a
left-linear TRS. We denote by qb%is the formula defined as follows:

R NN N @= VB

l—-reR XeXgo (a,a)ESlX (8,08



Ezample 3. Let Ag be the STA of the example 2 and let R be a TRS such that
R = {s(a) — s(s(a))}. The formula ¢, is then:

(T = (Xg0=Xq1V Xg0 = qu)) AN (Xqo = Xq1 = (Xg0 = Xg1 V Xgo = Xq1))
We state in the following proposition the use of (;5%1343.

Proposition 3 (Proof in Appendix C). Let As be an STA and R be left-
linear a TRS. Let @ be a set of states and ¢ be an instantiation Xg — Q. Thus,
LE q&f{f’AS iff A is R-closed.

At this point, for a given STA Ag, we are able to formalize a fix-point con-
dition. However, a particular fix-point is needed. Suppose that there exists an
instantiation ¢ such that ¢ = qﬁgj Ag- We recall that our goal is to find a fix-point
automaton A* such that £(A*) N Bad = ). The following Definition proposes a
formula characterizing the no-recognition of the whole set Bad by any instance
of A% as soon as ¢ satisfies also this formula.

Definition 11 (¢5%). Let Ag be an STA (Xg, F, Xé,A) and Bad be a finite
set of ground terms. We denote by qﬁﬁgd the formula defined as follows:

G NN N e

tEBad XGXé (o, )€S%

Proposition 4 (Proof in Appendix D). Let Ag be a STA {(Xg,F, Xé,A).
Let Bad be a finite set of ground terms. Let Q) be a set of states and v be an
instantiation Xg — Q. Thus, v |= ¢5% iff L(A%) N Bad = 0.

We are close to the claimed goal. Indeed, given a STA Ag, a TRS R and a set
of terms Bad, we can deduce that for any instantiation ¢ satisfying qﬁﬁgd /\¢7I~;{3 As
R(L(AY)) C L(AY) and L(A%) N Bad = 0. Is it sufficient to ensure that this
fix-point is interesting for our input data i.e. A, R and Bad? In other words,
can we deduce that R*(L(A)) N Bad = @ from ¢ = ¢§‘S‘d A QS%{DAS? Trivially the
answer is no since no relation is specified between Ag and A. So, we define a
compatibility notion between Ag and A leading to our expected result.

Definition 12 (A-compatibility). Let Ags be an STA (Xg, F, Xé,AS) and A
be a TA (Q,F,Qf, A). The STA Ag is said to be A-compatible iff these three
criteria are satisfied: (1) {Xq4lg € Q} € Xo; (2) {X4lqg € Qp} CX é; and (3)
{f(XQU"'van) —>Xq|f(q1,...,qn) —qc A} C As.

The notion of A-compatibility presented above ensures that each instantia-
tion of a STA Ag contains the language £(A).

Proposition 5 (Proof in Appendix E). Let Ag be a STA and A be a TA
such that Ag is A-compatible. For any ¢ : Xg — @, one has L(A) C L(AY).



Consequently, our main result is that we are able to characterize a conclusive
fix-point automaton, that can be found using a technique such that completion,
by a single formula of W[Xg].

Theorem 1 (Proof in Appendix F). Let Ag be a STA and A be a TA such
that Ag is A-compatible. Let R be left-linear TRS and Bad be a finite set of
ground terms. Let v be an instantiation from Xg to Q. Thus,

LE qﬁﬁ’;d A qﬁ%{DAS iff A is R-closed, L(A) C L(A%) and L(AY) N Bad = 0.
Another way to interpret this result is the following:

Theorem 2 (Proof in Appendix G). Let Ag be a STA and A be a TA such
that Ag is A-compatible. Let R be left-linear TRS and Bad be a finite set of
ground terms. Let v be an instantiation from Xg to Q. Thus,

L @R A qbg)AS implies that R*(L(A)) C L(A%) and R*(L(A)) N Bad = 0.

6 Experiments & Conclusion

We present now a complete example. The idea is to show that all terms of the
form f(s(¥(0))) reachable from f(0) using the following TRS R are such that
k is even. The given inputs are: R = {f(z) — f(s(s(x))), even(f(s(s(z)))) —
even(f(x)),even(f(0)) — true,even(f(s(0))) — false},Bad = {false}, A =
(Q,F,QF,6) and Ag = (X@}",Xé,A) with @ = {q,q1, 0}, F={f:1,s:
1,0 : 0,even : 1,true : 0, false : 0}, Q7 = {q2}, § = {even(q1) — q2, f(q) —
1,0 = qo}, Xo = {Xgpr-. ., Xou }, X, = { Xy} and A = {false — X,,,,0 —
Xgor8(Xgs) = Xgg,8(Xg,) = Xy even(Xg,) — Xo., even(Xy,) — Xg,, true —
Koo [ (Xgs) = Xgor [(Xgs) = Xgs» [(Xgo) — X, }- Note that Ag is A-compati-
ble. So, one has to find a R—closed automaton which does not contain false.
Following Definition 11, one obtains qﬁﬁgd =Xg # Xg-

We have used Mona [17] for solving this formula. Mona is a tool handling
monadic second-order logic. Given a formula, Mona computes an automaton
recognizing all of its solutions. We have implemented an automatic generator of
Mona programs from a specification containing an STA, a TRS and a set of bad
terms.

For the Mona program corresponding to our example 2, Mona returns the

following output:
MONA v1.4-13 for WS1S/WS2S

Copyright (C) 1997-2008 BRICS
REDUCTION

PARSING Projections removed: 2 (of 3)
Time: 00:00:00.00 Products removed: 60 (of 433)

Other nodes removed: 1 (of 7)
CODE GENERATION DQG nodes after reduction: 380
DAG hits: 5549, nodes: 447 Time: 00:00:00.00

Time: 00:00:00.01

2 The Mona program and thus, and thus the formula d)%p 4g> can be down-
loaded at http://www.univ-orleans.fr/lifo/Members/Yohan.Boichut/research/
exampleMona.txt



AUTOMATON CONSTRUCTION
1(?0% completed Xqll = {1}, Xq10 = {0}, Xq9 = {1}, Xq8 = {1}
Time: 00:00:00.22 Xq7 = {1}, Xg6 = {1}, Xq5 = {0}, Xq4 = {1}

Xq3 = {1}, Xq2 = {0}, Xq1 = {0}, Xq0 = {0}
Automaton has 764 states and 27075

BDD-nodes Total time: 00:00:00.25
Let us construct the instantiation ¢ from the solution returned by Mona.

We obtain: ¢ = {Xq0 — g0, Xq1 — q0, Xq2 — G0, Xg3 — q1, Xqa — q1, Xg5 —
q0, Xq6 — q1, Xq7 — q1, Xg8 = q1, Xgo — q1, Xq10 = qo, Xq11 — q1}. Applying
¢ on Ag, the resulting TA is: Ay = ({qo, 1}, F,{q}, A") with A* = {false —
71,0 = qo,5(¢0) — q1,5(q1) — qo,even(q) — qu,even(q) — qo,true —
q0, f(a1) — a1, f(q0) — qo}-

This tree automaton is actually R-closed. Indeed, concerning the rule f(z) —
f(s(s(x))), note that f(qgo) and f(s(s(qo))) can both to be reduced to gg. Simi-
larly, f(q1) and f(s(s(g1))) can be reduced on ¢;. For the rule even(f(s(s(x)))) —
even(f(x)), one has even(f(s(s(qo)))) =7 qo and even(qo) —7%, qo- Similarly,
one has even(f(s(s(q1)))) =% @ and even(qy) —7y, q1- Finally, for the rule
even(f(0)) — true one has even(f(0)) —%. qo and true —7, qo. Moreover, the
term false is not in £L(AY). Thus, A is a conclusive fix-point automaton.

To summarize, given an STA Ag, a set of forbidden terms Bad, a TA A and
a TRS R, we have characterized by a logical formula what a conclusive fix-point
in term of reachability analysis is. Each solution of such a formula is an instan-
tiation that can be applied on Ag. The automatically obtained automaton is an
automaton that could have been obtained using a technique as in [11]. Such a
technique requires a technical parameter (a set of equations or an approxima-
tion function) influential on the quality of the approximation computed. This
parameter requires a certain expertise of the technique itself. For instance in [14],
one has to define a set of equations whose goal is to define a finite number of
equivalence classes of terms. A finite number of equivalence classes ensures the
computation to terminate. But, the crucial point remains in finding a conclusive
approximation. Thus, the set of equation has to be defined very carefully. In
[6], they used a set of predicates for defining a finite set of equivalence classes
of terms. Once again, a highly specialized expertise in the technique itself is
needed. Concerning ours, we generate a STA of a given size and we are looking
for solutions. If no solution is found then we are sure that there is no conclusive
R-closed automaton for the given Ag. So, we increase the size of the starting
STA and so on.

This work is a first step towards a verification technique based on formula
solving. In the verification framework, it allows us to prove safety property. We
claim that it is only a first step since specifications involving STA containing
more than 20 variables or a bigger TRS are out of the Mona scope. Even if the
formulas involved by such a specification present a certain regularity in their
form, their size may be huge (in particular for ¢7€fDAS see Definition 10). We are
also aware that the solving problem is not elementary, but we are working on
dedicated solving techniques and search heuristics for handling huge formulae.
We are also studying a symbolic technique ¢ la Mona and first results are very
promising. Coming next.
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Appendix

A Proof of Proposition 1

Let us recall Proposition 1.

Let Ag = (Xg, F, Xé, A) be a STA and ¢ be an instantiation. Lett be a term
of T(F,Xg) and X be a symbolic state of Xg. Let Reco(t, X) be a formula of
W[Xg] such that Reco = v{timSX} a. Thus, one has:

Lt EReco(t, X) iff t qug u(X).

Proof. First, let us show that ¢ |= Reco(t,X) = #v —7%, «(X). Note that
Reco(t, X) is a formula in DNF. Indeed, a formula « involved in a reduction
such that t %4, X is a conjunction of atoms X =Y or X # Y according to
Definition 8. Since ¢ |= Reco(t, X), according to Definition 4, one can guess that
there exists a subformula «; such that Reco(t,X) = a1 V...V a; V...V ag,
t 2545 X and ¢ = ;. Let us proceed by induction on the term t.

Base case:

— Suppose t is a constant: Since t <5 4. X, then there exists a transition of the
form t — X’ € A according to Definition 8. Consequently, o; = (X = X').
Since ¢ — a; and a; = (X = X'), 1(X) = o(X'), so tv — 4y, 1(X).

— Suppose t is a variable of Xgo: Since we have t ~5,. X, so t = X and
t = 44 X according to Definition 8. Consequently, oi; = 7, and since ¢ = a,
we can deduce that tv — 4 ¢(X).

Induction:

Suppose t be a term of the form f(t1,...,t,). By hypothesis, t *5,, X.
From Definition 8, one can deduce that there exist f(Y1,...,Y,) — X' € A and
Y1, - .. Yn such that:

1. for each t;, one has t; 2, Y; and
2. ;=771 N...\Vn.

By induction hypothesis, for each t;, ¥; and Reco(t;, X), one has
L= Reco(t;, Y;) & tjr =, oY), 1)

gamma;

with Reco(t;,Y;) = LV \/t oy ¢. Since t; Y; and ¢ = v;, one can

J J
trivially deduce that ¢ = Reco(t;,Y}). So, applying (1), one has that for each ¢;,
tjt =%, (¥;). According to Definition 7, one can deduce that

Fe(Y1),...,1(Yn)) — «(X') is a transition of Af. (2)



Consequently, one can deduce that tv = f(t1¢, ..., ¢1¢) = Fe(1),...,u(Yn))
from t;0 —7, (Y}). Moreover, using transition (2), one has that ¢ =, uX)).
Since «(X]) = +(X), one trivially deduce that t: — (X).

So, let us show that ¢ = Reco(t,X) < t —>j‘4g 1(X). Let us proceed by
induction on the structure of t.
Base case:

— Suppose t is a constant: By hypothesis, ¢ Hl*qLS t(X). Note that, in this case,
tt = t. So according to Definition 7, there exists a transition t — X' € A
such that ¢(X) = +(X’). Consequently, from Definition 4, one can deduce
that ¢ X:—les X and ¢ E X = X'. Thus, one has ¢ = Reco(t, X).

— t. is a state: Since there is no epsilon transition ¢ — ¢’ in the considered
tree automata, one has necessarily ¢t = ¢(X). According to Definition 8
X %, Xif X = X and a = T. Consequently, one can deduce that
t E Reco(t, X).

Induction:
Suppose t be a term of the form f(¢1,...,t,): By hypothesis, f(t1,...,t,)t HZLS
1(X). So, there exists X1,...,Xp, X’ € Xg such that

tit =7, UXi), «(X) =uX) and f(X1,...,Xn) = X' € A (3)

For each t;, one can apply the induction hypothesis. Thus, one obtains that ¢ =
Reco(tr, X&), for k =1,...,n. Let us focus on the induction hypothesis: for each
ti: ¢ = Reco(ti, Xi) iff tre =, t(X) with Reco(ty, Xj) = \/V{tl)ASXk}’y'
Since ¢ = Reco(tg, Xk ), thus there exists a subformula of Reco(t, Xi), i.e. Yk,
such that ¢« = ;. Consequently, f(t1,...,t,) V—I’As f(Xq,ta,...,t,). By iterat-
ing this process, one obtains that f(t1,...,t,) MAS f(X1,...,X,). Since
f(X1,...,X,) — X' € A, oneobtains t >4, X with o =y A.. Ay AX = X
According to (3) and Definition 4, one obtains ¢ = a. Concluding the proof.

B Proof of Proposition 2

Let us recall Proposition 2.

Let Ag be a STA, X one of its symbolic states, t € T(F,X) a term and o a
Xg-substitution with a domain range-restricted to V(t). If the set S is solution
of the matching problem t < X, then we have

Y(a,0), to 4, X & (a,0) € Sk.

Let us recall that S% represents the set of solutions of the matching problem
t<X.



Proof. Let a € W[Xg] and o : X + Xg such that to 254, X. Let us proceed
by case analysis.
Base case:

— to is a constant: By hypothesis, to i»AS X. Since t is a constant, Var(t) = ()
and so is 0. So, there exists a transition t — X’ € A and a = X' = X.
Applying Rule constant with the transition ¢ — X’ one has (X’ = X,0) €
St.

— to is a symbolic state: According to Definition 8, to <4, X only if to = X
and o = T. Moreover, if to € Xg then t € X. Consequently, one can define
the substitution o : {t — X}. Let us compute the set of solutions S%. We
recall that ¢ € X. According to Rule Var, one obtains that (T,{(¢,X)}) €
St

Induction case:

Suppose t be a term of the form f(¢1,...,t,). Since ¢ is linear, one can
decompose ¢ in n substitutions o1 : Var(t1) — Xg, ..., on : Var(t,) — Xo.
Thus, o(z) = o4(x) if z € Var(t;). In other words, 0 = o1 U...Uoy,. So, to =
f(tio1,...,tho,). By hypothesis, to <54, X. So, using Definition 8, one can
deduce that there exists aq,...,a, € W[Xg] and a transition f(Y7,...,Y,) —
Y € Asuchthat a = a1 A...a, ANX =Y and ¢; ﬂ»AS Y;. So applying the
induction hypothesis on each t;, one obtains that (cy, ;) € Si, . The rule Delta is
applied to all the premises t; IY; 4, Sgﬁi for the transition f(Y7,...,Y,) =Y.
So, we obtain a set S = ®2{::1Yn(5’§/’;) Unfolding the definition of () and since
(i, 00) € Sy, S% contains (X =Y,0) @ (o1,01) B ... ® (an, 0y)). By definition
of @, one obtains that (X =Y Aag A ... Aay,01 U...Uoy,). Consequently,
(a,0) € S%. Concluding the proof.

C Proof of Proposition 3

Let us recall Proposition 3.
Let Ag and R be respectively a STA and a TRS. Let v be an instantiation
from Xg to Q. Thus,

LE (ﬁ%{)AS iff A is R — closed.

For showing it, we need of the intermediary Lemma given right below.

Lemma 1. Let t be a term of T(F,X) and Ag be a STA. Let X be a symbol
state of Ag. Let S% be the set of solution of the matching problem t < X. Let
o be a substitution such that o : Var(t) — Xg and S% be the solution set the
matching problem to < X. Thus, one has: For any (3,0) € S%, there exists
(o, ) € S% such that

B=an N (ue)=o).

z€Var(t)



Proof. A direct consequence of Rule SymbVar of Definition 9.
Let us finally show Proposition 3.

Proof. Let us first show that if ¢ |= (MS{D A then A% is R — closed. According to

Definition 10, g7, = Ni—rer(Avxexg (@aest (@ = Vs yesy (8))), where
Sl and S%¢ are respectively the solution sets of the matching problems | < X
and ro < X. According to Definition 4, ¢ | /\l—erR(/\VXEXQ,(a,U)ESé( (a0 =
Vv(ﬁ,_)esgg (B))) can be rewritten in VI — r € R, VX € Xg and V(a,0) € Sk
tE(a= vv(beta,_)esgg (8))). According to the definition of =, one can deduce
that ¢ = (o = Vyg ese (8) i o = —aor v = Vg yesio(8))). Let us

proceed by case analysis:

-t aand ¢ E \/v(ﬂ,_)esg{a(ﬂ))): Recall that (a,0) € S&. According to

Proposition 2, one deduce that lo 54, X. Consequently, if + |= a then

L o o = Reco(t, X). Applying Proposition 1, one can deduce
FV“_)ASX} (¢, X). Applying Prop

that
loow—j. u(X). (4)

By hypothesis, ¢ = \/V(&_)Esg{a (8))). Consequently, there exists (vy,-) € S
such that ¢ &= 7. According to Lemma 1, one can deduce that there exists
(af,0") € S% such that v = &/ A ¢y (0(2) = 0'(2)). Moreover, one can
deduce that ¢ [= o' AN ey
ro’ oy —, u(X). Since ¢ = o' A A\, cyor(ry(0(@) = o' (2)), one can deduce

(o(x) = o'(z)). According to Proposition 2,

that ro ot = ro’ o . So,
ro oL —h. ((X). (5)

Thus, if one has (4) then one has also (5) which characterizes a R—closed
automaton.

— ¢ J£ a: Since «a represents a particular reduction of [ to the symbolic state
X, ¢ E -« means that the reduction involved is not possible in the tree
automaton AY. Since this reduction is not possible, we do not have to check
whether ro o H*ALS ¢(X) or not in order to ensure that A% is R—closed.

Now, let us show that if A is R — closed then ¢ |= ¢R", . According to
Definition 2, A% is R—closed if for each rule [ — r € R, for any substitution
p X — @, lu is recognized by Af into state ((X) then so is ru. According
to Proposition 1, one can deduce that there exists ¢ : X — &g such that
t = Reco(lo, X) and p = o o . Since ¢ |= Reco(lo, X), one can deduce that
there exists a such that lo % 4. X and ¢ = a. According to Proposition 1, one
can deduce that there exists ¢’ : X — Xg such that ¢ = Reco(ro’, X). Since

t |E Reco(ro’, X), one can deduce that there exists § such that ro’ iAs X
and ¢ = (. Note that (4,0") € S% where S% denotes the set of solutions of the



matching problem r < X. Now, let us consider ro. One can construct v such that
Y =BA Npevar(m(o(@) = 0'(z)) and (v,0) € S% (considering S% as the set of
solutions of the matching problem ro < X). By construction, oo (z) = o’ o u(z),
for any = € Var(r). Consequently, one can deduce that ¢ |= . Thus, ¢ satisfies
also the formula \/y 4 ¢ sre (8))). Iterating this process for any substitution
o: X — @, for any rule | — r and for any state of A%, we obtain that ¢ = qﬁ%{DAS.
Concluding the proof.

D Proof of Proposition 4

Let us recall Proposition 4.

Let Ag and R be respectively a STA whose set of final symbolic states is Xé
and a TRS. Let Bad be a set of ground terms. Let 1 be an instantiation from
Xo to Q. Thus,

L= @R iff L(A%) N Bad = 0.

. oy B d _ .
Proof. According to Definition 11, ¢415% = /\VtEBad(/\VXGXé,(a,_)Esg{ -a).
So ¢ |- gBad
SLE /\VteBad(/\VXexé,(m_)es; o)
&Vt € Bad, Lt E /\VXGXé,(a,_)ESfX -«
&Vt € Bad, E _'vaexé,(a,_)esg( a.
According to Proposition 2, (o, ) € S4 <t a4, X,
so Vt € Bad, . |= _'\/vxexé,(a,_)esg( a &Vt e Bad, = _‘\/VXEXé,timSX a.
And according to Proposition 1, this is equivalent to t¢ —Hj‘% 1(X), forall t € Bad
and for all X € Xé. So, for all X, ¢(X) is a final state of A%. So none of the

bad terms is recognized by the instantiated automaton A%. Thus we can deduce
that it is equivalent to £(A%) N Bad = 0.

E Proof of Proposition 5

Let us recall Proposition 5.
Let Ag be a STA and A be a TA such that Ag is A-compatible. For any
t: Xo — @, one has L(A) C L(AY).

Proof. According to Definition 12, each state ¢ is transformed into a symbolic

state X,. So, for any t € L(A,qy) with g; a final state of A, one has ¢ top,

Xy, Thus, for any instantiation ¢, ¢ = Reco(t, X,,). Consequently, applying
Proposition 1, t € L(AY).



F Proof of Theorem 1

Let us recall Theorem 1.
Let Ag be a STA and A be a TA such that Ag is A—compatible. Let v be an
instantiation from Xg to Q. Thus,

L OB N oREL L iff Al is R — closed, L(A) C L(A%) and L(A%) N Bad = 0.

Proof. As Ag is A—compatible and ¢ |= ¢5%(Qx) A o174, iff ¢ = 952 A =
¢£{DAS, Theorem 1 is a direct consequence of propositions 3, 4 and 5.

G Proof of Theorem 2

Let us recall Theorem 2.
Let Ag be a STA and A be a TA such that Ag is A—compatible. Let v be an
instantiation from Xg to Q.Thus,

LE 0B N ¢RI = R¥(L(A)) C L(A%) and R*(L(A)) N Bad = 0.

Proof. According to Theorem 1,
LE ¢RI N oRPy L iff Al is R — closed, £(A) € L(A%) and L(A%) N Bad = 0.

So, if A% is R — closed and L(A4Y) D L(A), then L£(AY) O R*(L(A)) and
R*(L(A)) N Bad = 0.



